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EE123
Digital Signal Processing

Lecture 11
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Multi-Dimensional Signals

• Our world is more complex than 1D
• Images: f(x,y)
• Videos: f(x,y,t)
• Dynamic 3F scenes: f(x,y,z,t)

–Medical Imaging
–3D Video
–Computer Graphics

• We will focus on 2D

u(r)
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Continuous-Time 2D functions

• δ(x,y):  Impulse at x=0, y=0
• δ(x) : Impulse line (vertical or horizontal?)
• ∏(x,y) : 2D rect function
• cos(2π(fxx + fyy) - Spatial harmonic

• Circularly Symmetic:
– δ(r): Impulse ring
– ∏(x,y): Pillbox
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Spatial Frequency

• What is a spatial frequency?
– Complex Harmonic:

– Units (for example): 
• x,y - cm
• fx,fy - 1/cm
•Ωx, Ωy - rad/cm
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Spatial Frequency

• Vinyl Record
–Transforms a temporal signal to a spatial signal

BioE 265                                                                        
HW #1                                                                

Prof. Steve Conolly
Due: Friday 8 Feb 2008

1. Consider an old-fashioned LP gramophone phonograph.  These were the 
preferred media for recording music from about 1910 to the late 1980's.  Wikipedia has 
an interesting entry on this media: http://en.wikipedia.org/wiki/Vinyl_record.  Below you 
can see a close in shot of ~8 grooves on a 78 RPM recording, obtained from an LBNL 
Report 51983,  26-March-2003 Vitaliy Fadeyev and Carl Haber, publication on 
bSpace.    The transverse undulations are transduced into music.  
1a) What is the spatial frequency of a 2 kHz tone at the outside radius (4.75 inches)?
1b) What is the spatial frequency of a 2 kHz tone at the inside radius (1.875 inches)?

2. Proofs:
2a) Prove the stretch or scaling theorem for 2D Fourier Transforms.  That is, show that 

F{f(x/a, y/b)} = |ab|F (akx, bky)
.

2b) Derive the shift theorem for 2D FTs.
2c) Derive the convolution theorem for 2D FTs. 
2d) Derive the derivative theorem for 1D FTs.    That is, find a simple expression for 
the FT of df(x)/dx in terms of F(k). 

3.) Linear Differential Equation with constant coefficients:  in class we showed 
that  if h(x) is the solution to a LDE with an impulse input then the solution to a general 
input, u(x), is given by u(x)*h(x).    Re-derive this result but use FT's throughout.   You 
will need to use the derivative theorem from 2d above. 

http://offtosognefjord.tumblr.com
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Spatial Frequency

• CD ROM 
– encodes digital temporal signals to spatial 

signals
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What is the frequency?

(-1,-1)

(1,1)

(1,-1)

(1,1)

(-1,1)

a) fx=2, fy=2
b) fx=1, fy=0

c) fx = 4, fy=0
d) none of the above
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What is the frequency?

(-1,-1)

(1,1)

(1,-1)

(1,1)

(-1,1)

2 cycles for 2 cm ⇒ fx=1 cm-1
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What is the frequency?

(-1,-1)

(1,1)

(1,-1)

(1,1)

(-1,1)

a) sin, fx=0, fy=2
b) cos, fx=0, fy=4

c) cos, fx = 0, fy=2
d) none of the above

or 
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What is the frequency?

(-1,-1)

(1,1)

(1,-1)

(1,1)

(-1,1)

a) fx=1, fy=2
b) fx=4, fy=2

c) fx = 2, fy=1
d) fx=2, fy=4
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What is the frequency?

(-1,-1)

(1,1)

(1,-1)

(1,1)

(-1,1)

a) fx=1, fy=2
b) fx=4, fy=2

c) fx = 2, fy=1
d) fx=2, fy=4

cos(2⇡(f
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What is the Temporal Frequency?

(-1,-1)

(1,1)

(1,-1)

(1,1)

(-1,1)

a) cos(2π8t)
b) cos(2π8t2)

c) cos(2π4t)
d) cos(2π4t2)

Vinyl rotates at 1 Hz
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What is the Temporal Frequency?

(-1,-1)

(1,1)

(1,-1)

(1,1)

(-1,1)

a) cos(2π100t)
b) cos(2π100t2)

c) cos(2π40t)
d) none of the answers

Vinyl rotates at 1 Hz

Aliasing!
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Challenge: What is the password?
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2D Fourier Transform
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sinc(ax)sinc(by)
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sinc(ax)sinc(by)
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2D DTFT

• I prefer 2nd
• “Massaging” the DTFT leads to separable 

transforms in each axis 
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Separability of 2D DTFT 

• white board....
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2D - DFT

• Similarly to 1D:
– Forward:

–Inverse:
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2D - DFT
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Need to fftshift in 2D to get it to look like DTFT.
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Properties of 2D DFT

• Circular Convolution

• Circular shift

f [n
x

, n
y

] ⇤ ⇤h[n
x

, n
y

] = F [k
x

, k
y

]H[k
x

, k
y

]

f [(n
x

�m
x

)
N

, (n
y

�m
y

)
M

] = e�j2⇡(k
x

m

x

/N+k

y

m

y

/M)F [k
x

, k
y

]





M. Lustig,  EECS UC Berkeley

Projection

.. 

w (A 
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projection x-ray
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Many Projections - Tomography

http://www.youtube.com/watch?v=4gklQHM19aY&feature=related
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Radon Transform
.. 
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Radon Transform: Sinogram
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Computed Tomography 
Sinogram cross-section

FBP

x-ray source
spatial frequency

central-section/
projection slice theorem 
(Bracewell ’56)
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Projection Slice Theorem (Bracewell)
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Projection Slice Theorem (Bracewell)
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Discrete Reconstruction
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Discretization
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