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Change of Coordinates (Basis)

• We can compute new coordinates by 
projections onto orthonormal basis vectors

New coordinates:
~x b̂1

b̂2


b̂

⇤
1~x

b̂

⇤
2~x

�
=
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5
⇤
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) ~x = (b̂⇤1~x)b̂1 + (b̂⇤2~x)b̂2
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Change of basis

b̂1
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b̂8

1 = b̂1 + b̂2 + b̂3 + b̂4 + b̂5 + b̂6 + b̂7 + b̂8
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Frequency Analysis Through Projections

• N-length normalized discrete frequency:

0  n < N 0  ! < 2⇡

Also the DTFT of the finite sequence x

u![n] =
1p
N

ej!n

~u! =
1p
N

2

6664

ej!0

ej!1

...
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7775
) X(!) = ~u

⇤
w~x
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Frequency Analysis Through Projections

• Example:

N = 16

||X(!)||

) X(!) = ~u

⇤
w~x

0 5 10 15
-1

-0.5

0

0.5

1

1.5

0 1 2 3 4 5 6 7
-1.5

-1

-0.5

0

0.5

1

1.5

2
real
imag

0 1 2 3 4 5 6 7
0

0.5

1

1.5

2

2.5

||X(!)||

x[n] = cos(

⇡

2

n) + 0.1 cos(

⇡

4

)



EE16B M. Lustig,  EECS UC Berkeley

0 1 2 3 4 5 6 7
0

1

2

3

4

5

6

7

8

0 1 2 3 4 5 6 7
-6

-4

-2

0

2

4

6

8
real
imag

Frequency Analysis Through Projections

• Example:

N = 256

||X(!)||

) X(!) = ~u

⇤
w~x
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Discrete Fourier Transform (DFT)

• For                                  , pick a set of N 
frequencies, which will result in an orthogonal 
basis 

• Choose: !k =
2⇡k

N
) 1p

N
ej

2⇡k
N n

) 1p
N

W kn
N

u![n] =
1p
N

ej!n

k 2 [0, N � 1]

n 2 [0, N � 1]

WN
�
= ej2⇡/N
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DFT Basis

~uk =
1p
N

2

66664

ej
2⇡k·0

N
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2⇡k·1

N

...

ej
2⇡k·(N�1)

N

3
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k 2 [0, N � 1]
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1p
N
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W k·0
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) X[k] = ~u

⇤
k~x
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DFT Basis

~uk =
1p
N
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DFT Basis

~uk =
1p
N
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DFT Basis

~uk =
1p
N
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Orthonormality of DFT Basis

• DFT basis vectors are orthonormal. Proof:

~u⇤
k~um =

1

N

N�1X

n=0

W�nk
N Wnm

N =
1

N

N�1X

n=0

Wn(m�k)
N

=

⇢
1 k = m
0 k 6= m
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Example

~uk =
1p
16

2

66664

ej
2⇡k·0

16

ej
2⇡k·1

16

...

ej
2⇡k·(15)

16

3

77775
=

1p
N

2

6664

W k·0
16

W k·1
16
...

W k·15
16

3

7775N = 16

x[n] = cos(

⇡

2

n) + 0.1 cos(

⇡

4

)

= 0.5(ej
⇡n
2 + e�j ⇡n

2 + 0.1ej
⇡n
4 + 0.1e�j ⇡n

2 )
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16 + e�j 2⇡4n
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16 )
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16 + 0.1ej

2⇡14n
16 )
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0.2p
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0.2p
16

W 14n
16



EE16B M. Lustig,  EECS UC Berkeley

Example
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Example 2

What if there is no integer k to fit the frequency 

x[n] = cos(

⇡

3

n) + 0.1 cos(

⇡

6

)
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DFT

~uk =
1p
N

2
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DFT

• DFT Analysis
F =

1p
N
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DFT

• DFT Synthesis
F =

1p
N
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Quiz
Compute a 2 point DFT of:

~u1 = ~u2 =

~x =


1
1

�

~X =

~uk =
1p
N
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Example cont

• DFT2 matrix:

F =
1p
2


1 1
1 �1

�

=

 p
2
0

�
~

X = F

⇤
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1 1
1 �1
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1
1
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