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CS174 Review Problems December 6,

2010

1. Consider a Markov chain in which state i is recurrent and state j is
transient. Prove: the transition probability pij is equal to zero.

2. You have a biased coin with an unknown probability of heads p. Using
it, you wish to conduct an experiment that will simulate a fair coin:
i.e., its result will be a 1 with probability 1/2 and a 0 with probability
1/2. Your experiment will be of the following form: toss the biased
coin twice and observe the outcome (head or tail) of each toss. There
are four possible ordered pairs of outcomes, which can be denoted HH,
HT, TH, and TT, where H denotes head and T denotes tail, Depending
on the ordered pair of outcomes, give the result 1, give the result 0 or
start over.

(a) Complete the specification of the experiment by stating what
happens after each ordered pair of coin tosses.

(b) Give the expected total number of coin tosses as a function of p,
the probability of heads for the biased coin.

3. A Markov chain has state set {0, 1, · · · , n} and the following transition
probabilities: pi,i+1 = n−i

n
, i = 0, 1, · · · , n − 1 and pi,i−1 = i

n
, i =

1, 2, · · · , n. Give a formula for π(i + 1)/π(i), where π is the stationary
distribution.

4. A sequence of independent experiments is conducted. Each experi-
ment succeeds with probability p, fails with probability q, and has a
neutral outcome with probability 1 − p − q. The sequence terminates
as soon as some experiment succeeds or fails. Let X be the number of
experiments conducted.

(a) What is the expectation of X?

(b) Let S be the event that the outcome of the last experiment is a
success. What is the probability of S?

(c) What is the conditional expectation of X given S?

5. Let X be an exponential random variable with expectation 1. What
is the conditional probability that 1/3 ≤ X ≤ 2/3, given that X ≤ 1?
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6. You are given the task of counting the number of records in a large
database. The database is equipped with a “random sample” function,
which returns a record chosen uniformly at random (and independently
of all other samples). Here is a suggested algorithm:

repeat

randomly sample a record
if the record is unmarked then mark it

until you sample a record that is already marked
output X2, where X = the number of records you marked

Your goal in this question is to demonstrate that, with reasonable
probability, the output of this algorithm is likely to give a good esti-
mate of N , the total number of records.

(a) Give an exact formula for the probability that X2 ≥ m2, for given
integers m and N .

(b) Using the inequality e−x ≥ 1 − x, derive an upper bound on the
probability that X2 ≥ cN , as a function of c.

7. A group of 2n individuals, consisting of n married couples, are ran-
domly arranged at a round table.

(a) What is the probability that a given husband and wife are seated
next to each other?

(b) Using the inequality P (X ≥ 1) ≥ ∑

i
pi

E[X|Xi=1] , give a lower
bound on the probability that some husband and wife are seated
next to each other. Show your calculation.

8. We have shown that the expected number of steps required for a ran-
dom walk on a graph to reach all the vertices is at most 4nm, where n
is the number of vertices and m is the number of edges. In this prob-
lem we consider random walks on graphs with n vertices, such that
each vertex has degree exactly d. Call such a graph a (n, d)-graph.
(n, d)-graphs exist unless n and d are both odd.

(a) Prove that the expected time required for a random walk on a
(n, d)-graph to reach all vertices is at most 2n2d.

(b) Apply Markov’s Inequality to prove that the probability that a
random walk of length 40n2d on a (n, d)-graph fails to reach all
vertices is at most 2−10

.

9. Find the stationary distribution of the three-state Markov chain with
the following matrix of transition probabilities:

.3 .5 .2
, 6 0 .4
.2 .8 0

2



10. Consider the 2-state Markov chain with p11 = p22 = p. Find a simple
expression for pn

00.

11. Consider the Markov chain whose state set is the nonnegative integers,
with the following transition probabilities: p01 = 1 and, for all positive
i, pi,i+1 = p and pi,i−1 = 1 − p. Prove that

(a) if p < 1/2, each state is positive recurrent;

(b) if p = 1/2, each state is null recurrent;

(c) if p > 1/2, each state is transient.

For the first part, the following result will be useful: the binomial
coefficient

(2m
m

)

is asymptotic to (2m)/
√

πm.

12. Three white and three black balls are distributed in two urns in such
a way that each urn contains three balls. We say that the system is
in state i, i = 0, 1, 2, 3, if the first urn contains i white balls. At each
step we draw one ball from each urn and place the ball drawn from
the first urn into the second, and the ball drawn from the second urn,
into the first. Let Xt denote the state of the system after the tth step.
Explain why {Xt}, t = 0, 1, 2, ... is a Markov chain, and calculate its
transition probability matrix and stationary distribution.

13. A transition probability matrix P is said to be doubly stochastic if each
column sum

∑

i Pij is 1. If such a chain is irreducible and has n states,
what is its stationary distribution? Prove your result.

14. Each day one of n possible elements is requested, with element i being
requested with probability pi. The elements are arranged in an ordered
list that is continually being revised by moving the requested element
to the front of the list while leaving the relative positions of the other
elements unchanged.

(a) Define states to make this process a Markov chain;

(b) Without any computations, guess the stationary distribution for
the Markov chain;

(c) For the case of n = 3, give the transition probability matrix
and verify that your solution in part (b) is indeed the stationary
distribution.

15. A knight hops around a chessboard, starting in a corner square and,
at each step, making a move chosen uniformly at random from its
set of legal moves. What is the expected number of hops intil it first
returns to its initial square? Hint: Consider the knight’s trajectory as
a random walk on a graph.

16. Let E and F be mutually exclusive events in the sample space of an
experiment. Let their respective probabilities be P(E) and P(F). Sup-
pose the experiment is repeated until either event E or event F occurs.
What is the probability that event E occurs before event F?
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17. If 2n balls are tossed into n bins, what is the expected number of bins
containing exactly one ball? What is the limiting value of this quantity
as n tends to infinity?

18. Let X be drawn from a Poisson distribution with mean m. If X
balls are tossed uniformly at random into n bins, what is the exact
distribution of the number of empty bins?

19. Let X be a nonnegative random variable. Prove: P (X > 0) ≥ E[X]2

E[X2]

20. Let S1, S2, · · · , Sk be a collection of subsets of a set U . This collection
of sets is called 2-colorable if it is possible to color each element of U
red or green so that each of the given sets contains both a red element
and a green element. Such a coloring in called a 2-coloring.

(a) Show that the following collection of sets is not 2-colorable: S1 =
{1, 2}, S2 = {1, 3}, S3 = {2, 3}.

(b) Using the probabilistic method prove: any collection of k sets,
such that k ≤ 2d−1 and each set contains d elements, is 2-colorable.

(c) Explain how to use the method of conditional probabilities to
construct a 2-coloring when the collection of sets satisfies the
property stated in (b).

21. Let G be a graph with n vertices in which every cut is of size at least
a. Consider a particular cut C of size b. Give a lower bound on
the probability that a single run of Karger’s min-cut algorithm will
produce the cut C.

22. Let X and Y be independent Poisson random variables, where E[X] =
µ and E[Y ] = λ. What is Pr(X = a|X + Y = b)?

23. Let S be a collection of subsets of size n drawn from a universe of size
m, such that each subset has a nonempty intersection with at most d
others. Using the Lovasz Local Lemma prove: if 2n−1 > 4(d + 1) then
it is possible to color each element of the universe red or blue so that
every set contains both a red element and a blue element.

24. Let Y = X1 + X2 + · · ·Xn where the Xi are independent geometric
random variables with expectation 1/p. Give the moment generating
function, the expectation and the variance of Y .

25. Consider a Markov chain in which the state set is {0, 1, 2, · · · , n − 1}
and, givwn any state k, the next state is k with probability 1/3, k +
1modn with probability 1/3 and k−1modn with probability 1/3. Using
a coupling, find an upper bound on the mixing time of this chain,
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