
UC Berkeley, CS 174: Combinatorics and Discrete Probability (Fall 2010)

Practice Final (Dec. 10, 2010)

1. (Balls and Bins.)
Consider the event that every bin receives exactly k balls when kn balls are thrown randomly
into n bins.

(a) Determine the exact probability of this event.

There are (kn)! orderings of all the balls. Of those orderings k!n result in having the same
balls assigned together to the same bin. There are nkn ways to throw the balls into the bins.
Putting this all together, the exact probability is

(kn)!
(k!)nnkn

.

(b) Compute the probability under the Poisson approximation.

Let Yi be a Poisson random variable with mean k which represents the number of balls in
bin i. For a single bin, we have

P[Yi = j] =
e−kkj

j!
.

The Poisson approximation yields

P[Y1 = k, Y2 = k, ..., Yn = k] = (P[Yi = k])n

=
(

e−kkk

k!

)n

.

(c) The value upon dividing the expression in (b) by that in (a) equals the probability that a
Poisson random variable with parameter λ takes on some value r. Explain briefly but pre-
cisely why this quotient matches a Poisson distribution. Also, what are the values of λ and r?

The ratio of the two values is(
e−kkk

k!

)n (
(k!)nnkn

(kn)!

)
=

(
e−kn(kn)kn

(kn)!

)
.

This quantity is proportional to P[Y = kn] for Y ∼ Poisson(kn). This quantity is required
for conditioning on

∑n
i=1 Yi = kn for a sum of Poisson random variables Yi each having

mean k.
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2. (A Threshold for 4-Cycles.)
In this problem we will see that the value p = 1/n is a “threshold” for the property that a random
graph in the Gn,p model contains a cycle of length 4. That is, we will prove that

P[G contains a cycle of length 4] →
{

0 if p = o( 1
n),

1 if p = ω( 1
n)

as n →∞.

(a) Let the random variable X denote the number of cycles of length 4 in G. Write down the
expectation of X as a function of n and p.

There are 4! orderings of a set of 4 vertices, but there are 4 starting points and 2 directions
for each cycle. Thus, there are 3 cycles of length 4 (see Fig. 1).

E[X] =
(

n

4

)
3p4

Figure 1: On four vertices with fixed order, there are three possible cycles of length four.

(b) Show that E[X] → 0 for p = o( 1
n), and that E[X] →∞ for p = ω( 1

n).

E[X] =
n!

4!(n− 4)!
3p4

=
n(n− 1)(n− 2)(n− 3)

8
p4

=
n4 − 6n3 + 11n2 − 6n

8
p4

Taking the limit as n →∞, we see that the (np)4 term dominates and

lim
n→∞

E[X] =
{

0 if pn → 0 if and only if p = o( 1
n),

∞ if pn →∞ if and only if p = ω( 1
n).

(c) Deduce from part (b) that P[G contains a cycle of length 4] → 0 for p = o( 1
n).

Since E[X] → 0, we know that

E[X] = E[X|X > 0]P[X > 0] + E[X|X = 0]P[X = 0]

= E[X|X > 0]P[X > 0]

→ 0 as n →∞.

Since E[X|X > 0] > 0, we know that P[X > 0] → 0.
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(d) Show that V ar[X] = O(n4p4 + n6p7 + n5p6).

To compute the variance, we write X as a sum of random variables Xi which indicate the
presence or absence of a 4-cycle on the i’th set of vertices. Thus, we write the variance as

V ar(X) =
(n
4)∑

i=1

V ar(Xi) +
∑
i6=j

Cov(Xi, Xj)

=
(n
4)∑

i=1

E[Xi]− (EXi)2 +
∑
i6=j

E[XiXj ]− (EXi)2

=
(

n

4

)
(3p4 − 9p8) +

∑
i6=j

E[XiXj ]− 9p8

To compute the covariance, we must consider several cases. Two sets of four vertices have
several possible unions of vertices. If there are either 8 or 7 distinct vertices, the probability
of a cycle in each set is independent. If there are 6 distinct vertices, E[XiXj ] = 5p8 +4p7. If
there are 5 distinct vertices, E[XiXj ] = 3p6 + 6p7. Since there are O(n4) sets of 4 vertices,
O(n6) sets of 6 vertices, and O(n5) sets of 5 vertices, we have

V ar(X) = O(n4p4 + n6p7 + n5p6).

(e) Deduce from parts (b) and (d) that P[G contains a cycle of length 4] → 1 for p = ω( 1
n).

By Chebyshev’s inequality we have

P[X ≤ 0] ≤ P
[
|X − EX| ≥

(
n

4

)
3p4

]

≤ O(n4p4 + n6p7 + n5p6)
O(n8p8)

→ 0 as n →∞

To complete the computation, we observe that

P[X > 0] = 1− P[X ≤ 0]

→ 1 as n →∞
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3. (Finding a Good 3-Coloring.)
A 3-coloring of an undirected graph G = (V,E) is an assignment of colors red, green, or blue to
every vertex in the graph. An edge is well-colored if the two endpoints of the edge are assigned
distinct colors. In the MAX3COLOR problem, we are given an undirected graph G and asked to
find a 3-coloring with the maximum possible number of well-colored edges.

(a) Using the probabilistic method, show that every graph has a 3-coloring with at least 2
3 |E|

well-colored edges.

Color the vertices of the graph uniformly at random. Let Xe be the event that edge e is
well-colored. After choosing the color of one node, there are 2 out of 3 ways to well-color
the second node. So, we have E[Xe] = 2/3. Let X =

∑
Xe be the number of well-colored

edges. By linearity of expectation, we have E[X] = 2
3 |E|. By the probabilistic method, this

implies that there exists a 3-coloring with at least 2
3 |E| well-colored edges.

(b) Using the method of conditional probabilities, we may derive a deterministic polynomial-
time algorithm that, given G, outputs a 3-coloring with at least 2

3 |E| well colored edges.
Explain how to compute

E[X|c1, c2, ..., ci]

where c1, ..., ci are the assignments of colors to the first i vertices.

For a particular edge e = (u, v) ∈ E, the probability that e is well colored is

P[Xe|c1, c2, ..., ci] =


1 if u, v are colored and cu 6= cv,
2/3 if either u or v is not colored,
0 if u, v are colored and cu = cv.

By linearity of expectation, we can compute

E[X|c1, c2, ..., ci] =
∑
e∈E

P[Xe|c1, c2, ..., ci]

in polynomial time.
(c) Explain briefly why the above algorithm is guaranteed to output a 3-coloring with at least

2
3 |E| well-colored edges.

The method of conditional probabilities is applied by conditioning on the partial coloring
c1, c2, ..., ci as follows

E[X|c1, ..., ci] =
E[X|c1, ..., ci, ci+1 = r] + E[X|c1, ..., ci, ci+1 = b] + E[X|c1, ..., ci, ci+1 = g]

3

≤ max{E[X|c1, ..., ci, ci+1 = r], E[X|c1, ..., ci, ci+1 = b], E[X|c1, ..., ci, ci+1 = g]}.

This yields a sequence of bounds

E[X] ≤ E[X|c1] ≤ E[X|c1, c2] ≤ ... ≤ E[X|c1, ..., c|V |].

Thus the final coloring satisfies the desired condition

2
3
|E| ≤ E[X|c1, ..., c|V |].
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4. The lollipop graph on n vertices is a clique on n/2 vertices connected to a path on n/2 vertices,
as shown in Figure 2. The node u connects the clique to the path, and node v is at the opposite
end of the path from node u.

vu

n/2 vertices

Kn/2

Figure 2: On four vertices, there are three possible cycles of length four.

(a) Show that the expected covering time of a random walk starting at v is O(n2). (Hint: Break
up the walk into walks on different segments of the graph, and use the fact that from the
vertex just to the right of u, it takes Θ(n) expected time to reach either u or v.)

Because this random walk is an unbiased random walk on a line with a reflecting boundary,
Lemma 7.1 of the book applies. As a result, we know that the random walk from v to u
takes expected time (n/2)2. We want to show that the expected covering time for for the
clique is no greater than the time it takes to walk from v to u. To do this, we assume that
the walk has reached u, and we split the steps into two types: steps that are on edges of the
clique, and steps that are on edges in the stem. Note that the coupon collector problem tells
us that we should expect to take n log n steps in the clique before we reach a new vertex.
(Actually this is a little different than coupon collector, because when the walk is at a vertex,
it must step to a different vertex rather than remaining at the vertex. However the bound
works in our favor, so this is fine.) The walk on the stem can be decomposed into intervals
of leaving and returning to u.
Now, we compute the expected number of steps on the stem for each time the clique walk
visits u. At u, you step into the stem with probability 2/n. From the vertex just to the right
of u, we use the hint that in expected time Θ(n), the walk will reach either u or v. We know
from gambler’s ruin in the book, with probability Θ(1/n) the walk goes to v. Following
that it takes Θ(n2) steps to get back to u (by Lemma 7.1 of the book). So, all together the
expected time to return to u after stepping into the stem is Θ(n) + Θ(1/n)Θ(n2) = Θ(n).
The number of times that the walk leaves u for the stem, before visiting another vertex in
the clique, is distributed as a geometric with parameter (1 − 2/n). Therefore, if we have
T ∼ geom(1− 2/n), the expected number of trips down the stem is

E[T ]− 1 =
n

n− 2
− 1 =

2
n− 2

= Θ(1/n).

So, the expected number of steps on the stem for each time walk in the clique hits u is
Θ(1/n) ∗ Θ(n) = Θ(1). Since we expect the clique walk to hit u at most n log n times by
coupon collector. So, the total time we expect the walk to take is Θ(n log n) to cover all the
vertices in the clique after arriving at u. Therefore the expected covering time is dominated
by the expected time that it takes to walk from vertex v to vertex u, which is O(n2).

(b) Show that the expected covering time of a random walk starting at u is O(n3).
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From Lemma 7.16 in the book, we know that the cover time is bounded above by O(|V ||E|) ≤
O(|V |3). Therefore the expected covering time of a random walk starting at u is O(n3).
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