
UC Berkeley, CS 174: Combinatorics and Discrete Probability (Fall 2010)

Solutions to Problem Set 7

1. (MU 11.2) Consider the Markov chain for shuffling cards, where at each step a card is chosen
uniformly at random and moved to the top. Suppose that, instead of running the chain for a
fixed number of steps, we stop the chain at the first step where every card has been moved to the
top at least once. Show that, at this stopping time, the state of the chain is uniformly distributed
on the n! possible permutations of the cards.

There are two ways to prove this, one is combinatorial and the other uses a coupling argument.
First, for the combinatorial method, consider each card in turn. After the stopping time, the top
card has 1/n probability of having any particular face. The second card has 1/(n−1) probability
of having any face except that of the top card. This continues until we get probability 1/n! for
any particular sequence of faces. This means that each of the n! possible permutations of cards
occurs with probability 1/n!, proving the claim.

Second, we use a coupling argument. Let Zt = (Xt, Yt) be the following coupling. A position j is
chosen uniformly from 1 to n, Xt+1 is obtained from Xt by moving the jth card to the top. Let
F denote the face of that card. Yt+1 is obtained from Yt by moving the card with face F to the
top of the deck. Let T be the time at which every card has been moved to the top once. Clearly
at time T , the two chains are coupled. Therefore, we know that P[XT 6= YT |X0 = x, Y0 = y] ≤ 0.
Then by the Coupling Lemma (Lemma 11.2), we have that variation distance between the two
chains is zero. Then the state must be uniform at stopping time T .

2. (MU 11.3) Consider the Markov chain for shuffling cards, where at each step a card is chosen
uniformly at random and moved to the top. Show that, if the chain is run for only (1− ε)n lnn
steps for some constant ε > 0, then the variation distance is 1− o(1).

Let X = X1 +X2 + ...+Xn be the number of cards that have never been chosen after (1−ε)n lnn
steps. We will use a Poisson approximation and a Chernoff bound to upper bound the probability
P[X ≤ (1 − δ)nε]. Let Yi ∼ Poi((1 − ε) ln n), and let Y = Y1 + Y2 + ... + Yn be the number of
cards not chosen in the Poisson case. Then we have E[Yi] = e−(1−ε) ln n = nε−1 and E[Y ] = nε.
By the Chernoff bound from Theorem 5.4 for Poisson random variables, we have

P[Y ≤ b] ≤ e−nε
(−enε)b

bb
.

Now, we use the Poisson approximation from Corollary 5.9 to get

P[X ≤ b] ≤ e−nε
(−enε)b

bb
e
√

(1− ε)n lnn.

Now, we compute a lower bound for the variation distance between the Markov chain and the
stationary distribution. Let k = nε/2, and consider a subset S of the states for the Markov chain,
where for each state in S, the k bottom cards are ordered in the same order that they were in the
initial state. The chain will remain in set S any time that none of these k cards are chosen. So, the
probability of being in set S after running the chain (1− ε)n steps is at least P[X ≥ k] = 1− o(1)
by the Poisson-approximation bound above. The probability of a state, chosen from the uniform
stationary distribution, being in set S is 1/k! = o(1). Thus, the variation distance is at least the
difference of these two probabilities, which is 1− o(1).
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3. (MU 11.6) Theorem 11.5 is useful only if there exists a nonzero minimum entry in at least one
column of the matrix P of the Markov chain. Argue that for any finite, aperiodic, irreducible
Markov chain, there exists a time T such that every entry of PT is nonzero. Explain how this
can be used in conjunction with Theorem 11.5.

First, we will prove that there exists a time T such that every entry of PT is nonzero. For a
finite, aperiodic, irreducible Markov chain, πi 6= 0 for all i. From Theorem 7.7, we know that
limt→∞ P t

ji = πi. By the definition of a limit, for every i and j, there exists a Tij such that for
all t ≥ Tij , P t

ji > 0. We let T = maxij Tij .

Now that we can calculate T , we can simply apply Theorem 11.5 to PT to get a bound on the
variation distance after t additional steps. This is equivalent to T + t steps of the original chain.

4. (MU 11.9) Consider a Markov chain on n points [0, n − 1] lying in order on a circle. At each
step, the chain stays at the current point with probability 1/2 or moves to the next point in the
clockwise direction with probability 1/2. Find the stationary distribution and show that, for any
ε > 0, the mixing time τ(ε) is O(n2 ln(1/ε)).

This is an finite, ergodic Markov chain. The stationary distribution is πi = 1/2 for 0 ≤ i ≤ n− 1.
This can be seen in the usual way by multiplying the stationary distribution by the transition
matrix.

To bound the mixing time, we will consider a simple coupling: two chains that remain independent
until they meet at the same point. Until they couple, the clockwise distance between the two
chains can decrease with probability 1/4, increase with probability 1/4, or stay the same with
probability 1/2. Let ti be the expected time for the difference to go from i to either 0 or n. So,
we have the recursion

ti =
{

0 if i = 0 or i = n
1 + ti−1/4 + ti/2 + ti+1/4 otherwise.

The solution to these equations is ti = 2i(n− i); we prove this for the the case of 0 ≤ i ≤ n:

ti = 1 + ti−1/4 + ti/2 + ti+1/4

= 1 + 2(i− 1)(n− i + 1)/4 + 2i(n− i)/2 + 2(i + 1)(n− i− 1)/4

= 1 + (i− 1)(n− i + 1)/2 + i(n− i) + (i + 1)(n− i− 1)/2

= 1 + (i− 1)(n− i)/2 + (i− 1)/2 + i(n− i) + (i + 1)(n− i)/2− (i + 1)/2

= (i− 1)(n− i)/2 + i(n− i) + (i + 1)(n− i)/2

= i(n− i)/2− (n− i)/2 + i(n− i) + i(n− i)/2 + (n− i)/2

= 2i(n− i)

This means that the expected time before the chain couples is at most tn/2 = n(n− n/2) = n2/2
steps. By Markov’s inequality

P[coupling time ≥ n2] ≤ 1/2

Consider ln(1/ε) repetitions of n2 steps where each repetition has to fail for the chains not to
couple in n2 ln(1/ε) time.

P[coupling time ≥ n2 ln(1/ε)] ≤ ε.
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5. (MU 11.14) Consider the following variation on shuffling for a deck of n cards. At each step, two
specific cards are chosen uniformly at random from the deck, and their positions are exchanged.
(It is possible both choices give the same card, in which case no change occurs).

(a) Argue that the following is an equivalent process: at each step, a specific card is chosen
uniformly at random from the deck, and a position from [1, n] is chosen uniformly at random;
then the card at position i exchanges positions with the specific card chosen.
Choosing a position uniformly at random is equivalent to choosing a card uniformly at
random. Either way, each card has probability 1/n of being chosen. In both processes, the
two choices are independent.

(b) Consider the coupling where the two choices of card and position are the same for both
copies of the chain. Let Xt be the number of cards whose positions are different in the two
copies of the chain. Show that Xt is non-increasing over time.
If the chosen card is in the same position in both chains, then the same two positions are
exchanged in both chains, and Xt remains unchanged. If the chosen position has the same
card in both chains, then the same two cards are exchanged in both chains, and again Xt

remains the same. If neither of these are true, then Xt decreases by at least 1. The chosen
card is moved into the chosen position in both chains, and no matches are broken in the
process.

(c) Show that

P[Xt+1 ≤ Xt − 1|Xt > 0] ≥
(

Xt

n

)2

.

The probability of the chosen card being in a different position in either chain is Xt/n.
The Probability of the chosen position holding a different card in either chain is also Xt/n.
A decrease occurs if and only if both of these two independent events happen, so it has
probability (Xt/n)2.

(d) Argue that the expected time until Xt is 0 is O(n2), regardless of the starting state of the
two chains.
Let Ti be the number of steps during which Xt = i. Let T = T1 + T2 + ... + Tn is the total
number of steps before Xt reaches 0. If Xt never reaches i, then Ti = 0. If Xt does reach
i then Ti is a geometric random variable, and by part (c), its expectation is n2/i2. So we
have

E[T ] =
n∑

i=1

E[Ti] ≤
n∑

i=1

n2

i2
<

∞∑
i=1

n2

i2
=

π2

6
n2 = O(n2).
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