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Today

o Transbrmations in 3D
o Rotations

Matrices

o
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Euler angles
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Exponential mas
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Quaternions



3D Transbrmations

o Generaly,the extension fom 2D to 3D is
straightbrward

o \ectors get longer  one
o Matrices get extra column anaw
o SVD still vorks the same wa

o Scaléelranslationand Shear all basigathe same

o Rotations get integsting
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Shears

Shearg into x

Rotations

o 3D Rotations fundamentglimore complex
than in 2D

o 2D:amount of ptation

o 3D:amount and axis ofatation

<> -VS-

2D 3D



Rotations

o Rotations still othonormal

-Def(R)= 1£ " 1

o Presemve lengths and distance to origin
o 3D rotations [DQ NOT COMMUTEI

o Right-hand rule
o Unique matrices/g %

Axis-aligned 3D Rotations

o 2D rotations implicity rotate about a thid
out of plane axis

O K



Axis-aligned 3D Rotations

o 2D rotations implicity rotate about a thid
out of plane axis
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Axis-aligned 3D Rotations
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Axis-aligned 3D Rotations
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Axis-aligned 3D Rotations
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Axis-aligned 3D Rotations

o Also knowvn asOdiection-cosineO matrices

1 0 o "~ coq!) O sin(!)
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Arbitrary Rotations

o Can be built fom axis-aligned matrices:

R = Rzz')éRy')éij

o Result due to Eulerhence called
EulerAngles
o Easy to stoe in \ector

R = rot(Xx,Yy, 2
o But NOT a \ector.



Arbitrary Rotations

R = RﬁéRy)éij

Arbitrary Rotations

o Allows tumbling

o Euler angles arnon-unique
o Gimbal-lock

o Moving -vs- bad axes

o Reverse of each other



Exponential Mas

o Direct representation of arbitray rotation

o AKA: axis-anglgangular displacemeng¢etor

o Rotate! degees about some axis

- Encode! g length of ector O
b=
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Exponential Mas

o Given \ector I ,how to get matrix R

o Method from text:
1. rotate aboutx axis to putr into the x-y plane
. rotate aboutz axis alignm with the x axis

2

3. rotate! degees aboui axis
4. undo #2 and then #1

5. composite together
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Exponential Mas

™

o \lector expressing a point has mwparts

° X|| does not change

o X, rotates lile a 2D point

X

20

Exponential Mas

I X = B# (B# X) Xi X

X' = X+ X sin(!) + x4 cog!)

X1 sin(0)

I x- cog!)



Exponential Mas

o Rodriguez Brmula
X' = (10ax)
+sin(! ) (Bx X)
—cod!)(Dx (Bx X))

X,
7/ Ca
N
Actually a minor variation ...

Exponential Mas

o Rodriguez Brmula l
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+sin(!)(Bxx) |
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Exponential Mas

o Building the matrix
X' = ((63) + sin(! )(Bx) — coq! ) (Bx)(Bx)) X

L0 B D
@)="6 0 "g¥
" Q/ 6§ 0
Antisymmetric matrix
(al )b=al' b
Easy to erify by expansion

Exponential Mas

o Allows tumbling

o No gimbal-lock!

o Orientations ae space withint -radius ball
o Nearly unique epresentation

o Singularities on shells at 2

o Nice for interpolation



Exponential Mas

o Why exponential?
- Recall series expansion &f

Exponential Mas

o Why exponential?
o Recall series expansion ef

o Eulerwhat hgpens if gu put ini!  br x

N (R R | S
A TR TR TR TR

112 a4 s
S TR TR TR

= coq!)+isin(!)



Exponential Mas

o Why exponential?
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Exponential Mas
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Quaternions

o More popular than exponential mpa
o Natural extension ofe' = coq!) + isin(!)
o Due to Hamilton (1843)

o Interesting histoy

o InvolvesOhermphroditic monstersO

Quaternions

o UberComplex Numbers
a= (21,2,23,9) = (2,9)
a=121+ |2+ kzz+ S
ij=k ji= —k

i2= j?=K=11 jk=1i kj= —i
ki=j ik= —j



Quaternions

o Multiplication natural consequence of def
a0 = (ZgSp+ ZpSgt Zp! Zq, SpSy" Zpdzg)
o Conjugate
q =("2z9

o Magnitude

ldl|”= z&+ $*= q&
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Quaternions

o \fectors as quaternions
V= (V,O)

o Rotations as quaternions
I |
— (Bsint cos
r=( smz,cosé)
o Rotating a gctor

x! - réxét <= Compae to ExpMgp
o Composing otations
r— rpd?

32



Quaternions

o No tumbling
o No gimbal-lock
> Orientations ae Odouble uniqueO

=

o Surface of a 3-spherin 4D ||r|| =
o Nice for interpolation

Rotation Matrices

o Eigen system
o One real eigewalue
o Real axis is axis obtation

o Imaginay values ar 2D rotation as complex umber
o Logarithmic érmula
(8 ) =In(R) =

2sin!

o eodt TR 1
' 2

. . . 34
Similar érmulae asdr exponential...

(R" R")



Rotation Matrices

o Consider.
&XX r rxz#&‘ O O#

Xy

$ ! !
RIZg, Ty ryz@ 1 0
%x rzy rzz!'% 0 1k

o Columns ae coordinate aes after
transbrmation (true for general matrices)

o Rows are original ags in original system
(not true for general matrices)
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Note:

o Rotation stuff in the book is a biteak...
luckily you have these nice slides!
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