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Today

Points as a graphics primitive
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A Thought Experiment
Laser scanners  

Millions to billions of points

Typical image
At most a few million pixels

More points than pixels...
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“Point-Based Graphics”

Surfaces represented only by points
Maybe normals also

No topology

How can we do
Rendering

Modeling opperations

Simulation
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Rendering

For each point draw a little “splat” 
Use associated normal for shading

Possibly apply texture

If  “splats” are small compared to 
spacing then gaps result

Ohtake, et al., SIGGRAPH 2003

Splatting too many points would
waste time
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Rendering

“QSplat” algorithm 
Build hierarchical tree of the points
Use bounding spheres to estimate size of clusters
Render clusters based on screen size
Use cluster-normals for internal nodes
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Rendering

15-pixel cuto!
130,712 points

132 ms

10-pixel cuto!
259,975 points

215 ms

5-pixel cuto!
1,017,149 points

722 ms

1-pixel cuto!
14,835,967 points

8308 ms

From Rusinkiewicz and Levoy, SIGGRAPH 2000. 
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Rendering

From Rusinkiewicz and Levoy, SIGGRAPH 2000. 



9

Rendering

From Rusinkiewicz and Levoy, SIGGRAPH 2000. 
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Rendering

(a) (b) (c)

Points Polygons – same number of primitives as (a) Polygons – same number of vertices as (a)
Same rendering time as (a) Twice the rendering time of (a)

From Rusinkiewicz and Levoy, SIGGRAPH 2000. 
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Defining a Surface

Two related methods
Surface is a point attractor

Point-set surfaces

Implicit surface

Multi-level Partition of Unity Implicits

Implicit Moving Least-Squares



12

Point-Set Surfaces

Surface is the attractor of a repeated 
projection process

Find nearby points

Fit plane (weighted)

Project into plane

Repeat

Does it converge?
How to weight points?

a

r
t

H

x = r + ta

From Amenta and Kil, SIGGRAPH 2004. 
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Point-Set Surfaces
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Point-Set Surfaces

From Amenta and Kil, SIGGRAPH 2004. 

Does this give us a good surface?

New “robust” methods exist for sharp features



15

Point-Set Surfaces

Some examples

From Fleichman, Thesis, 2003.

Note shrinkage
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Implicit Moving Lest-Squares

Define a scalar function that is zero passing 
through all the points

Sample 

Points

Normal 

vectors

From Shen, et al., SIGGRAPH, 2004.
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Implicit Moving Lest-Squares

From Shen, et al., SIGGRAPH, 2004.

Function is zero on boundary
Decreases in outward direction
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Moving Least-Square Interpolation

Standard Least Square
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Moving Least-Square Interpolation

Moving Least Square
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Moving Least-Square Interpolation

Least Square Moving Least Square

Interpolating

Approximating
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Interpolating Functions
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Interpolating Functions
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Implicit Moving Lest-Squares

Sample 

Points

Normal 

vectors

From Shen, et al., SIGGRAPH, 2004.
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Implicit Moving Lest-Squares

From Shen, et al., SIGGRAPH, 2004.

Sample 

Points

Normal 

vectors

Proof of good behavior in
Kolluri SODA 2005
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From Shen, et al., SIGGRAPH, 2004.
(Actually based on polygon constraints... but same idea.)
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From Shen, et al., SIGGRAPH, 2004.
(Actually based on polygon constraints... but same idea.)
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From Shen, et al., SIGGRAPH, 2004.
(Actually based on polygon constraints... but same idea.)
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Partition of Unity Method

Ohtake, et al., SIGGRAPH 2003

Partition of Unity is a special case of Moving Least-Squares 
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Partition of Unity Method

Ohtake, et al., SIGGRAPH 2003
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Editing Operations

Implicit function can be
Combined w/ booleans

Warped

Offset

Composed

And more...
Figure 8: CSG operations applied on MPU implicits. Left: sphere tracing of the sub-

traction of two MPU approximations. Right: boolean subtraction and twisting opera-

tions are applied to interpolating MPU implicits.

Figure 9: Reconstruction from a scattered point dataset with non-uniform density of

points.

found that if several range scans overlap, better results are obtained
if we take into account per-point measurement confidences during
the reconstruction process. If we treat all points the same, artifacts
can arise. If the accuracy threshold (7) is small, the MPU implicit
approximating the scan points can have wrinkles in the overlapping
regions. On the other hand, if (7) is not small enough, the MPU
implicit does not capture the fine geometric details of the scanned
model. In practice, a given position on the object can be measured
more accurately from some scanning directions than from others.
This notion of using confidence during surface reconstruction was
advocated in [Turk and Levoy 1994; Curless and Levoy 1996].
Consider a collection of points from range data. Assume that

each point pi is assigned a confidence weight ci, ci ! [0,1], that
were computed based on scanning information according to the
rules suggested in [Curless n. d.]. Now the MPU reconstruction
process described in previous sections is enhanced by the modifica-
tions given below.

• For a better estimation of local shape functionQ(x), if the sum
of the confidence measures of the points inside the ball is less
than Nmin then the radius growth rule (6) is applied repeatedly
until the sum is above this threshold.

• Instead of (7), a weighted accuracy measure is used:
! =maxciQ(pi)/|!Q(pi)|.

• The unit normal vector n of the base plane (u,v) used to fit the
bivariate quadratic polynomial (12) is obtained by averaging
the neighboring normals with weights ciw(pi).

• Weights
!
ciw(pi)

"
are used in (13) and (11) instead of!

w(pi)
"
.

• The normals in (10) are taken with the confidence weights
assigned to their corresponding points.

Figure 10 demonstrates the MPU reconstruction of the Stanford

Figure 10: Reconstruction of Stanford bunny from range data. Top left: bunny scan

data is rendered as a cloud of points, (all ten original range scans are used); defects

caused by low accuracy of some points and normals are clearly visible. Top middle: a

side range image of bunny is colored according to the confidence measure. Top right:

bunny is reconstructed as an MPU implicit. Bottom left: only six range scans of the

bunny scan data are rendered (an example of incomplete data). Bottom right: an MPU

implicit bunny from six scans.

f = 0.025 f = 0 f = !0.025

f = !0.075, ! = 0.75 f = !0.075, ! = 1.0

Figure 11: Offsetting of a knot model. The distance function to the knot is approxi-

mated by w = f (x,y,z). The first four models were generated with ! = 0.75. For the
last model ! = 1 was used and a higher quality offsetting was produced.

bunny from the original range scans. In one case we have used
only six scans, and in the other case we have used the full ten range
scans. Notice the ability of the MPU method to repair missed data.

Function-based shape modeling operations. Using MPU
implicits allow us to extend the power of function-based shape
modeling operations [Bloomenthal et al. 1997] to point set surfaces.
Given several MPU functions defined over the same bounding box
and having possibly different octree structures, at each point of the
box we evaluate the value of the result of applying functional oper-
ations to the functions. Then the level sets of the resulting function
are visualized via a polygonization or ray tracing.

An example of a CSG operation applied to two large and com-
plex point set surfaces was already demonstrated in Figure 8. Re-
sults of offsetting, smooth blending, morphing, and twisting opera-
tions [HyperFun: F-rep Library n. d.], [Pasko and Savchenko 1994]
are shown in Figures 11, 12, 13, 14 and the right image of Figure 8.
In particular, Figures 13 and 14 demonstrate a linear morphing of
two implicit models.1

1The linear morphing of implicit models w= f (x,y,z) and w= g(x,y,z) is an im-
plicit model defined by w= (1! t) f (x,y,z)+ tg(x,y,z).

Ohtake, et al., SIGGRAPH 2003
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Editing Operations

Implicit function can be
Combined w/ booleans

Warped

Offset

Composed

And more...

Ohtake, et al., SIGGRAPH 2003

Figure 8: CSG operations applied on MPU implicits. Left: sphere tracing of the sub-

traction of two MPU approximations. Right: boolean subtraction and twisting opera-

tions are applied to interpolating MPU implicits.

Figure 9: Reconstruction from a scattered point dataset with non-uniform density of

points.

found that if several range scans overlap, better results are obtained
if we take into account per-point measurement confidences during
the reconstruction process. If we treat all points the same, artifacts
can arise. If the accuracy threshold (7) is small, the MPU implicit
approximating the scan points can have wrinkles in the overlapping
regions. On the other hand, if (7) is not small enough, the MPU
implicit does not capture the fine geometric details of the scanned
model. In practice, a given position on the object can be measured
more accurately from some scanning directions than from others.
This notion of using confidence during surface reconstruction was
advocated in [Turk and Levoy 1994; Curless and Levoy 1996].
Consider a collection of points from range data. Assume that

each point pi is assigned a confidence weight ci, ci ! [0,1], that
were computed based on scanning information according to the
rules suggested in [Curless n. d.]. Now the MPU reconstruction
process described in previous sections is enhanced by the modifica-
tions given below.

• For a better estimation of local shape functionQ(x), if the sum
of the confidence measures of the points inside the ball is less
than Nmin then the radius growth rule (6) is applied repeatedly
until the sum is above this threshold.

• Instead of (7), a weighted accuracy measure is used:
! =maxciQ(pi)/|!Q(pi)|.

• The unit normal vector n of the base plane (u,v) used to fit the
bivariate quadratic polynomial (12) is obtained by averaging
the neighboring normals with weights ciw(pi).

• Weights
!
ciw(pi)

"
are used in (13) and (11) instead of!

w(pi)
"
.

• The normals in (10) are taken with the confidence weights
assigned to their corresponding points.

Figure 10 demonstrates the MPU reconstruction of the Stanford

Figure 10: Reconstruction of Stanford bunny from range data. Top left: bunny scan

data is rendered as a cloud of points, (all ten original range scans are used); defects

caused by low accuracy of some points and normals are clearly visible. Top middle: a

side range image of bunny is colored according to the confidence measure. Top right:

bunny is reconstructed as an MPU implicit. Bottom left: only six range scans of the

bunny scan data are rendered (an example of incomplete data). Bottom right: an MPU

implicit bunny from six scans.

f = 0.025 f = 0 f = !0.025

f = !0.075, ! = 0.75 f = !0.075, ! = 1.0

Figure 11: Offsetting of a knot model. The distance function to the knot is approxi-

mated by w = f (x,y,z). The first four models were generated with ! = 0.75. For the
last model ! = 1 was used and a higher quality offsetting was produced.

bunny from the original range scans. In one case we have used
only six scans, and in the other case we have used the full ten range
scans. Notice the ability of the MPU method to repair missed data.

Function-based shape modeling operations. Using MPU
implicits allow us to extend the power of function-based shape
modeling operations [Bloomenthal et al. 1997] to point set surfaces.
Given several MPU functions defined over the same bounding box
and having possibly different octree structures, at each point of the
box we evaluate the value of the result of applying functional oper-
ations to the functions. Then the level sets of the resulting function
are visualized via a polygonization or ray tracing.

An example of a CSG operation applied to two large and com-
plex point set surfaces was already demonstrated in Figure 8. Re-
sults of offsetting, smooth blending, morphing, and twisting opera-
tions [HyperFun: F-rep Library n. d.], [Pasko and Savchenko 1994]
are shown in Figures 11, 12, 13, 14 and the right image of Figure 8.
In particular, Figures 13 and 14 demonstrate a linear morphing of
two implicit models.1

1The linear morphing of implicit models w= f (x,y,z) and w= g(x,y,z) is an im-
plicit model defined by w= (1! t) f (x,y,z)+ tg(x,y,z).
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Implicit function can be
Combined w/ booleans

Warped

Offset

Composed

And more...

Editing Operations

Ohtake, et al., SIGGRAPH 2003

Figure 12: Left: Smooth blending of the Stanford bunny and Cyberware Igea mod-

els. Right: offsetting of the Stanford dragon model; f = 0.0075 (top) and f = !0.01
(bottom); ! = 0.75.

Figure 13: Linear blending of octahedron and cube.

7 Discussion
This paper describes a new implicit surface representation based on
local shape functions, partitions of unity, and an octree hierarchy.
Strengths of the Multi-Level Partition of Unity formulation include:

• Fast surface reconstruction and rendering.
• Representation of sharp features.
• Reconstruction from incomplete data.
• Choice of either approximation or interpolation of the data
and the ability to adaptively vary the approximation accuracy.

Given a point set model processed by the MPUmethod with a spec-
ified accuracy, the computational time and memory usage depends
on the geometric complexity of the model: the higher the geomet-
ric complexity, the deeper the octree is subdivided. This is clearly
demonstrated by Figure 1 where the reconstruction of fine features
requires a deeper subdivision.

Table 1 presents RAM memory usage and computational time
measurements for simultaneous generating and polygonizing vari-
ous point set models. Note that our method is quite fast. Our exper-
iments with state-of-the-art RBF-based 3D surface reconstruction
techniques such as FastRBF [Carr et al. 2001] and others suggest
that the MPU method is considerably faster than these other tech-
niques. 2

Model Number Relative Peak Number of Comp.

of points error RAM triangles time

Bunny 34,611 2.5"10!3 34MB 91,104 0:07

Bunny scans 362,272 1.0"10!3 110MB 219,676 1:46

Dragon 433,375 8.0"10!4 195MB 819,704 1:39

Buddha 543,625 0.0 442MB 648,332 6:53

David (2mm) 4,124,454 1.0"10!4 810MB 1,296,522 10:33

Table 1: Memory and computational time measurements for genera-

tion + polygonization of MPU implicits for various point set models. Computations

were performed on a 1.6GHz Mobile Pentium 4 with 1GB RAM, and timings are

listed as minutes:seconds.

2 Comparing the results of Table 1 with those of Table 2 in [Carr et al. 2001] one

can find that the MPU method is 20-30 times faster than the FastRBF technique [Carr

et al. 2001].

Figure 14: Linear morphing of two head models approximated by MPU implicits, Max

Planck Head and Head of Michelangelo’s David.

Notice that processing time for the Buddha model is more than
three times longer then that for the dragon model which has a sim-
ilar size. This is because we reconstruct the Buddha by the MPU
interpolation which requires a deeper subdivision and wider support
for the corresponding partition of unity functions.

Because of its local nature, the MPU method is more sensi-
tive to the quality of input data, especially the field of normals,
to compare with the approximation and interpolation techniques
based on globally-supported RBFs [Carr et al. 2001; Turk and
O’Brien 2002]. Nevertheless, according to our experiments, the
MPU method is sufficient for accurate shape reconstruction from
a wide variety of data sets. The parameters in our current imple-
mentation of the MPU approach are adjusted for processing typical
outputs of laser scanner devices. We believe that the parameter
modifications needed for different classes of input are fairly intu-
itive in order to handle scattered data of lower (higher) quality at
the expense of lower (higher) computational speed.

Unlike the crust approach [Amenta et al. 1998], theMPUmethod
is not supported by rigorous results guaranteeing correct recon-
struction of input data satisfying certain properties described math-
ematically. It is a price we pay for a high speed of our method.

We would like also to stress here that our method is not an RBF
technique. RBF is a global approximation/interpolation method be-
cause of its global variational nature. Our method is a local one. We
make use of two functions, the partition-of-unity weights and the
local piecewise quadratic approximation functions, which is differ-
ent than the single function used by an RBF approach. This two-
function approach gives benefits such as sharp feature reconstruc-
tion that, to date, have not been possible using RBFs.

Smoothness properties of the MPU implicits are determined by
those of weight functions (3). Choosing smoother weight functions
will produce smoother MPU implicits.

Similar to other implicit function shape representation schemes,
theMPU implicits are not capable of representing correctly surfaces
with boundaries.

We see a number of opportunities to improve our approach.
Other estimation of the distance function might be beneficial. The
distance function is a ruled surface with singularities, therefore us-
ing quadratic functions to approximate the distance function is not
optimal. A richer library of local shape approximations could be
generated in order to reconstruct accurately more complex sharp
features. Finally, the MPU approach should be well suited to an
out-of-core implementation due to the local nature of the weighting
functions.
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Smoothing

Simple Smoothing

Adjustment Smoothing

From Shen, et al., SIGGRAPH, 2004.
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Point-Based Simulation

MLS originated in mechanics literature

Natural use in graphics for animation

M. Müller, R. Keiser, A. Nealen, M. Pauly, M. Gross and M. Alexa / Point Based Animation of Elastic, Plastic and Melting Objects

Figure 9: A melting model of Max Planck flows through a funnel into the Igea casting mold.

Figure 10: A melting model of Igea which splits, merges and solidifies.

Figure 11: Animating a detailed octopus.

Figure 12: Melting and solidification with topological changes.

c! The Eurographics Association 2004.

From Mueller, et al., SCA, 2004.
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Point-Based Simulation

From Mueller, et al., SCA, 2004.
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