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Today

Fluid Simulation
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Why do Fluid Simulation?

Key-framing fluids is very, very hard

Their behaviour is complicated.

They don’t move on their own.

Most results would look unrealistic.

This suggests that giving the animator useful 
control over fluids is also hard...
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Finite Differencing

d f

dx
= lim

!x→"

f (x+!x)− f (x)
!x

d f

dx
≈ f (xi)− f (xi−1)

xi− xi−1

From Calculus:

i-2 i-1 i i+1 i+2
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Finite Differencing

d f

dx
≈ f (xi+1)− f (xi−1)

xi+1− xi−1

d f

dx
≈ f (xi+1)− f (xi)

xi+1− xi

i-2 i-1 i i+1 i+2

d f

dx
≈ f (xi)− f (xi−1)

xi− xi−1

d2 f

d2x
≈ f (xi+1)−2 f (xi)+ f (xi−1)

!x2
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Staggered Grid

uxux

uy

uy

p,!,",etc

Normal velocities 
(magnitudes) stored 
at face centers.

Density, pressure, 
temperature, etc. 
stored at cell centers.
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Staggered Grid

uxux

uy

uy

p,!,",etc

Second order 
accurate (in space) 
because all derivatives 
fall in the right places.

! ·u,!2p
!px!px

!py

!py
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Incompressible Navier-Stokes

change in velocity with respect to time 
= advection + pressure forces 
(conservation of mass/volume) + 
diffusion + external forces

fluid flowing in == fluid flowing out

!u

!t
=−(u ·")u−"p

#
+
µ

#
"2u+

f

#

! ·u= 0
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Operator Splitting

Key Idea: Break the right hand side into 
separate pieces (advection, diffusion, 
pressure).

Solve each piece in whatever manner is 
appropriate for that piece.

In some sense, as we solve each piece, we 
are taking a fractional step.

!u

!t
=−(u ·")u−"p

#
+
µ

#
"2u+

f

#
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Advection

This term is “hyperbolic” and non-
linear and can be very difficult to solve 
with finite differencing techniques

Naturally suited to semi-lagrangian 
integration

−(u ·!)u
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Semi-Lagrangian Integration

Trace path back in time and interpolate the 
velocity

Can be made unconditionally stable

t-1

t

i-2 i-1 i i+1 i+2
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Diffusion
Naturally suited to finite differencing

If   is very large can have stability 
problems... but this is usually not an 
issue

You can think of this as just smoothing 
the velocity field.

Like all “parabolic” problems, it makes 
the solution “nicer”, so it is generally 
well behaved.

µ

!
"2u

µ
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Diffusion

t-1

t

i-2 i-1 i i+1 i+2

µ

!

(
ui−1−2ui+ui+1

"x2

)
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Pressure 

To enforce the divergence free requirement,  
             , we create a force proportional to 
the negative gradient of a scalar pressure 
field.

But, where does the pressure field come 
from?

−!p
"

! ·u= 0
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Pressure 

We want

So we need 

Where     is the velocity after the advection 
and diffusion steps

This leads us to...

−!p
"

! ·u= 0

u= u∗−!p

"
u
∗
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The Poisson Equation

The laplacian,     (or   if your a mathematician) 
is a large sparse symmetric matrix.  So this is 
just a big linear system.

Many, many, many papers have been written 
on how to solve this system.  

Multigrid is cool, but graphics people tend to 
use preconditioned conjugate gradient.

This is an “elliptic” problem.

!2p= ! ·u∗
!2 !
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Summary

Given velocity field 

Perform semi-Lagrangian advection to get 
new velocity field

Apply diffusion to     to get 

Project     to the space of divergence-free 
velocity fields to get 

Solve Poisson equation to get pressure field

Apply force equal to negative gradient of pressure 
field

ut

u
∗
t

u
∗
t

ût

ût

ut−1
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Helmholtz-Hodge 
Decomposition

Every vector field can be decomposed 
into curl-free, divergence-free and 
harmonic components.

Here,    is a scalar potential field, and     
is curl free;   is a vector potential field 
and          is divergence free and    is 
both divergence free and curl free (i.e. 
boring).

!= "u+"× v+h

u !u

v

!× v h
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Notice how the field on the left has no 
swirliness while the one on the right 
appears entirely swirly. 
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Figure 1: Decomposing Vector Fields: the tangential component of a wind field interacting with an ear (left, LIC visualization [5]) reveals
its curl free component (middle) and divergence-free component (right) after decomposition. In this paper, simple computational tools are
introduced to produce such a decomposition, for discrete 2D and 3D vector fields defined on irregular grids, even on curved manifolds.

Abstract
While 2D and 3D vector fields are ubiquitous in computational sci-
ences, their use in graphics is often limited to regular grids, where
computations are easily handled through finite-difference methods.
In this paper, we propose a set of simple and accurate tools for
the analysis of 3D discrete vector fields on arbitrary tetrahedral
grids. We introduce a variational, multiscale decomposition of vec-
tor fields into three intuitive components: a divergence-free part, a
curl-free part, and a harmonic part. We show how our discrete ap-
proach matches its well-known smooth analog, called the Helmotz-
Hodge decomposition, and that the resulting computational tools
have very intuitive geometric interpretation. We demonstrate the
versatility of these tools in a series of applications, ranging from
data visualization to fluid and deformable object simulation.
Keywords: Vector fields, Variational approaches, Hodge decom-
position, Scale-space description, Animation, Visualization

1 Introduction
Discrete multivalued fields such as vector and tensor fields are ubiq-
uitous in computational sciences. In Computer Graphics, they are
used in a large number of applications ranging from fluid and de-
formable object simulation to the analysis of MRI data for medical
prognosis. Due to the sheer complexity of these nonscalar fields,
their numerical processing is most often performed on regular grids,
due to a lack of simple and accurate tools for irregular grids. Yet,
arbitrary grids are more efficient and flexible at discretizing 2D and
3D regions, whether they are in Euclidean spaces or on curved man-
ifolds. The goal of this paper is to present a simple and accurate
approach to vector field processing on arbitrary tetrahedral grids,
to catalyze the development of algorithms and implementations of
such rich data in computer graphics.

Most of the work done so far on discrete vector field analysis has
tried to mimic well-known differential properties of vector fields
dating back to Poincaré (1854-1912). Globus et al. [11] for instance

described a methodology for vector field analysis by examining the
eigenvalues of the jacobian matrix of a velocity field trilinearly in-
terpolated on curvilinear grids. They also created a discrete topol-
ogy of vector fields by connecting critical points through stream-
lines. This notion of topology can be used to not only analyze, but
also to describe vector fields, even noisy ones that can be smoothed
while preserving [29] or simplifying [27, 14] their topology. An al-
ternative for computing the singularities of three dimensional flow
fields was shown in [16] using Clifford algebra. It can not only find
and classify point singularities, but also line and surface singulari-
ties. However, the approach is so far restricted to regular grid data;
moreover, the computations involved provide topological informa-
tion only, and often return false positives. This is actually a com-
mon problem: since most vector field feature detections are based
on very local estimates (often using the jacobian or the winding
number), inevitable noise in the data often leads to poor numerical
quality of the approximants, and thus inaccurate feature detection.
As we will see, we use instead a variational approach to offer a
more global solution to feature detection that does not suffer from
such sensitivity to noise.

Smoothing vector fields has also been proposed as an efficient
way to simplify complex datasets, and render the analysis more
tractable [29, 4]: for instance, [24, 9] use anisotropic nonlinear dif-
fusion methods to clean “noise” (small-scale features) from 2D and
3D fluid flows. This general idea is essential when dealing with
very complex data sets issued from large simulation on supercom-
puters: the native resolution of the data prevents any global pro-
cessing without prior simplification. We will also provide, in con-
junction with a vector field decomposition, a multiscale description
of vector fields to allow for a multiresolution probing of the data.

1.1 Hodge Decomposition for Smooth Fields
For smooth data, there is a well known way to decompose a vec-
tor field into both intuitive and useful components: it is called
the Helmholtz-Hodge decomposition [1]. First, recall that ∇ =
(∂/∂x,∂/∂y,∂/∂z)t is the gradient, ∇· = ∂/∂x+∂/∂y+∂/∂z is the
divergence operator, and ∇× is the curl operator (also called rota-
tional). With this notation, for a smooth 3D vector field ξ defined
in a region T , there exists a unique decomposition satisfying the
following properties:

ξ = ∇u+∇×v+h (1)

where:
" u is a scalar potential field; note that ∇×(∇u) = 0,
" v is a vector potential field; note that ∇ · (∇×v) = 0, and
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Helmholtz-Hodge 
Decomposition

!u !× v
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Other Issues

Surface Tracking: Particle Levelset Method 
and Semi-Lagrangian Contouring are the 
state of the art.  Implicit representations 
avoid difficult topological issues.

Vorticity Confinement

More interesting phenomenon (i.e. 
explosions) require some extra work.

Rendering is always an issue.
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Surface Tracking

Liquid surfaces undergo nearly arbitrary 
topological changes (merging, breaking, etc).

If you represent the surface explicitly, you 
must detect and handle these topological 
changes.

This is very difficult and is often called 
“mesh surgery”.

Beware when someone mentions “mesh 
surgery,” I’d rather replace a kidney.
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Surface Tracking (Implicit Rep)

Implicit representations get around 
topological changes.

They represent the surface as the zero-set 
of a scalar function defined in 3D.

Implicit representations often have trouble 
maintaining volume.
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Surface Tracking (Particle Rep)

Represent the surface by many particles.

Eventually the particles disagree about 
where the surface is.

Somewhat tricky to find normals.
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Vorticity Confinement

Vorticity is 

Increase vorticity by adding force

where 

!= "×u

fcon f = !h(N×")

N =
!

|!| (!= "|#|)
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Rendering

Liquids:

If you have an explicit surface representation, render 
that.

If you have many particles, try rendering them directly

Implicit representations (most common) can either be 
contoured or rendered with ray marching

Gases:

Can ray march a density function

Can seed millions of particles and render them
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Fluid Control

Very hard problem, research still in its 
infancy.

Can always play with simulation parameters 
and initial conditions, but this is unintuitive.

Try to add small forces to achieve keyframes

optimize (very, very slow)

greedily try to reach target (quite fast)

either way, it looks like someone is blowing on the 
fluid.
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Smooth Particle Hydrodynamics

An alternative to the grid based method.

Generally, very fast.

Used extensively in practice (Real Flow).

Essentially, souped-up particle systems with 
forces based loosely on fluid dynamics.

Provides intuitive control for animators 
(who are used to playing with maya particle 
systems).
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Enright, Marschner, Fedkiw ‘02
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Enright, Marschner, Fedkiw ‘02
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Nguyen, Fedkiw, Jensen ‘02
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Carlson, Mucha, Horn, Turk ‘02
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Feldman, O’Brien, Arikan ‘03
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Carlson, Mucha, Turk ‘04

34

Carlson, Mucha, Turk ‘04
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Carlson, Mucha, Turk ‘04
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Losasso, Gibou, Fedkiw ‘04
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Losasso, Gibou, Fedkiw ‘04
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Treuille, McNamara, Popovic, Stam ‘04
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Fattal & Lischinski ‘04
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Fattal & Lischinski ‘04
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Fattal & Lischinski ‘04
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Fattal & Lischinski ‘04
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Fattal & Lischinski ‘04
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Goktekin, Bargteil, O’Brien ‘04
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Goktekin, Bargteil, O’Brien ‘04
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Goktekin, Bargteil, O’Brien ‘04
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Real Flow (Commercial)
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Real Flow (Commercial)
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Real Flow (Commercial)
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Real Flow (Commercial)
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Feldman, Klingner, O’Brien ‘05
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Feldman, Klingner, O’Brien ‘05
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Feldman, Klingner, O’Brien ‘05
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Bargteil, Goktekin, O’Brien, Strain ‘05



55

Bargteil, Goktekin, O’Brien, Strain ‘05


