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Abstract— We study quantum error correction with emphasis
on additive codes. We present the uncorrelated error model and
paradigm for construction of additive codes. We also review
constructions of non-additive codes using additive codes.

I. INTRODUCTION

Physicists and engineers are now learning and developing
techniques to use properties of quantum systems into computa-
tional domains. Quantum computers show exponential speed-
ups over classical computational models. However, imple-
mentations of quantum systems are highly error-prone. The
limitations on qubit sources and environmental decoherence
make the development of efficient and robust quantum codes
a necessity for realizing quantum computers. In this project
we study additive codes (also called stabilizer codes) which
have been an important class of codes for most applications.

Section II presents the error model that we consider. Sec-
tion III gives an overview of the error correction model
and information-theoretic bounds on quantum error correcting
codes. Section IV describes the construction of additive codes
and section V gives a method to construct non-additive codes
from additive ones.

II. THE QUANTUM ERROR MODEL

A. Origin of error

The phenomenon of entanglement makes quantum computer
different from ordinary classical computers. The non-locality
which is a very odd concept in classical world is the source
of the power of quantum computation. That is a good side
of entanglement, but there are some undesirable effects also.
What we want to talk about from now on is how to over-
come this defect. The problem is that our quantum system
is inevitably in contact with a much larger system which
is its environment. That means our system(e.g. qubits) can
not be completely unentangled from environment(e.g. external
magnetic field). Even if the universe which is composed with
the system and its environment is well-behaved(which means
the evolution of the universe is unitary), because we are
interested only in the system and we can see only the system,
it seems to behave unexpectedly(which means the evolution of

the system is non-unitary). In other words, some unexpected
noise may come to the system from environment because
the environment is not controllable and predictable. We call
this phenomenon ‘decoherence’. In the point of view of the
information stored in the system(qubits), that information leaks
out to the environment irrevocably. Now we can say that
the noise(or leaking information) is an error occurring in the
system.

B. Single qubit errors
First, we will give an example describing how the one qubit

errors occur. And then, we will construct the general n-qubit
error model. Let’s say, without loss of generality, that the
state of environment is | 0 〉. Then most generally the unitary
evolution U will act on the universe as

U | 0 〉 ⊗ | 0 〉env → | 0 〉 ⊗ | e00 〉env + | 1 〉 ⊗ | e01 〉env

U | 1 〉 ⊗ | 0 〉env → | 0 〉 ⊗ | e10 〉env + | 1 〉 ⊗ | e11 〉env

Generally we have one qubit state as |ψ 〉 = α| 0 〉 + β| 1 〉.
U acts on this as

U(α| 0 〉+ β| 1 〉)⊗ | 0 〉 →
α| 0 〉 ⊗ | e00 〉+ α| 1 〉 ⊗ | e01 〉+ β| 0 〉 ⊗ | e10 〉+ β| 1 〉 ⊗ | e11 〉

= (α| 0 〉+ β| 1 〉)⊗ 1

2
(| e00 〉+ | e11 〉)

+ (α| 0 〉 − β| 1 〉)⊗ 1

2
(| e00 〉 − | e11 〉)

+ (α| 1 〉+ β| 0 〉)⊗ 1

2
(| e01 〉+ | e10 〉)

+ (α| 1 〉 − β| 0 〉)⊗ 1

2
(| e01 〉 − | e10 〉)

= I|ψ 〉 ⊗ | eI 〉+ Z|ψ 〉 ⊗ | eZ 〉+X|ψ 〉 ⊗ | eX 〉+ Y |ψ 〉 ⊗ | eY 〉

where we take Y = XZ = iσY .
We interpret I|ψ 〉 as no error, X|ψ 〉 as a bit flip error,

Z|ψ 〉 as a phase flip error, and Y |ψ 〉 as both bit and phase
flips acting simultaneously. However, this classification should
not be considered literally, because | eI 〉, | eX 〉, | eY 〉, | eZ 〉
don’t need to be mutually orthogonal and therefore these four
alternatives may not be distinguishable. But this classification
is quite intuitive for constructing the error model.

In our error model, we treat single qubit error as one of
four pauli operators I,X,Yor Z.



C. Uncorrelated errors

We will now generalize our one qubit error model to n-qubit
error model. We assume that errors on different qubits are
independent of each other. This means these are uncorrelated
errors. In other words, the decoherence of each qubit is uncor-
related with the decoherence of any other qubit as all qubits
interact with seperate reservoirs. This is called ‘Independent
Qubit Decoherence’(IQD) model. In our discussion we shall
stick to the IQD model. Informally speaking, there are no
such errors like the C-NOT gate which acts on two qubits and
uncorrelated errors can be expressed by tensor product of one
qubit gates. Then the error of each qubit can be expressed by
I,X, Y or Z. Generally errors of n-qubit can be described as
Ea = M1⊗M2⊗ . . .⊗Mn, where each Mi is one of the four
Pauli operators.

We define weight t of Ea as the number of non-identity
Pauli operators such as X,Y or Z. And we also define the
subset E ⊆ {Ea} of errors which have weight up to t. If we
are able to correct the errors in the subset E , we say that we
can correct t errors.

D. Correlated errors

The IQD model can, however, be violated in some situ-
ations. This model is valid when the spatial separation of
qubits is larger than the correlation length of the reservoirs and
validity of the IQD model depends on the physical realization
models of quantum computer. When this condition isn’t met
the error of each qubit is correlated. For example, [8] develop
burst-correcting quantum codes to correct spatially correlated
qubit errors. These codes are quantum analogs of classical
burst-correcting codes which correct spatially continuous er-
rors.

III. ERROR CORRECTION MODEL

A. The scheme for error correction

Data Encoder Codewords

Channel

Error

Corrupted     
codewords     CorrectionValid 

codewordsDecoder

Original 
data

Fig. 1. The quantum error-correction model

Figure 1 tells us the scheme of error correction.
1) We have data which we want to transfer to other place

or to act operators on.
2) We encode that data into ’codewords’ which can resist

errors. We’ll talk about codewords later.

3) These codewords go though the channel, which means
the qubits are transferred or operated with, and the errors
occur during this process.

4) We will get the corrupted codewords.
5) However, these corrupted codewords can be corrected by

quantum error correction because codewords are durable
against errors.

6) We decode valid codewords back into original data.

B. General error correction

Now, we will find codewords which can store the infor-
mation of original data and durable against the errors. For
example, with the following quantum error correcting code
we can correct one bit flip error. In that error correcting code,
we encode | 0 〉 to | 000 〉 and | 1 〉 to | 111 〉. These | 000 〉
and | 111 〉 are codewords. If we have one qubit state of data
as |ψ 〉 = a| 0 〉 + b| 1 〉, we encode it into three qubit state
|ψ′ 〉 = a| 000 〉+b| 111 〉. Suppose the second qubit is flipped.
The corrupted state will be |ψ′′ 〉 = a| 010 〉+ b| 101 〉. When
we measure Z1Z2I3 and I1Z2Z3 we will get eigenvalues as
−1and −1. Then we can infer that the error was second-
qubit bit flip and we can recover |ψ′′ 〉 back into |ψ′ 〉 by
acting second-qubit bit flip I1X2I3. In this case, we call the
eigenvalues −1 of Z1Z2I3 and −1 of I1Z2Z3 as syndromes
and that were the clue with which we could infer which
error occurred. Even if one bit flip error occurred, we can
diagnose the error and recover it successfully. Actually each
of all possible bit flip errors(first-,second-,third-qubit bit flip)
has different syndromes((−1, 1),(1,−1),(1,−1)). Such codes
are called nondegenerate codes.

In general, we encode data of k-qubit state into codewords
of n-qubit, k ≤ n. As a result, (n− k) additional qubits gives
us the power of resisting errors.

C. Conditions for successful error detection and correction

Let | i 〉 and | j 〉 be any two codewords and let Ea ∈ E
denote an error which we want to detect. The necessary and
sufficient condition for detecting errors is

〈 j |Ea| i 〉 = Caδij

Here Ea| i 〉 is the corrupted codeword. That delta function
in condition means that corrupted codeword should be distin-
guishable from any other codeword.

Now, we define important concept called distance d as the
minimum weight of any error operators in set E for which
that condition is not satisfied. Actually the name of distance
comes from how much codewords are distinguishable each
other. Therefore the bigger distance, the more codewords are
separated from each other, the easier we detect errors. Thus,
to detect t errors, one should have distance d ≥ t+ 1

Let | i 〉 and | j 〉 be any two codewords and let Ea, Eb ∈ E
denote errors which we want to correct. The necessary and
sufficient condition for correcting errors is

〈 j |E†
bEa| i 〉 = Cabδij



When i 6= j, that condition says each corrupted error
should be distinguishable no matter what errors occurred. If
i = j, it says 〈 i |E†

bEa| i 〉 = 〈 j |E†
bEa| j 〉 = Cab. Intuitively

speaking, 〈 i |E†
bEa| i 〉 is independent of i. That means we

can not collect any information from corrupted codewords
space. Then we avoided inevitable information-leaking into
error space(environment). In more explicit words, suppose
the worst case in which we mistake Ea for Eb and apply
Eb† to try recovery on the corrupted codeword Ea|ψ 〉 =
Ea(α| i 〉+ β| j 〉)

E†
bEa|ψ 〉 = αE†

bEa| i 〉+ βE†
bEa| j 〉 = Cab|ψ 〉

Because Cab can be considered as a global phase, we
recovered original codewords even if we made a wrong guess
of what error actually occurred.

Since Ea and Eb have weight up to t, E†
bEa can weight at

most 2t if we don’t know where the errors occur. In the same
sense of error detecting case, we require distance d ≥ 2t+ 1
to correct t errors. If we know where the errors occur E†

bEa

will have weight at most t. Therefore we just need distance
d ≥ t+ 1 to correct located errors.

Finally, we introduce the notation [[n, k, d]] describing our
error quantum code. In [[n, k, d]] error code, we encode k
qubits into n qubits and we have distance d.

D. Bounds on code parameters

1) The quantum Hamming bound: When we try to protect
k qubits we all want to correct more errors (we want to have
lager d), with less n qubits. Then what would be the limit?
We’ll talk about only nondegenerate codes now. On a given
qubit, there are three linearly independent error operators,
X,Yand Z. There are 3j

(
n
j

)
possible errors with weight j

because there are
(
n
j

)
ways to chose j qubits in n qubits

and three possible error operators for each of these j qubits.
Therefore there are N(t) =

∑t
j=1 3j

(
n
j

)
errors of weight up

to t.
If we encode k qubits, there can be 2k × N(t) cor-

rupted codewords Ea| i 〉 at most. As we already seen above,
all possible corrupted codewords must be linearly indepen-
dent(mutually orthogonal) to correct t errors. Therefore 2n

must be larger than or equal to 2k ×N(t),

N(t) =
t∑

j=1

3j

(
n

j

)
≤ 2n−k

This is called the quantum Hamming bound.
Suppose we encode one qubit into n qubits and we want to

correct one error which means distance d = 3. Then, 1+3n ≤
2n−1, n ≥ 5

Therefore [[5, 1, 3]] is the most efficient nondegenerate
quantum code when k = 1 and d = 3.

2) The no-cloning bound: Until now on, we just considered
nondegenerate quantum code. We may think that maybe we
can find [[4, 1, 3]] degenerate quantum code which is better
than [[5, 1, 3]]. Suppose there exist [[4, 1, 3]]. We encode one
qubit into four qubits(Let’s say it’s | abcd 〉). Then split them

into 2 two qubits packages and append two arbitrary qubits(e.g
| 00 〉) on each two qubits packages. We will get 2 four
qubits package(These are | ab00 〉,| 00cd 〉)and we can consider
the located errors occurred on appended two arbitrary qubits
because we know where we appended two arbitrary qubits and
an arbitrary qubit can be represented by a corrupted qubit.
Because we have distance 3, we can correct one unlocated
error or two located errors. Therefore we can correct two
located errors on each four qubits packages(Then we will get
| abcd 〉 from | ab00 〉 and | abcd 〉 from | 00cd 〉. We got the
identical copies of original four qubits states even if we don’t
know what states of that were! That’s impossible by the no-
cloning theorem, so there can not exist [[4, 1, 3]] quantum code.

More generally, we can correct d−1 located errors so n
2 (the

dividing 2 comes from dividing qubits by factor 2) must be
larger than d−1 to avoid no-cloning violation i.e. n > 2(d−1)
That is called the no-cloning bound.

IV. ADDITIVE (STABILIZER) CODES

Additive quantum codes, also known as stabilizer codes,
utilize some simple structural properties of the space of pos-
sible errors. Most quantum codes constructed until 1997 were
essentially of this form. They essentially emerge in a attempt
to generalize the techniques from the theory of classical error
correction to the quantum domain.

A. The space of errors

We recall that under the assumption of uncorrelated errors
in qubits, each error can be represented as a tensor product of
1-qubit Pauli operators (I,X, Y, Z). Thus, each error is of the
form E = ±M1 ⊗M2 ⊗ . . .⊗Mn, where each Mi is a Pauli
operator. Also, note that the product of two operators of this
form can again be represented as a product of Pauli operators.
Specifically, for E as above, and F = ±N1 ⊗N2 ⊗ . . .⊗Nn,
we have

EF = ±M1N1 ⊗M2N2 ⊗ . . .⊗MnNn

and since, the product of two Pauli operators is also a Pauli
operator (recall that we defined Y = XZ = iσX ), we get that
EF is of the required form. In fact, one can see that the set
of all these operators form a group under multiplication. We
denote this group of errors by G.

B. Symplectic notation

We try to further understand this group and see that it almost
behaves like a vector space. This is very useful as a vector
space can be represented by a very small number of elements
which form its basis. To better appreciate this connection, we
introduce the following notation:

For an n-bit binary string α let Xα represent an operator
that is of the form Xα = M1⊗M2⊗ . . .⊗Mn with Mi = X
if αi = 1 and Mi = I otherwise. Similarly, let Zβ denote the
operator which has Mi = Z corresponding to βi = 1. Thus, it
is easy to see that every element E = ±M1 ⊗M2 ⊗ . . .⊗Mn

can be written as E = ±XαZβ with 1’s in α at the positions
of X and Y and in β at the positions of Z and Y . Moreover,



this representation is unique. Joining α and β we see that each
error operator corresponds to a unique 2n-bit binary string
(upto signs). This representation of the error operators is also
called Symplectic representation.

Also, we know that the set of all 2n-bit binary strings form
a vector space over the field of binary numbers (with addition
mod 2). The above observation already gives us a one to
one mapping from our group G onto this vector space. We
notice that multiplication of operators in the group actually
corresponds to adding binary strings in the vector space. We
have

(Xα1Zβ1)(Xα2Zβ2) = (−1)α2·β1Xα1Xα2Zβ1Zβ2

as we have to “switch” the order of operators in every position
where β1 and α2 both have a 1 (and thus both X and Z
operators are present). Each such switching contributes a factor
of -1 as X and Z anticommute. Also, X2 = Z2 = I . Thus

(Xα1Zβ1)(Xα2Zβ2) = (−1)α2·β1Xα1Xα2Zβ1Zβ2

= (−1)α2·β1Xα1+α2Zβ1+β2

where α1 + α2 represents addition as bit-vectors (bitwise
XOR). Hence, multiplication in the group corresponds to
addition in the vector space. Also,

(Xα2Zβ2)(Xα1Zβ1) = (−1)α1·β2Xα1+α2Zβ1+β2

= (−1)α1·β2+α2·β1(Xα1Zβ1)(Xα2Zβ2)

Thus two elements commute if α1 · β2 + α2 · β1 = 0 and
anticommute otherwise. To avoid bothering about the sign at
every step, let us define G+ = G/{±I} i.e. the set of all the
elements of G without the sign. It is easy to see that this is
also a group. Moreover, there is a one-to-one correspondence
between the elements of G+ and those of the 2n dimensional
vector space of all 2n-bit binary strings (F2n).

We know that all the elements in the vector space can be
represented as sums of 2n elements which form the basis
of this vector space. Thus, all the elements in G+ can be
represented as products of elements in G+ which correspond
to the basis vectors. Also, every subgroup of G+ corresponds
to a subspace of F2n of some lower dimension k. Thus, every
subgroup H can be represented in terms of products of k for
some k elements with k depending on the subgroup. We call
these elements the generators of H. This property is quite
useful in the construction of additive codes.

C. Eigenspaces of operators and construction of codes

The codewords for stabilizer codes are actually the eigen-
vectors of generators for a special subgroup of G. They also
have the additional property that the eigenvalue corresponding
to all of them is 1. In this section we give the details of this
construction and supply the proofs for some of the required
properties.

We begin by making some simple observations about the
elements of the group G.

1) Any two elements Ea, Eb ∈ G either commute or
anticommute (mentioned previously).

2) For any element E of the group, E2 = ±I .
3) Eigenvalues of E are ±1 or ±i.
where the last observation follows from the fact that for any

operator E with eigenvalue λ and eigenvector |ψ 〉, E2|ψ 〉 =
λ2|ψ 〉 = ±|ψ 〉 as E2 = ±I . We now pick a subgroup S
of G such that E2 = I ∀E ∈ S. It is easy to see that such
subgroups exist. We claim that any such subgroup is in fact
an Abelian subgroup of G i.e. all the elements of S commute
with each other. Formally:

Lemma 1: Let G be the group of errors as defined above
and let S be any subgroup of G with the property that ∀ E ∈
S, E2 ∈ I . Then for all E1, E2 ∈ S, we have E1E2 = E2E1.

Proof: Let E1 = ±Xα1Zβ1 and E2 = ±Xα2Zβ2 . Then
E2

1 = (−1)α1·β1I . Thus α1 · β1 = 0. Similarly, α2 · β2 = 0.
Since this is a group, E1E2 = ±Xα1+α2Zβ1+β2 ∈ S. This
gives (α1 + α2) · (β1 + β2) = 0. Combining this with the
previous relations, we have α1 ·β2 +α2 ·β2 = 0 which is just
the condition for commutativity.

Since all the elements of S commute, they can be simul-
taneously diagonalized. We then consider the simultaneous
eigenspace of all the operators in S with eigenvalue 1. Since S
is a subgroup, it can be generated by some k generators and
the simultaneous eigenspace of all the elements in S is the
same as the eigenspace of the generators of S. The dimension
of this eigenspace turns out to be 2n−k. We have

Lemma 2: Let S be a commutative subgroup of G with
E2 = I for all E ∈ S. Also, let S be generated by k
generators M1,M2, . . .Mk. Then the simultaneous eigenspace
of the operators in S with eigenvalue 1 has dimension 2n−k.

Proof: We first claim that given k independent operators
M1,M2, . . .Mk from S, it is always possible to find an
element E = XαZβ in G which commutes with the first k−1
operators but anticommutes with Mk. One can see that this is
possible to do just by solving a system of linear equations in
α and β. We can now prove the claim by induction.

Let M1 be a generator for S. Its eigenspace then has
dimension 2n. Then we can find N which anticommutes with
is. Also for an eigenstate |ψ 〉 with eigenvalue 1, M1N |ψ 〉 =
−NM1|ψ 〉 = −N |ψ 〉. Similarly, if eigenvalue of |ψ 〉 is -1
then that of N |ψ 〉 is 1. Since N is unitary, |ψ 〉 → N |ψ 〉
is a one to one mapping from eigenstates with eigenvalue 1
to those with -1 and vice-versa. Therefore, there must be an
equal number of them. Thus, the dimension of the eigenspace
with eigenvalue 1 is 2n−1.

Similarly let for M1,M2, . . .Mk−1 have dimension
2(n−k+1). Now consider another generator Mk and an N
which commutes with all expect Mk. This will again partition
the simultaneous eigenspace of M1, . . . ,Mk−1 into two equal
parts corresponding to 1 and -1 for Mk. Thus, the common
1-eigenspace for all these will have dimension 2n−k+1/2 =
2n−k.

We now select this simultaneous eigenspace of S with
eigenvalue 1 as our codespace. Thus, every basis state in
the uncoded state space is mapped to a basis state in this



codespace. Since its dimension is 2n−k, we can encode
information contained in an n − k qubit system, into this n
qubit system. Since all the errors in S leave the codewords
unchanged, S is called the stabilizer of this codespace.

D. Error correction with additive codes

The stabilizer generators are used as checks in detecting the
errors. If an error anitcommutes with at least one element of S,
then it must anticommute with at least one generator, say Mi.
Such an error then changes the eigenvalue of that generator, i.e.
MiE|ψ 〉 = −EMi|ψ 〉 = −E|ψ 〉. So, to detect errors, we
measure the eigenvalues of all the generators on the (possibly
corrupted) codeword1.

Different errors change the values for different combinations
of generators. Thus, the error can be identified by the specific
combination affected by it which is called the syndrome of
the error. A code in which multiple errors may have the same
syndrome is called a degenerate code.

Note that this scheme cannot detect errors which commute
with all the generators. To formalize, let N(S) denote the
set of all the errors that commute with all the elements of S
(S ⊆ N(S) since it is commutative). Then, errors in S leave
the codewords unchanged, those outside N(S) can be detected
as above. However the errors in N(S) \ S cannot be detected
by additive codes.

G

S

N(S)

Fig. 2. Set of detectable errors

Similarly, we can see the following gives a sufficient con-
dition for error correction by additive codes

Lemma 3 ([2]): Let Γ be a set of errors and let E†
aEb ∈

S or E†
aEb ∈ G \ N(S) ∀Ea, Eb ∈ Γ. Then, all errors in Γ

can be corrected by the additive code with S as the stabilizer.
Proof: We know that in general, the sufficient for

error correction is 〈 i |E†
aEb| j 〉 = Cabδij . For E†

aEb ∈ S,
〈 i |E†

aEb| j 〉 = 〈 i || j 〉 = δij . For E†
aEb ∈ G \N(S), there is

at least one N ∈ S that anticommutes with E†
aEb. Thus,

〈 i |E†
aEb| j 〉 = 〈 i |E†

aEbN | j 〉
= −〈 i |NE†

aEb| j 〉
= −〈 i |E†

aEb| j 〉 = 0

Hence, 〈 i |E†
aEb| j 〉 = Cabδij holds in both the cases.

1Note that in a superposition state, the error acts on all the basis vectors.
Thus, either the eigenvalue of all the basis states in a superposition changes
or it changes for none. So this measurement does not affect the state or cause
any loss of information

E. Examples of additive codes
1) The 9-qubit code: The stabilizer group for the 9-qubit

code is generated by Z1Z2, Z2Z3, Z4Z5, Z5Z6, Z7Z8, Z8Z9,
X1X2X3X4X5X6 and X4X5X6X7X8X9, where Xi, Zi de-
note operators acting on the ith qubit. Since there are eight
generators and nine qubits, the codespace is only two dimen-
sional. Thus, the basis of a 1-qubit system can be mapped to
two basis stated for the codespace as

| 0̃ 〉 ≡ 1

2
√

2
(| 000 〉+ | 111 〉)⊗3

| 1̃ 〉 ≡ 1

2
√

2
(| 000 〉 − | 111 〉)⊗3

The distance for this code can be shown to be 3. Thus, it
can be used to correct upto one error.

2) The 5-qubit code: The Hamming bound shows at least 5
qubits are necessary to store 1 qubit in a way that can correct
one error. This bound can be achieved with the following code
which is a [[5,1,3]] code. The generators for this code are
XZZXI, IXZZX,XIXZZ,ZXIXZ. The codewords are

| 0̃ 〉 ≡ 1

4
[| 00000 〉+ (| 10010 〉)cyc − (| 11011 〉)cyc − (| 00110 〉)cyc]

| 1̃ 〉 ≡ 1

4
[| 11111 〉+ (| 01101 〉)cyc − (| 00100 〉)cyc − (| 11001 〉)cyc]

where (|ψ 〉)cyc denotes presence of all 5 cyclic permutations
of the bits in |ψ 〉.

F. Finding the eigenvectors for stabilizers

As one can see from the examples, it is not easy to find the
eigenvectors given the generators for the stabilizer. In fact,
approached in the naive way, it is the problem of computing
the eigenvectors for an exponential sized matrix which may
thus take a a very long time. This is not prohibitive as they
only need to be computed once when constructing the code
and they can later be “built into” the coding circuit. However,
an easier method to compute the codewords is desirable.

Roychowdhury and Vatan[5] give explicit characterization
of the codewords of an additive code. We state without proof (a
simplified version of) their characterization of the eigenspace.
We begin by writing the generators for a code in form of
a matrix, each row consisting of the 2n-bit binary string
corresponding to a generator. Since adding rows to each other
maintains the property of this set being a basis, we can assume
the matrix to be of the form

M =


α1 β1

α2 β2

...
...

αk βk

 =
(
A B
0 P

)

where A and B are matrices of full rank. Then their result
can be stated as

Theorem 4 ([5]): Let S be the stabilizer for the eigenspace
V with the k × 2n generator matrix expressed in the form
above. Let C be the span of all the rows of A (i.e. the set
of n-bit vectors obtained by all possible linear combinations).
Then there are independent binary vectors γ1, γ2, . . . γn−k in
{0, 1}n \ C with span Γ such that V has a basis of the form



|xγ 〉 =
1
|C|

∑
c∈C

sgn(c+ γ)| c+ γ 〉 γ ∈ Γ

They give a procedure for finding γ1, γ2, . . . γn−k and specify
formulas for sgn(c + γ) in terms of the entries of the
matrix. One can then compute the eigenvectors by appropriate
Hadamard transforms on the group C.

V. NON-ADDITIVE CODES

We introduce briefly codes which cannot be viewed as
additive codes. However, they can be obtained by combining
multiple additive codes. In this section, we use an ((n,K, d))
code to mean an n-qubit code with distance d and the
dimension of codespace K (Note that this is different from the
notation of [[n, k, d]] where k denoted the number of qubits in
the uncoded block. For an additive code, we’ll have K = 2k).

We mentioned that for a 2-dimensional space (1 qubit)
at least 5 qubits were required in the codeword to be able
to correct 1 error. If the location of the errors is known
(such errors are called erasures), then distance d is sufficient
to correct d − 1 erasures. The best erasure correcting code
obtainable by additive codes is a ((4, 4, 2)) code. However, it
is possible to construct a ((5, 6, 2)) code which is provably not
contained in any additive code[3]. We give the formulation of
such codes as “union” of additive quantum codes as in [4].

Let C1 and C2 be ((n,K1, d1)), ((n,K2, d2)) codes respec-
tively with C1 ⊥ C2. Then their union code is defined as
C = C1 ⊕ C2, where ⊕ denotes the pairwise summation of
elements of the vector spaces. Since C1 ⊥ C2, C1 ⊕ C2 has
dimension K1+K2. In fact, C is a ((n,K1+K2,min (d1, d2)))
code. Note that since the dimension of an additive code is
always a power of 2, the union of two additive code is not
necessarily an additive code.

The space of errors that can be corrected by C is smaller than
the intersection of the spaces of C1 and C2 as the conditions
for error correction impose more restrictions than those on C1

and C2 alone. However, C gains in dimension and this can be
used to advantage in spite of the other restrictions.

The construction in [3] can be expressed as a union of
six one dimensional codes. The basis states for these codes
(without normalization) are

| c0 〉 = | 00000 〉 − (| 00011 〉)cyc + (| 00101 〉)cyc − (| 01111 〉)cyc

| ci 〉 = πiM | ci 〉 for 1 ≤ i ≤ 5

where π is the cyclic permutation of qubit by a single right
shift and M = I ⊗ I ⊗X ⊗X ⊗X . This is a ((5, 6, 2)) code.

Existence theorems for an infinite family of non-additive
codes were proved in [5]. However, not many constructions
are known for large number of qubits.

VI. CONCLUSION

We see that additive codes are simple to construct and char-
acterize in the IQD model. They also behave achieve optimal
bounds for general errors and can be directly constructed from
classical codes [5]. However, additive codes perform better
for erasure channels or applications which require a higher

dimensional codespace for dealing with relatively less error-
prone systems. Since they can be constructed by union of
additive codes, the characterizations of eigenspaces of additive
codes extend to additive codes as well (as their eigenspace is
simply a union of eigenspaces of additive codes).
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