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1 Introduction

Quantum computation (QC), with inherent parallelism from the superposition
principle of quantum mechanics, promises vast performance improvement over
classical computing. QC has become the subject of increasing research interests
since Shor showed an efficient algorithm for integer factorization in a quan-
tum system providing exponential speed-up compared with any known classical
algorithm.

As in any system, errors are inevitable in QC. Errors can arise from entan-
glement with the environment causing decoherence as a real quantum system
cannot be completely isolated. Quantum gates, building blocks of QC, can also
introduce errors. These are unitary transformations operating on a continuous
parameter space, unlike classical digital computers. As a result, perfect accu-
racy is required for correct operation. For example, an X gate implemented
in a spin resonance system requires perfect timing. Such strict accuracy re-
quirements make quantum gates prone to errors. Errors, if left uncorrected,
propagate through the computation path and render QC unreliable.

One solution to the problem is to apply quantum error correction codes
(QECC), similar to classical error correction in communication and storage sys-
tems. Various types of QECC have been studied. The focus of our project is
on stabilizer codes [1, 2].

While a qubit represents a two dimensional quantum system, a qudit is
generalization to higher a d dimensional quantum system. Aside from theoretical
interests, higher dimensions allow more efficient systems. The second part of
the project is to find out how easily QECC for qubits can be extended to qudits.

2 Quantum Error Correction Codes

Like classical error correction codes, QECC encode k qubits into n qubits where
n > k so that the extra n − k qubits serve as redundancy to fight errors. One
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of the simplest codes is the 3 qubit bit flip code defined as

| 0>→| 0L> ≡ | 000>
| 1>→| 1L> ≡ | 111> (1)

It’s similar to classical repetition codes. However, only basis states are cloned
because of the no-cloning theorem. Therefore, an arbitrary qubit state |φ>=
α|0>+β|1> is encoded into α|0L>+β|1L>. The code can correct up to 1 bit flip
error, i.e., Pauli X error operator on 1 qubit. Decoding is done by measuring
Z1Z2 and Z2Z3 where Zi is Pauli Z operator on the ith qubit. Measurement
generally destroys quantum state if it is not an eigen state. In this case, no
quantum information is destroyed because the encoded state after an X error
operator remains as an eigen state of the two measurements. For example, if
the error is X1, then the state becomes α|100>+β|011>, which is an eigen state
of Z1Z2 with eigen value -1 and an eigen state of Z2Z3 with eigen value 1. The
measurement results identify possible 1 qubit bit flip error and required unitary
operation to correct the error as listed in Table 1.

Table 1: Decoding for 3 qubit bit flip code [1].

Z1Z2 Z2Z3 Error type Action
+1 +1 no error no action
+1 -1 bit 3 flipped X3

-1 +1 bit 1 flipped X1

-1 -1 bit 2 flipped X2

A phase flip error (Pauli Z) takes state α|0>+β|1> to α|0>−β|1>. It
turns out to be a bit flip error in the |+> and |−> basis because it transforms
1√
2
(α+β)|+>+ 1√

2
(α−β)|−> to 1√

2
(α+β)|−>+ 1√

2
(α−β)|+>. The relationship

can be also understood by noting HXH = Z. Therefore the same 3 qubit bit
flip code can be used to correct 1 phase flip error after changing basis by a
Hadamard gate.

One of the earliest QECC developed is the Shore code. It concatenates the
bit flip code and the phase flip code to form a 9 qubit code and can correct an
arbitrary error on a single qubit. The codewords are

| 0>→| 0L> ≡ (|000> + |111>)(|000> + |111>)(|000> + |111>)
2
√

2

| 1>→| 1L> ≡ (|000> − |111>)(|000> − |111>)(|000> − |111>)
2
√

2
(2)

2.1 Stabilizer Codes

Stabilizer formalism provides a group theoretical framework to analyze quantum
error correction. The group under study is called Pauli Group Pn for n qubits.
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It’s a n-fold tensor of P1 which is defined as

P1 = {±I,±iI,±X,±iX,±Y,±iY,±Z,±iZ}

Because the set of operators I,X, Y, Z either commute or anti-commute, any
two operators in Pn either commute or anti-commute as well. A state |φ> is
said to be stabilized by an operator U if U |φ>= |φ>, i.e., |φ> is an eigen
state of U with eigen value 1. Let S be a commutative (Abelian) subgroup of
Pn generated by n − k independent generators g1, g2, . . . , gn−k. Let VS be the
subspace of states stabilized by every element in S. It can be proved that VS

has dimension 2k. The stabilizer code C(S) is simply the basis of VS .
Error is detected and corrected by first measuring g1, g2, . . . , gn−k. An error

operator E from Pn still keeps the corrupted codeword an eigen state of all the
generators. To see this, let |φ> be a codeword. Because it’s stabilized by S,

gi|φ>= |φ> i = 1, . . . , n− k

It follows
giE|φ>= ±Egi|φ>= ±E|φ> i = 1, . . . , n− k

Therefore, measurement of the generators does not collapse the quantum state.
Any E in Pn that anti-commutes with at least one generator can be detected
because measurement result gives -1 while +1 is expected if there is no error. If
E commutes with all generators and does not belong to S, then the error cannot
be detected. Minimum distance d of a stabilizer code is defined as the minimum
weight of such un-detectable operators, where the weight is the number of non-I
operations. Similar to classical error correction, the number of qubit errors t a
code can fix is bd−1

2 c.
Examples of stabilizer codes are abundant. The 3 qubit bit flip code has

stabilizer {Z1Z2, Z2Z3}. The 5 qubit code [5,1,3] has an S generated by

{XZZXI, IXZZX,XIXZZ,ZXIXZ}

3 Qudits

Quantum computation is usually formulated in terms of a qubit, a quantum
state in a two dimensional Hilbert space. Several authors have considered the
advantages of a higher dimensional Hilbert space.

3.1 d-Nary Arithmetic

Nearly all of classical computation uses a binary (base 2) representation of
numbers. A non-negative integer n can be written as a sum of powers of two:

n =
∞∑

j=0

bj2j (3)
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where ∀j bj ∈ {0, 1}. The binary representation of n, [[n]]2, is the string
bN2bN2−1 . . . b0 where N2 = blog2 (n)c, the greatest integer less than log2 (n)
(since n is finite, bj = 0 ∀j > N). Each member of the string is called a bit.
The basic operations that we can perform on each bit are addition and multipli-
cation modulo 2, and from these we can construct basic arithmetic operations
on n. Binary strings can also be used to represent negative integers, ratio-
nal numbers, and approximations to real numbers, allowing for more general
computation.

We can generalize this construction for any natural number d greater than
1:

n =
∞∑

j=0

pjd
j (4)

where ∀ j bj ∈ Zd = {0, 1, · · · , d− 1}. The d-nary representation of n is defined
in the same manner as the binary represnetation, [[n]]d = pNd

pNd−1 . . . p0 where
Nd = blogd (n)c. Each member of the string is called a dit (the special names
trit and digit are given for d = 3 and d = 10 respectively). The basic ditwise
operations are, as is the case for d = 2, addition modulo d and multiplication.
Algorithms for more complex arithmetic can be built from these operations.

In a theoretical sense, d-nary representations of numbers are more efficient
than binary representations. If d > 2, then fewer dits are required to represent
a number n. For a string of N dits, there are dN possible numbers that can be
represented. Since this is the number of available states, this can be considered
the number of degrees of freedom. The relative increase in the number of degrees
of freedom when compared to d = 2 is

∆c (N, d) =
dN − 2N

2N
∼

(
d

2

)N

(5)

There are some advantages and some difficulties associated with the imple-
mentation a d-nary computer [3]

3.2 Qudit Gates

A qudit is any quantum state in a d-dimensional Hilbert space. For a particular
Hilbert space, we choose a particular orthonormal basis called the computational
basis

Bd = {|0〉 , |1〉 , . . . , |d− 1〉} (6)

An arbitrary qudit in this system is given by

|ψ〉 =
d−1∑
i=0

αi |i〉 (7)

where αi ∈ C. In terms of matrix representations, |ψ〉 is a vector in Cd. If d = 3,
the qudit is called a qutrit. Examples of qutrit systems are similiar to qubits.
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One might construct a qutrit system by considering different energy levels of a
particular atom, or the orientation of a massive spin-1 boson in a magnetic field.
Much recent work has focused on the prospect trapped-ion implementations [4],
[5]

The Pauli group can be generalized for a qudit system. There are several
methods of doing this [6], [7]. Following the perscription of Gottesman [8] we
define the operators X and Z by their action on the computational basis

X |j〉 = |j + 1〉
Z |j〉 = ωj |j〉

(8)

where ω = e2πi/d and addition is modulo d. For d = 2, these reduce to the Pauli
matricies σx and σz respectively. For d = 3, for example, the operators have
the matrix representation (in the computational basis)

X =

 0 0 1
1 0 0
0 1 0


Z =

 1 0 0
0 e2πi/3 0
0 0 e4πi/3

 (9)

These operators are generators of the Pauli group for a d-dimensional Hilbert
space. We define

Ud
r,s = XrZs (10)

The Pauli group is defined by

Pd =
{
Ud

r,s|r, s ∈ Zd

}
(11)

Pd forms a basis for the group of unitary d × d matricies U (d) [6]. The set is
orthonormal in the sense that

tr
((
Ud

r,s

)†
Ud

r′,s′

)
= dδr,r′δs,s′ (12)

Since Pd spans U (d), any singe qudit quantum gate can be expressed in terms
of these operators. The construction of multiple qudti gates are discussed in [9]
and [10].

The use of qudits presents several advantages over the use of qudits because
of the richer possibilities for entanglement of multi qudit systems (the basic
principles for qutrit entanglement are described in[11]). This allows, for exam-
ple, for more secure quantum communication [12]. Qubit systems also have the
advantage of being much more robust against noise and other errors [13].
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3.3 Qudit Stabilizer Codes

The formalism used to produce stabilizer codes can be generalized to qudits.
For prime d, this process is relatively straightforward [8]. The stabilizer S of a
code for qudits of dimension d is an Abelian subgroup of Pd. If we choose the
subgroup such that there are n− k generators, then, for prime d, the codespace
has dimension dn−k. This allows us to encode k qudits in a block of n qudits.
(If d is not prime, then it is also necessary that the elements of S be of order
d.)

As with the qubit case, we need to find a set of operators that commute
with all of the members of S but are not in S. As discussed in [8], the set of
operators that commute with S n members. We choose from U (d) k operators
that commute with S and call them Z1, · · ·Zk. These are the action of Z on
the encoded qudits. We then choose k more operators X1, · · ·Xk such that

XiZj = ZjXi (i 6= j)

XiZi = ω−1ZiXi

XiM = MXi (∀M ∈ P)

(13)

The group generated by the generators of S and the encoded X and Z is the
subgroup of Pd that S. As is the case for qubits, the members of this set that
are not in S perform the encoded operations on the data.

When d is prime, the codes often take the same form as they do for qubits.
The 3 qubit flip code, for example, corresponds to the stabilizer

S =
{
Z1 (Z2)

−1
, Z2 (Z3)

−1
}

(14)

The set {|jjj〉} is stabilized by this code. Similarly, the [[5, 1, 3]] code is based
on the set

S = {XZZXI, IXZZX,XIXZZ,ZXIXZ} (15)

Both of these examples have the same form as the corresponding qubit codes
(for d = 2, each member of the Pauli group has order 2, and so is its own
inverse).

4 Conclusion

In this project, we study the use of QECC in quantum systems, from 2 dimen-
sions to higher dimensions. In particular, we look at the stabilizer framework
for QECC analysis. Extension of stabilizer codes from qubits to qudits is easy
when d is prime.

Xiaoyi Tang wrote Sections 1 and 2. Paul McGuirk wrote Section 3.
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