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-~ Donor LPWAS  wA slicon

@ The quantum two - level system s, L man ways, the  simplest quauntum

systewn +that digplays deresting wehovionr (Wis stetement s verw suljective!),
Relore cl\u'ma wke the Puysics o@ Yo —level systems, a Wwtle about the Wisrary
C)-C -\—\r\e_ Cononical QK&\MP\ef electeron gP'\n.

w1421 | Sterw proposed awn experiment do distinguish between Larmor’s <lacsical
Meory of dhe otewn and Spmecreld ‘s quantum heoru Each taeor predicted
Hrat” the atom should have @ maquetic woment (ie,” & thoutd aet ke & small
baw~ W\aane'{-'). Homeue_r, Larm o predic’ve‘i et thie weocaneric wiowent could
be oriemted aung direckion space , while SowmeLeld (mﬂ-l« Welp Poai:. Rl
predicted Hax he oriewtation cootd 0“\3 be W one of lwo direc\-\wﬂgjln_
AR case, aligned or anilaligned witle a wxa.svlc%tc_ Qald. Sternfs “dea wat ‘o wse
the fact Hhat magnetic wmswents experience a limeanr Bece when Placed W a
mat’)ﬂe-"ﬁc_ Ll :ﬁud\eu\{-' o gee %‘v\l&, ioke ‘\—\m,:jk e eners-ﬁ ol a maﬁneﬂc
dipo\e wmoa Moa\n&ktc_ Deld s givew \_o-s‘-

w=-z-8

HergJ L s Ahe vector descriloin *\ne_ maﬂnc{-tc woment . T he dicection of the
Moment g LWke the orientetion of a bdt waanet. This expression Ror she
potential energy can alko be wed 46 derive a orce that acts on the
dipole {ancther name | T something et pessesses a wiagnedic wiowment) s

E = —vu=/1‘-vfi

Let’s suppese et the wmaanaic feld looks \ike -@-—*@o’i% (-‘c\«is Rield doesn't
2 ac‘ruall:j Sﬁ*is'ﬁ‘j Maxwells Egu.ocﬁo«d, butr W makes the amldﬂ_\ ensier). This

31\5@, a rce

= E’o)pd cod(@) 7{_

The cox(8) term cowmes Growt the dot 'pr*oéu.dr. %o f the dipole 1y Lwi‘]fiﬂl‘j
aligned with the Peld, % will experience an upward Rorce. W0 it s audi-
aligned | will evperience o downward Locce. Thenw o beam of thece dipoles
woald be <pid by dhic qradient Ded., TO +\»\e-3 are Bour - Sommerleld dipoles,
one expects -L\qe_a\aﬁam to e spliv by the Geld wde tweo beanag correspoading
‘o the two Guantiged states. Larmor’s Jf\deorj,"wmauw, Jusk predicts o
Spreading-out, becawe cos(®) cam 4ake cmy €value Prond [y, ).



ln \QZZ} Gerlach per&ormefl LPETY experiment using silVer atome, and he
Sawy Wis beawm split wto tuwo distinet beams, thus “dewongiroting the
spatial Quam.-\-'\ﬂ(d.{-?ovk of the waanetic wiowment. L+ dturng out fhat the
ohr - Sepumer teld  theory was ncorrect, and it remained putill two
%\:‘adwﬁc students, Uhlewbeck aud Goudwmit (1425,1926) postulated +hat
t was the electron that cacried W own wmeaquetic moment,. independent
of We orbitel magnetic woment due o 13t bewa a part ot sowe alow.
So the Uern-Cerlack, device was wuseful Lor “divinquithing betweew dwo
classes o deocies: quantumt Vs, classical. T+ deci @.é[:j howed Quantum
be\aaulare] even 4\Aow5k e precise -Hm:orj W oLas wmant 3P prove was u\ﬁmo%elj
hown o be wrong.

ln any case, the Sterw - Gerlach experiment provides a wmodel, or toy
Systent Hhat we caw use o learn aboutr quantume +wo level SYstemy.
Lets wcke our \a_nsmaag o bit wmore Precise b?j 'm.‘oet'mj sone 4\41.»133'.

e !SG— —— sy
ovew I A- ~
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I Hhis digaram we Wave a cartoon picture OQ +L\¢_ Sern— Gerlack experiment.

An oven. produces G beow of par«ktc,\es whick. enters o reajoa witw an 1n\aoma&eueo“
wiaquetic Leld whidh hat a aradient ok powaks m Yue R direction. ' Me +uso
beaws Yhal emerae we label W+ cwd WM. These symbols are what we
Use 4o ladoel & guantuwt stale and what s writtew wegide CS\UQS some i lormeation
cbout this particular state. Here, W4, s the state dhet s dellected upwards
N sx oo meanetic field with aradient in the dicection, while [A-7 13 dellected
downwards. ~ Now , this gqels™ were Wleresting il we consider wmultiple 6
devices that are cascaded. Lets add ansthe~ SGR) alier the Ewsk, but
dibcarcl‘mg the WY stale:

—Fr 5 FEEY

_'_J " A~ @ Lu
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Notice +hak "\Q we weasure the oculput ol Wae -Qtrglf SGR) w4 secoad SG(R\]
then we only aet | beam ouk, the R&T stele again. This showldut be

surprisiag , Gecaute a\ll we have edabliched 31 theat the dipole e o.l‘\s\neA Wit
A, and remaint so. But whatr L we cotate fue second device?

W — w i =%
\n-

Nows we get two beame'! Che proloakility Mot TGO => 4% i Louwnd e xperimeatally

‘o be

PRy = 1w +y) = li(\-b A -an)
PARSY =2 W) = 1 (1 -R&)

_r‘;te.SL Pro\—_,a\glltﬁes can also be considered as e relative ntewnsities oe +L¢ 4o
owl'ao'ma beams , LY am d i =% , givent an ‘mcam’ma 'Iaea..m_} 1n+y.

cand also

Our +ask now s 4o seek o guantum wmechanical deseription of s € xperiment,

Cue WG to do My s ‘o searc Lor 4he giMp\as{' dESC-’iP‘hM\. we Can cowme wup

smiill cm?l_ on\j add compleyily W we vieed 4o . Because the resuld ok a_np

Measurement we can do g either “aligned ' or “antialigned -!;lae Stmplest

model Ts the two-stale systew. We wota consider the statey |1ty +o

be & quantum states which are octhoqonal and therefor Locun & loarsis,

The glates (MY also Lorm a (diflecear) basis. Let’ pick 1%¥Y as

e wpecial boasis, and express «\l othies states ta termy ol linear combiaations

ol 12 +Y and Y. Vo wmdicate Huet +hiy basts is special, leds relalbel
(R4 == V0¥  anl 137117,



Nom, ‘Oe_gauge’ Jr\aa cet {lo?,h}% -EQFM e \oasls, we can exwpress any other Staté as
TRy = o \oYy -t-ﬁ\l\(‘

Wher e [d,ﬂz are cowtplexr vumbery, L havent +alked cbout -y 5 but werll
get +o that seon. Now Htuetr we buows (roughly) Wows +o express our states, we meed
4o -Q(&ura out hat o ahd R are. We can .stack \o'j ccng'u—ier'mj o double Querw Gerleele

experlme wie

| sé b <6 Xy,
1 " 3 " Yy
A=Y

go) Qlven e stete \;\"v\p) e ‘pf‘o\oalolu“'j ol measurlﬂﬂ lO‘?=V'\(+§ s 'eouv\é
Yo be P(Her =100) = (e 7). Bux by the postulates ol quantume wechanics,

thie s ale qiven by:
POAH 1) = | {olhanl® = | g loloy +g<old] = 1™ = & (\+7-3)

Here weve wied Me -Qar_-‘c et (i\rh,\h% Rrwe an artliomnermal oesis to say
thar tue tumer produck Lolob = 1 and thet ol =0, Nows | to wmake iy
look a boix wicer, we are o'wn_-i o rewdte R4 = cos @, where O s e avts\e_
between the +wo wnit Vecktors R and ;'\t Tl ana\a 1s also e_c{ucl 1o e
sphericel coordinete ;O Mot correspoads do W

W = (%1\:\8 cov )| 2l d® sinep, Qox&)

p\pp\ﬂlv\j a -kr‘aj '\c‘-evt-&"-j ] J'a-_(.\'\' oy ('95\ = Co\-‘-@/"‘)) we can SG‘: et
W \* = cost (8/,)

| we wnote +thekt & runy O = T, thew corn(O:) (s always positive, S0
V= cos (872

A comilar cnalgsis shows ther gl = siw (Or). Usiag this smple arguement
Way determined e mwigquidudes of 4 g, But wheat about tueir phases? Because

-\—‘\«e-j are  cowpley, guL,/S can. be wridden as:

ot 2 Tt and f=lp\ et
So, -4 A
lwlet ¥ lo% + \gle MY

Ay )
cos (OhYeitkloy + sin(8/2) e ™ 1N

non

Bus any  quantumt stede s P“"fj*i"-“u“l Hhea umc.\aanﬁe_&_ by wmultiplication by a
phase . multiplqing the above expression by exp (L) gives

Ry = can (Oh) 1oy + sin (%) eF NN o =%t
Se ua\'\&_-\- e (:Q Q—cs— a ‘3‘“"“"* ’v\\ 4 Lets \OD‘L at \'\:-l-\[ and \15 -\-}‘.
Exaty= \%—z_\o\( —v\;‘—zez P 7)) \G+y = ‘@_\cﬁ -\r\}—-:._e[co‘i\\}

\(r\ 6 double wrerw Gecdlada device s eckup with % ey , Ymen ‘?]; e
’pro\aa\oi\fﬁj of Seeing 1‘-3*\{ W Plxep e Vo lia %4y =V . Butr 1+ wost elso be
~ A LY G z ;.((-p -CP)C
Plxsg) = Kke gt = [(F)cotoy + (&) "7 cnn ™
\ \\+EL(1Q3'CPK\\'L - %{ (\ {_di(‘\oj‘q’x') )(‘1 +e ¢ (C@'j"(?x\)

=Y
= .\C{L-Z +2C°5(q’3'cp'ﬁ\\ = Ji+ Jitos(tpﬂ"CPx)



Rut i wmplies thek CLG‘SF Px) s e anadle between ¥ and

\D we tdenly 4 dye=0, cpj:'ﬂl?_J "-\Agm. we see tuat P cean

:?L (_‘WL s cele, i) .
[ 49
Second sphencel coardinate, e

tdewtifred witl -kLc

W= (s\md cosed, €1Ad sing, cosd)

So LT anq vector ", VA Y = con (@) 160 + =in( b)) ot , i [ (@1%})
are the polar coeordinates ol e vector . Buk whet about \.S‘-> ?
The statey |R+Y and W-9% wuwst be or£h030H41) so 1 @ =y = ?,‘O\' € Sy,

)

CRARN = Yeos (04 Loldy + §sinl®) e c ey
4 eax(®2) + T sin (8L) et
o

no

A golution o iy is v = Rin L8{23} & = —cos(9/) etd-
WS = <inlBhyloy + (- cox(®R)) e 9N

Rur compare thWis Yo \ (RN, W R -& J—k'\acw G —= - and ¢ M+

\(_"\7\\ ‘f"w = o> k:ﬂ_—;@) \Ow + S (--“;&-) C’t’.'ﬂ'-f'C:(,P{‘»

L (823107 — cos (&) \ Y
V&

]

1}

So \A+7 e oﬁ\aosov\a\ o L CRY Y,

’T\'\‘\ﬁ, L@IQ a3 parametect Dor— \-qu‘::i'r S+C'\4~c_s)
{s kunowa as the Rlocle- gphe.-e_ tepreseatation. Lver point on the Riock Sphere

(R wnit gphere Q}‘) eocresponds to a \—qu\oﬂ— tate, witle Ye orthoqonal
stat e ‘oe“mj repreyeated 'b:j the poiat on the oppoiite ide od he splere.

loY

repretevttation we Weve oeen usin

The Rloch-Sphere

c.u\-k‘..pcéc.\ po'\v\-ks anre

o f“\-\-\m%O\fLCA.\ ctates

1y

(/JQ'“ Cee @ \0—\- Vinore {3‘9 '\—L\Q Rlack gﬂgera representation over the course oD the
sewester , so ‘jou'l& have +ume to get acustewmed to it

New -\-L\Q-\ we've cowte up withe a gooA Weay o tepreseat the ghetes tn the
Stern~ Gerlaclh experimeat, we need o come wp il somme wey ‘o mrﬁhcmaﬁcaﬂj
describe the Sterm - Gerlacle devices (w\»\ﬁ weve been callin NEIEN) )

elore we can do this, Wipwever, we need to understand a Ltle Bit ahout how
we measure quantuwe states. ..



Sere—e —wer e s
WMttt detEmmt e
To=haaEmr—as

MQG.Q.(AI‘QW\QA_'(“ s ‘\'\AL a%sigwmen{- o-@ o par-'i-?c.u\ar- velue 4o some atrribute o‘p

e systent unde~ study. For instence | cta were 4o weasure me (T/m

the s shew), You vould assfém the velue M red” 4o e attibute “hair color”
One of +Hhe Pas-&utak-es ol ciuaw(-uM mechanices s dhat e every possible
weasurewieut ljouL C.aw cic)I 4‘/1&.»@_ exists Gw hermikiaw. wiatrix mMore E’D‘PQF‘L‘j)
an Wermidiaw operator which s represeated -Qrec{uemkkj by a mc&-ds«}.ﬁ a
matrrix /L\j TS \/‘-&’FMU«'T&'&) ten A= AT = At These sy ols weaw: "% cowmplex -
Covx\‘)ut ate , "7 tfanspose , ° L c'_ow‘use,ke_—kranslaose_:] The outcomes that are

posiible for 4he wmeasdrement “are dhe eigeuua\u,es ol fhe operator. Tk Mot
help o see an example:

Lets oy we hWave <Sowme gtrate: \R+y = cos(&72) oS * -5""‘-@'/z)€“e{l>, and we
want to wmeasure T megnetic mewment e the i direction. We knows Lrona
e discussion above Huat we should qed one i A velves, Valigued “ 5~
‘“aw&iamgv\e “ Becacvse we are ‘bu:&dlms & wmethewiatical -l-l'te_or'j, lety cal
“elianed’= A4 awd “antialianed“= -1 . S8 now we haue our elgenvelves. The

eiaem:.{-a-kes et correspond o these elaenvalues are the states [Rev=1oY
curd [fﬂt-—‘? & W Wi order~ o Cepresent our operatory gy wiatrices | we Need
+o represent ouv reketes as  vectors:

\%4Y = \6) —> U) |~ = L0 = Lﬁ)

1% 'Ha'l‘:a notatlon:

cox (6(2) \

) . R S-\V\L@{L)
M+ —s kam(@rﬂtﬁ? Ly =Ry =—> ("0*‘(&/23“—5&

SOJ our fatke wvewy 1y Yo jr\iwcl a W\c&rhc,g(;‘z\} -\\Aai— Weas e'\aewvalues {"‘i,'l’i
am d eigevuectors {G:),(.?]} This cate & eesy by ngpection:

= \ o
g("@ = ko—l)
Now we weed o fiud (R, the watrix tcrrcf.PO/Lc“Aj o a weasurement
olong . The eclgenvalues are <xll {-{-l,—lj, but He eBenvectors have chanju!.

We. \Aaue_ a\beaéﬂ wridernT dowu -l—tae f=At ewuaabﬂj{\ﬁ\i,l‘ﬁ ; SO e Can wuse
e elaev\\ralue, dewMPOS-L'JKEOfL or a etk

-1
< = '?‘“_/\_'\3 e f A . ci'\aaow&\ wiekrix of eiﬁeU\UC‘-Utj
P = wmatrix of eiqenvectors

Lev's use Ak s e;:p\?ddj construet S(RY. The e[ﬁewv*c_c.%or-& are

vz Nz

ge.'. ‘ha ‘/‘/z a _l_ Ly 1 o
b= (\(‘ﬁ)(\-‘ra» ) "1(‘ “) it (" “)

- \ L \ o Vot Al — O
Thea = 8A% = 2 (0A)-(02)-00% = (00
TL\‘\S cese was G.\t"f{'[f’_ SP@C\\.C\ ; beceuvre ?K-: P_:‘_ mo".\&g 4‘-'\4\4.. Sawme -ear g(ﬁ)

b= () -8 (B) = 2= (83)



These hree wieckrices that weve sk derved ace Vc’_f‘d gpecial . Se special; tn
~par.+, et we ace ac‘u\a 1o a‘m@, thewt spedal wawnes :
Sy — T,
Q..Qﬁ}———‘? Ty
SR —>

W
<K

Uy ol You're a @hdsfcts"r

B & youTe o Computer Scieatint
iz :

nice eetinre o8 4

TL'\e‘:S are called 4 Dault Ha{»tccs, ond o'l see twew a lok iy gewester
A ewe s Yaet any wedrie S(A) can be written as

UR) = &.& =

Thiy 2 a nice evercise | and T recomwmend you try o chow et Wia deue.
go, wea \r\&ue, J(L\.QSL ma*rikgsl \«Lom .;lc we U \uacw_o Lely se we Wave e
2lete 1Yy and we wantr to weasare i u‘m& UKY, and determine tue
Pro\oa\oi\i'\ies L gee\ma “‘al‘i\asne&” o “an{iahﬁnt&'ﬂ “To do -{—'btia} e express

Yigmem \W) = /Al?c—h + 'u\"x-—\(v
M'v'\l"*'ipl‘;f& on e \el4 oy il 5
<i+\ﬁ} = 154N +w{R+LR =5 =/M-\ 4O = p~
1./r T LDS@({‘) A ~

o, = (w;;-) ; (s@(@/?_)effp = {RelaY
'\\f_z_ Lcos (@/23 -\'S.‘w\(_@/zjeicp)

\{‘-r- T COL&IL‘) - Lo Lo

L‘m—f) ' K Q‘VLGNa)é“P) = ERi=ag

= (C.os (64) — <wl(8h) eicp)
Thew the state WwY

i

Likewise Vo

W

U

s

5 = 2 (conhy ~ SnORI Y 154y & (contOh) - s (U o) 5
And dhe Pl‘b\oabi\ﬁs of Mea:minj “a\lgm.cl.” ig llutl?_f ZL_\C‘:’%(&/?.\ + swa(8) et \L
or,
\/“\l = ‘;: (\ 4+ < (B2 coy (SIQ_B ('2. coy CP\)

= L?_ (l + S (BO) cos (c@\)

AV\L \\f \1

\

L (U= st (8) cos (D))



