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1 Spin Resonance

- ® —® -®
How do we control qubit states in the lab? fsi(t) = a(t) 0 + b(t) 1 , how do we deterministically
changea andb?

We know that the Hamiltonian evolves things in time, so if we turn on a eld then thmikttznian will
evolve the state vial M=,

For a static magnetic eld this allows us to rotate qubit state from one point onltgwBphere to another
via rotations:

R(Dg)= & 500y = *2x8 = By

—_® —®
Question:How can we maintain energy level splitting betweén and 1 andcontrol the rate at which a
qubit rotates between states? (i.e. change it at a rate differenu/fsom%.)

Answer:Spin Resonance gives us a new level of control (most clearly seen R)NM
How it works: Turn on a big DC eldB, and a little AC eld B sin( w; t) that is tuned to the resonance
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Figure 1:
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The small AC eld induces controlled mixing betweelh and 1 ... “SPIN FLIPS”.

We must solve the Schrodinger equation to understand what is going on:

'ﬁ”: ®—|4:
Iﬁy(t) =Hy(t)

®

It is convenient to use column vector notation:

- ® ~® ~—@ H l
psitt) = a(t)0 +b(t) 1 = 28

What's the Hamiltonian™ = j m¢B = £S¢B
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We now let the magnetic eld be composed of the large bias eld and a small dsujlkansverse eld:

B = ByZz+ Bicow,tX

With this we obtain the Hamiltonian:

~ e A e ~
H= —ByS+ —Bicoat
m oSz m 1 oS(

Now use Z 2 matrix formulation, where the Pauli matricé € gsz, etc.) are of course eminently useful:

ul 0‘”+EBc09/vt¢§MO1‘"
0 i1 m Lo 10

The two terms sum to give the followingf22 Hamiltonian matrix (expressed in t&gbasis):

g = i H Bo Bicoan,t 1
- 2m  Bicoswt i B

- ®
Now we can plug this Hamiltonian into the Schr. equation and solvegsir .

A bit of intuition on QM:If you construct a Hamiltonian matrix out of some basis, then the matrix-gjement
Hi; tells us how much application of the Hamiltonian tends to send a particle from gtate state i .

(The units are of course eneryjy rate of transitionst frequencyu % V1 H—ﬁ”)

So, if we only hadB = By2andB; = 0, then what would the rate of spin ip transitions be?

- ® —®.—-®
ratgaju i Hj = 1 HO =Hy=0!

So, we can conclude thagwe NEED to have g eld perpendicular to the lageeld B = B,z to induce
“spin ips”ortomixup 0 and 1 statesiny . Thisis perhaps more obvious in case of spin, but not as
obvious for other systems. It is important to develop our quantum mechartigiéion which can easily get
lost in the math!

Now let's solve the Schr. equation for Spin Resonance.

Z H 1 u Tu q
~— ®
Hy(@® = iﬁﬂ a(t)  _ en Bo Bicot a(t)

m b(t) 2m  Bjcoat i Bo b(t)

We get two coupled differential equations. First, we dewmg= % andw; = %, where the latter quantity

is de ned with a seemingly annoying factor of 1/2. It'll make sense later, ghou

1a() _
m 2

[ a(t)+ wicogwet) b(t)
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i = wicogwet)a(t) i %b(t)

To solve we make a substitution. This may seem weird, but it involves themiioogthat the system has a
natural rotating frame in which the system should be viewed.

a(t)= a(t)e"=

b(t) = a(t)e "2

Now we're going to use a dubious approximation, but it involves a recognitiatw, is much larger than
wy and these fast rotations average to zero on the timescales(\lthich are the relevant experimental
timescales). Anyway, here's the dubious approximation:

; 1
cog wot) €'t 5

Using these de nitions and dubious approximations and we obtain the follodiffeyential equation for
a(t) (and correspondingly b(t)):

f2a(t)
2

WE o
+ Ta(t) =0

This is a familiar second order differential equation. Our initial conditionghyet to be speci ed, but let's
saya(0) = b(0) = 0. This gives the following solution:

Wo

1 .
H a(t) H el 'Zlcost
b(t) i e"17tsint

What does this mean geometrically? Let's go to the Bloch sphere! Our digedrBloch vector looks like:
® -®
0

= aq T
= + —
y cos—2 e sm2 1

Our time-dependent state which is a solution to the Schr. equation looks like:

- ® —® . —®
y(t) = cosW71t 0 + e'(""°+’°)sinw71t 1

Geometrically we can say that= wyt + p, so we conclude that the qubit is spinning aroarad & ratew,.
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What abouy? g = wit, so we're crawling up the sphere at a ratg= % at the same time we're spinning
rapidly aboutzat the fastw,, theLarmor frequencyWe can controiv; precisely by changing the amplitude
of B;.

Even thoughwy is very large,w; can be very small. If we're really good, we can ip spins by applying a
“p-pulse”: wiDt = p.

Note: As spins ip out of ground state they suck energy out of the “RF el@1¢oa,). This is easily
detected and forms the basis of NMR.

Now let's talk about a little bit of quantum weirdness. What happens if we ttaéespin wavefunction of
a particle, break it into two pieces and let it interfere with itself? How do yothik? Use a classic 2-slit
experiment. You can get strange interference effects.

Imagine the following strange device:

T
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Figure 2:

-® _-®
The particle starts in spinuy A= 0 . So what we will do is shoot spins through the device and measure
the number of spins that get through to B:

- ® - ® - ®

—® =
i iHt=h _ —
! =Y A= Y pannt Y patre

y p=¢

This is the classic description of interference where we superpose tuguatates and see if they con-
structively or destructively interfere. But what are the quantum statefé two paths?

- ® G

Y patn= 0
and
- ® s —®
y pathzze'ws‘zmO

whereDf = 2Dt andDt is the transit time.
Now let's suppose thdd, andDt are tuned so thddf = 2p. What happens?
This is the subject of a homework problem.
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