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Policy Iteration and Function Approximation

Lecturer: Pieter Abbeel Scribe: Fernando Garcia Bermudez

1 Lecture outline

e Review.
e Policy iteration.

e Function approximation.

2 Review

Value of a policy, 7,

Va(s)=E

Z Y R(st)|so = s; 71'1

t=0
V*(s) =max Vy(s)

Definition of the Bellman backup operator, T,

(TV)(s) = max

R(s) + 7 Z P(s'|s,a)V(s)

lim (T7V) =V~

H—oo

7" = (p*p",...) st. 7" € argmax (Vi (s)) and Vo = V¥

where p*(s) € arg max
acA

R(s)+7 ) P(s'|s,a)V*(s)

For a fixed stationary policy m = (i, , . . .),

(T.V)(s) = R(s) +7 Y _ P(s'|s, ul(s))V(s)

. H .
ngnoo (T# V) =Vz
T is a y-contraction with respect to the oco-norm, i.e.,

TV = TV[loo <NV = Voo

T is a contraction = THV converges to a unique fixed point from any starting point V.



3 Policy iteration
Pick a policy, m(0) = (@, u(© .. ),
fori=0,1,...
Ve = i, (1Y)

(i+1)
W (s) € arg max

R(s) + v Z P(s|s, a)V,r(i)(s’)}
From the above definitin of x(*+1) we have:
Vv (u(””,u”),u(”, 3 ) >V (u“%u“ﬁ y ) ) (1)

However, can we say something to the extent:

?
V(,L(z‘+1)7,t(z‘+1)7,,,) > V(Mu‘),u(i),,,_) (2)
Let’s assume for the time being that the above is true, i.e.,
Vair) = Ve = Vag-1) = -+ 2 Va(o

There are two cases. It can either be a strictly better policy or an equally good policy. For a policy to

be strictly better, it has to be different from all previous policies. Hence this can happen only |A|‘S| times.
In the other case, i.e.,
Vearn = Vea, (3)

we have the following: First note that, by definition of "t we have
T+ Vo) =TV (4)
Combining Eqn. (3) and (4) gives us:
T,yr0) Vit = TVt
Taking into account that V11 is the fixed point of Tu“’“)? ie., Tp<i+1>Vw<i+1> = V_u+1) we get that:

Vﬂ.(i+1) = TVTr(i+l).

Hence V(:+1) is the unique fixed point of T'.

So we have shown that policy iteration will converge to an optimal policy after at most |A\|S| iterations
in the assumption that Eqn. (1) holds true.

Proposition 1 Monotonicity
Vi Vo =TV > TV

also, as a special case: Yy : Vi > Vo — T,V > T, V5.

Proof. The Bellman operator satisfies the monotonicity property:

> max
a€cA

(TV1)(s) = max R(s) + ’yz P(s'|s,a)Vi(s")

R(s) +7)_ P(s'|s,a)Va(s) | = (T'V2)(s)

where the inequality appears from the fact that Vi > Va. [qed).



We'll now apply monotonicity to show that Eqn. (1) holds:

T+0 Va(sy = T Vagy = Vg
= T,0Vauy 2 Vo
= TH(iJrl)Tu(iJrl)VTr(i) > TH(iJrl)V-rr(i)

= T#(i+1)TIL(i+1)Tu(i+1)Vﬂ—(i) > T#('i+1)Tu(i+1)V7T(i)
H H—1
= Ve 20 2T G Vaw 2Ty Vaw 200 2 Ve

Policy iteration works remarkably well in practice. However, a complete satisfactory explanation is still
an open problem. For example, the best bound known for the iterations needed is exponential in the number
of states, |s|, but the worst case examples known involve a fairly small number of iterations, on the order of
|s].

4 Function approximation
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Figure 1: Linear data fit.

Given (z(0),y(0)), (z(1),y(1)),..., and the following setup:

e e
8

0)
1)
;g . < zg ) —y=X0
4)
)
one can find 6 using least squares.

min |y — X6|; = min (y — X0)" (y — X6)

= min (y'y —2y" X0+ 0" X" X0)



Noting that VO = —2XTy +2X7 X6 = 0,
XTy = xTx0 - 6= (XTX) " xTy
One could also use weighted least squares:

mein(y—XG)TW(y—XG) where W = 0

= 6=(X"WX) X"Wy

y~901
(0

Figure 2: Least squares as a projection onto basis.
We could extend this concept to value iteration, Vi41 = T'Vj, using this slightly different notation:

Vi1 = ®Oxy1 = T POy

Vi
where II symbolizes the projection onto the basis (see figure 2):

If = in|f— o0
f = argmin||f Il

We don’t have a guarantee that this projection is an co-norm contraction, i.e., we have no guarantees of
the following form,

v —nv| < v -7,

which, in other words, means that we don’t know if it converges.

In fact, merely considering the fact that T is a y-contraction with respect to the infinity norm, and the
fact that IT is a (weighted) orthogonal projection we could cook up the diverging scenario pictured in Figure
3.

Can this really happen to a Markov decision process or did we ignore some properties of a Markov decision
process that prevent this from happening?

It turns out this particular scenario can happen: it happens for the following MDP: Consider the au-
tonomous (one action only) Markov chain depicted in Figure 4. We set v € (0,1) and all rewards to zero,
ie., R(1) = R(2) = 0, hence V* = (0,0)7. Let ® = (1,2)7 form the basis for our approximations, so all
approximations of the value function take the form ®6. An update then yields,

DOy 11 = IIT DY,
nv = arg min |V — 6],

(TV)(i) = veV (1) + 7(1 — €)V(2) fori = 1,2
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Figure 3: An example of repeated application of the Bellman backup followed by a least-squares projection.

Figure 4: Markov chain diagram.



Hence
(T®0y)(1) = v(2 — €)bk
O = argmin (6 — (TB0)(1))° + (26 — (TB6,)(2))*) = 29(2 ~

If e = 0 and v = 1 then 6, grows unbounded.



