
CS 70 Discrete Mathematics and Probability Theory
Fall 2015 Jean Walrand 13B Discussion

Chebyshev’s Inequality P[|X−E[X ]|> a] ≤ Var(X)

a2 for all a > 0.

Chernoff bound: P[X ≥ αn] ≤ e−nΦ(α) where X is a summation of independent random variables Xi for

i = 1 . . .n and P[Xi = 1] = p and Φ(α) = α ln(
α

p
)+(1−α) ln(

1−α

1− p
)

1. Homework Polling

Suppose Prof. Walrand wants to poll the CS 70 students about whether the homeworks have been
too hard recently. Suppose everyone is comfortable enough to answer honestly, either no (0) or yes
(1). Let the true fraction of students who think the homework is too hard be p. Let the response of
the ith polled student be Xi. Prof. Walrand would like to poll n students, with n large enough that the
probability of estimating p to within ±2% is at least 90%.

(a) Let Mn =
1
n ∑

n
i=1 Xi be the average of the n responses. What is the expectation of Mn?

What is the event that we are interested in whose probability we would like to be at least 90%?
Draw a picture of the distribution of Mn− p and mark the region that corresponds to the event
of interest.

(b) Now use Chebyshev’s inequality to find a safe n regardless of what p is.

(c) What if instead of wanting an accuracy of ±2% we wanted a relative error of 2%. This means
that if the true value was p, we want the answer we get to be within [0.98p,1.02p]. Can we
pull that off using Chebyshev’s inequality? Do you think we could pull that off with a single
universal choice of n that does not depend on (the unknown) p?

2. Confidence

You have a random variable X whose expectation you’d like to estimate. You have the ability to
draw samples from X’s distribution, and you know nothing about E(X), and you only know that
Var(X) ≤ 10. (You may assume Var(X) = 10, since this is the worst case.) To estimate E(X), you
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take n i.i.d. samples of X and average them. Using the bound proved in lecture based on Chebyshev’s
Inequality (equation (3) in lecture note 17):

(a) Suppose you take 1000 samples. How confident are you that your estimate is within an absolute
error of 0.5?

(b) Suppose instead that you want an absolute error of at most 2 and a confidence parameter of 0.02
(you want to be “98% confident”). How many samples do you need?

(c) Suppose instead that you take 2500 samples and you want a confidence parameter of 0.1 (“90%
confident”). What absolute error bound will you get with this confidence?

3. Chernoff vs. Chebyshev

Here we want to compare Chernoff’s bound and the bound you can get from Chebyshev’s inequality.

(a) Consider the experiment of flipping a fair coin 100 times. Let S be the number of heads you
obtain in your experiment. The exact probability of S ≥ 80 is 5.5795 · 10−10. What estimate
does Chebyshev’s bound give for the probability of seeing at least 80 heads in 100 coin flips?
What about Chernoff’s bound? Compare your answers and see which one is closer to the actual
value.

(b) Now back to the setting with general n and α , write down Chernoff’s bound in the form cn,
where c is an expression that only contains α and not n.

(c) Show that Chebyshev’s bound on Pr[|S−µ| ≥ αµ] is also a bound on Pr[S≥ (1+α)µ].
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(d) Using the previous part above, write a bound on Pr[S≥ (1+α)µ] of the form γnβ , where γ and
β are numbers that do not depend on n. What does this tell you about Chebyshev’s inequality
vs. Chernoff’s inequality?
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