
CS 70 Discrete Mathematics for CS
Spring 2007 Luca Trevisan Lecture 15

Counting and Probability
The topic for the next major portion of the course is DiscreteProbability. Suppose you toss a fair coin a
thousand times. How likely is it that you get exactly 500 heads? And what about 1000 heads? It turns out
that the chances of 500 heads are roughly 5%, whereas the chances of 1000 heads are so infinitesimally
small that we may as well say that it is impossible. But beforeyou can learn to compute or estimate odds or
probabilities you must learn to count! That is the subject ofthis lecture.

We will learn how to count the number of outcomes while tossing coins, rolling dice and dealing cards.
Many of the questions we will be interested in can be cast in the following simple framework called the
occupancy model:

Balls in Bins: We have a set ofk balls. We wish to place them inton bins. How many different possible
outcomes are there?

How do we represent coin tossing and card dealing in this framework? Consider the case ofn = 2 bins
labelledH andT , corresponding to the two outcomes of a coin toss. The placement of thek balls correspond
to the outcomes ofk successive coin tosses. To model card dealing, consider thesituation with 52 bins
corresponding to a deck of cards. Here the balls correspond to successive cards in a deal.

The two examples illustrate two different constraints on ball placements. In the coin tossing case, different
balls can be placed in the same bin. This is calledsampling with replacement. In the cards case, no bin
can contain more than one ball (i.e., the same card cannot be dealt twice). This is calledsampling without
replacement. As an exercise, what aren andk for rolling dice? Is it sampling with or without replacement?

We are interested in counting the number of ways of placingk balls inn bins in each of these scenarios. This
is easy to do by applying the first rule of counting:

First Rule of Counting: If an object can me made by a succession of choices, where there aren1 ways
of making the first choice, andfor every way of making the first choice there aren2 ways of making the
second choice, andfor every way of making the first and second choice there aren3 ways of making the
third choice, and so on up to thenk-th choice, then the total number of distinct objects that can be made in
this way is the productn1 ·n2 ·n3 · · ·nk.

Here is another way of picturing this rule: consider a tree with branching factorn1 at the root,n2 at every
node at the second level, ...,nk at every node at thek-th level. Then the number of leaves in the tree is the
productn1 ·n2 ·n3 · · ·nk. For example, ifn1 = 2, n2 = 2, andn3 = 3, then there are 12 leaves (i.e., outcomes):
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Let us apply this counting rule to figuring out the number of ways of placingk balls inn bins with replace-
ment. This is easy; it is justnk: n choices for the first ball,n for the second, . . .

The rule is more interesting in the case of sampling without replacement. Now there aren ways of placing
the first ball, andno matter where it is placed there are exactlyn−1 bins in which the second ball may be
placed (exactly whichn−1 depends upon which bin the first ball was placed in), and so on. So as long as
k ≤ n, the number of placements isn(n−1) · · · (n− k +1) = n!

(n−k)! . By convention we assume that 0!= 1.

Counting Unordered Sets

While dealing a hand of cards, say a poker hand, it is more natural to count the number of distinct hands (i.e.
the set of 5 cards dealt in the hand), rather than the order in which they were dealt. To count this number we
use the second rule of counting:

Second Rule of Counting: If an object is made by a succession of choices, and the order in which the
choices is made does not matter, count the number of ordered objects (pretending that the order matters),
and divide by the following number — the number of ordered objects per unordered object. Note that this
rule can only be applied if the number of ordered objects is the same for every unordered object.

Let us continue with our example of a poker hand. We wish to calculate the number of ways of choosing 5
cards out of a deck of 52 cards. So we first count the number of ways of dealing a 5 card hand pretending
that we care which order the cards are dealt in. This is exactly 52!

47! as we computed above. Now we ask for a
given poker hand how many ways could it have been dealt? The 5 cards in the given hand could have been
dealt in any one of 5! ways. Therefore by the second rule of counting, the number of poker hands is52!

47!5!.

This quantity n!
(n−k)!k! is used so often that there is special notation for it:

(n
k

)

, pronouncedn choose k. This
is the number of ways of placingk balls inn bins (without replacement), where the order of placement does
not matter.

What about the case of sampling with replacement? How many ways are there of placingk balls inn bins
with replacement when the order does not matter? Let us try touse the second rule of counting. There are
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nk ordered placements. How many ordered placements are there per unordered placement? Consider the
casek = 2. If the two balls are in distinct bins, then there aren ways to place the first ball, andn−1 ways to
place the second ball, giving usn(n−1) ways where order matters. Now, by the second rule of counting, we
divide by 2! and getn(n−1)

2 ways to place two balls in distinct bins. The number of ways for the two balls to

be placed into the same bin is exactlyn. Thus, there aren(n−1)
2 +n ways to place two balls inton bins where

order does not matter. For larger values ofk, it seems hopelessly complicated. Yet there is a remarkably
slick way of calculating this number. Represent each of the balls by a 0 and the separations between boxes
by 1’s. So we havek 0’s and(n−1) 1’s. Each placement of thek balls in then boxes corresponds uniquely
to a binary string withk 0’s and(n−1) 1’s. Here is a sample placement ofk = 4 balls inton = 5 bins and
how it can be represented as a binary string:

But the number of such binary strings is easy to count: we haven + k− 1 positions, and we must choose
which k of them contain 0’s. So the answer is

(n+k−1
k

)

.

Combinatorial Proofs
Combinatorial arguments are interesting because they relyon intuitive counting arguments rather than al-
gebraic manipulation. For example, it is true that

(n
k

)

=
( n

n−k

)

. Though you may be able to prove this fact
rigorously by definition of

(n
k

)

and algebraic manipulation, some proofs are actually much more tedious
and difficult. Instead, we will try to discuss what each term means, and then see why the two sides are
equal. When we write

(n
k

)

, we are really counting how many ways we can choosek objects fromn objects.
But each time we choose anyk objects , we must also leave behindn− k objects, which is the same as
choosingn− k (to leave behind). Thus,

(n
k

)

=
( n

n−k

)

. Some facts are less trivial. For example, it is true that
(n

k

)

=
(n−1

k−1

)

+
(n−1

k

)

. The two terms on the right hand side are splitting up choosing k from n objects into two
cases: we either choose the first element, or we do not. To count the number of ways where we choose the
first element, we havek−1 objects left to choose, and onlyn−1 objects to choose from, and hence

(n−1
k−1

)

.
For the number of ways where we don’t choose the first element,we have to pickk objects fromn−1 this
time.

We can also prove even more complex facts, such as
( n

k+1

)

=
(n−1

k

)

+
(n−2

k

)

+ · · ·+
(k

k

)

. What does the right
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hand side really say? It is splitting up the process into cases of which object we select first. In other words:

First element selected is either







































element 1,
(n−1

k

)

element 2,
(n−2

k

)

element 3,
(n−3

k

)

...
element(n− k),

(k
k

)

The last combinatorial proof we will do is the following:
(n

0

)

+
(n

1

)

+ · · ·+
(n

n

)

= 2n. To see this, imagine
that we have a setS with n elements. In the left hand side, theith term is counting the number of ways
of choosing a subset of sizei, while the right hand side is counting how many ways we can either select
each element or not. You may have already figured out that the number of binary strings of lengthn =
(n

0

)

+
(n

1

)

+ · · ·+
(n

n

)

. Let us look at an example, whereS = {1,2,3} (son = 3). Now, enumerate all possible
subsets ofS: {{},{1},{2},{3},{1,2},{1,3},{2,3},{1,2,3}}. The term

(3
0

)

is counting how many ways
we can have subsets ofS with 0 elements. Indeed, there is only one such subset: the empty set. There are 3
ways of choosing subsets with 1 element (i.e.,

(3
1

)

), 3 ways of choosing subsets with 2 elements or
(3

2

)

, and
1 way of choosing subsets with 3 elements (i.e.,

(3
3

)

. This is the case when the entire setS is considered as
a subset). Thus, summing them all up, we get 8= 23. The right hand side basically treats each subset as a
binary string of lengthn. A one in theith position indicates that theith element ofS is in the subset, and a
zero indicates that it is not. So, in our example, the subset of S {1,2} can be represented by the binary string
1102.
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