
EECS 70 Discrete Mathematics and Probability Theory
Spring 2014 Anant Sahai Discussion 3A

1. More squares (from last time).

Prove the following statement:

∀n ∈ N,∃m ∈ N,
n

∑
k=0

k3 = m2

2. Make it Stronger

Suppose that the sequence a1,a2, . . . is defined by a1 = 1 and an+1 = 3a2
n for n≥ 1. We want to prove

that
an ≤ 32n

for every natural number n.

(a) Suppose that we want to prove this statement using induction, can we let our induction hypothesis
be simply an ≤ 32n

? Show why this does not work.

(b) Try to instead prove the statement an ≤ 32n−1 using induction. Does this statement imply what
you tried to prove in the previous part?

3. Well-Ordering Principle

In this question, we will go over how the well-ordering principle can be derived from (strong) induc-
tion. Remember the well-ordering principle states the following:

For every non-empty subset S of the set of natural numbers N, there is a smallest element x ∈ S; i.e.

∃x : ∀y ∈ S : x≤ y

(a) What is the significane of S being non-empty? Does WOP hold without it? Assuming that S is
not empty is equivalent to saying that there exists some number z in it.

(b) Induction is always stated in terms of a property that can only be a natural number. What should
the induction be based on? The length of the set S? The number x? The number y? The number
z?

(c) Now that the induction variable is clear, state the induction hypothesis. Be very precise. Do not
leave out dangling symbols other than the induction variable. Ideally you should be able to write
this in mathematical notation.

(d) Verify the base case. Note that your base case does not just consist of a single set S.

(e) Now prove that the induction works, by writing the inductive step.

(f) What should you change so that the proof works by simple induction (as opoosed to strong
induction)?
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4. Invariants

You reach home one night after a hard day of work. Much to your (unpleasant) surprise, you find that
your room is filled with these strange magical balloons. Some of them are red and some of them are
blue.

You try popping a red balloon and it bursts into 10 blue balloons. But when you pop a blue ballon, it
just disappears.

Show that if you start from m red balloons and n blue balloons, you will always be able to pop them
until they all disappear.

5. Handshakes

n people go to a bar. Initially, each person sits at their own table. After a little while, the bartender
picks a table, taps the person at that table on the shoulder, and asks him to move to a second table.
The person who just moved introduces himself and shakes hands with the person who was already
sitting at the second table.

In general, the bartender keeps repeating the following operation: the bartender chooses two tables;
the bartender asks everyone sitting at the first table to move over to the second table; and each of
the folks who just moved from the first table shake hands with everyone who was already sitting at
the second table. Suppose that there were k people sitting at the first table and ` people sitting at the
second table before this operation. After this operation, there are 0 people at the first table and k+ `
people at the new table. Also, each of the k newcomers shakes hands with each of the ` folks already
at the second table, so k` handshakes occur during this operation. The bartender repeats this kind of
operation until all n people are sitting at the same table.

Let H(n) denote the the total number of handshakes that have occurred among the n people by the
time this process is finished and everyone is seated at the same table. Prove that it doesn’t matter what
order the bartender decides to choose tables; we always have H(n) = n(n−1)/2.

(Hint: Use strong induction.)
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