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Summer 2015 Chung-Wei Lin Discussion 5B

1. Coins

The events A1,A2,A3 are pairwise independent if, for all i 6= j, Ai is independent of A j. However, pairwise
independence is a weaker statement than mutual independence, which requires the additional condition that
P(A1,A2,A3) = P(A1)P(A2)P(A3).

Try to construct an example where three events are pairwise independent but not mutually independent.

Here is one potential starting point: Let A1,A2 be the respective results of flipping two fair coins. Can you
come up with an event A3 that works?

A1: the first result is Head; A2: the second result is Head; A3: both results are the same.

2. Complement

Prove that in every probability space, if A and B are independent events, then A and B are also independent.

Note: The most general version of this theorem states that if A1, . . . ,An are a fully independent collection of
events, then you can take any subcollection and replace them by their complements, and it will still be fully
independent. Intuitively, this should not come as a surprise, and you’re free to use this fact throughout the
course. It can be proven using the inclusion-exclusion principle, though we do not ask you to do that.

We will use a direct proof. Assume that A and B are independent events. If either Pr[A] or Pr[B] are
either 1 or 0, then A and B are trivially independent. In the nontrivial case, to show that A and B are
independent, it will suffice to show that A and B are independent (because we can then use the same process
to show that A and B are independent). By total probability, we have Pr[B] = Pr[B|A]Pr[A]+Pr[B|A]Pr[A] =
Pr[B]Pr[A]+Pr[B|A]Pr[A], where Pr[B|A] = Pr[B] follows from the independence of A and B. Subtracting
Pr[B]Pr[A], we get Pr[B](1−Pr[A]) = Pr[B|A]Pr[A]. Since 1−Pr[A] = Pr[A], we can divide them out and get
Pr[B] = Pr[B|A]. This shows that A and B are independent, which shows that A and B are independent. �

Alternatively, consider another approach. We will use a direct proof. Assume that A and B are independent
events. This means that Pr[A∩ B] = Pr[A]Pr[B]. Important to note is that A∪ B is the complement of
A∩B, so Pr[A∪B] = 1− Pr[A∩B]. Let’s then start with the inclusion-exclusion principle, Pr[A∪B] =
Pr[A]+Pr[B]−Pr[A∩B] and put it into the form Pr[A∩B] = Pr[A]+Pr[B]−Pr[A∪B].

Pr[A∩B] = Pr[A]+Pr[B]−Pr[A∪B]

= Pr[A]+Pr[B]− (1−Pr[A∩B])

= Pr[A]+Pr[B]− (1−Pr[A]Pr[B])

= Pr[A]+Pr[B]− (1− (1−Pr[A])(1−Pr[B]))

= Pr[A]+Pr[B]− (1−1+Pr[A]+Pr[B]−Pr[A]Pr[B])

= Pr[A]+Pr[B]−Pr[A]−Pr[B]+Pr[A]Pr[B]

Pr[A∩B] = Pr[A]Pr[B] �
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3. Boy or Girl Revisited

(a) What is Pr[A∪B∪C] for any events A, B, and C?
Pr[A∪B∪C] = Pr[A]+Pr[B]+Pr[C]−Pr[A∩B]−Pr[B∩C]−Pr[C∩A]+Pr[A∩B∩C].

(b) Mr. and Mrs. Smith now have three children, one of whom is a girl. what is the probability that the
first two children are girls and the last child is a boy?
Let G1, G2, G3 be the events that the first child is a girl, the second child is a girl, and the third child is
a girl, respectively. We are asked to find Pr[(G1∩G2∩G3)|(G1∪G2∪G3)]:

Pr[.] =
Pr[(G1∩G2∩G3)∩ (G1∪G2∪G3)]

Pr[G1∪G2∪G3]

=
Pr[G1∩G2∩G3]

Pr[G1]+Pr[G2]+Pr[G3]−Pr[G1∩G2]−Pr[G2∩G3]−Pr[G3∩G1]+Pr[G1∩G2∩G3]
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4. Independent Events

In this problem, again, we will see that pairwise independence of events does not imply mutual indepen-
dence. Two fair dice are thrown. Let A be the event that the number on the first die is odd, B the event that
the number on the second die is odd, and C the event that the sum of the two numbers is odd.

(a) Show that the three events A,B,C are pairwise independent (i.e., each pair (A,B), (B,C), and (A,C) is
independent).
Pr(A∩B) = 1

4 = Pr(A) ·Pr(B), so A and B are independent. Pr(A∩C) = 1
4 = Pr(A) ·Pr(C), so A and C

are independent. And similarly, we have Pr(B∩C) = 1
4 = Pr(B) ·Pr(C), so B and C are independent.

(b) Show that the events A,B,C are not mutually independent (also known as fully independent).
Pr(A∩B∩C) = 0 6= 1

8 = Pr(A) ·Pr(B) ·Pr(C), so the three events aren’t mutually independent.
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