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pn Junction Under Bias

n Reverse bias ( V adds to the barrier )

> Depletion region widens

(e.g., n+ p junction: )

* Tiny negative ID --

Why? The drift current is increased over diffusion current in the

depletion region in reverse bias due to the higher |E(x)| > |Eo(x)| and the lower 

gradient in carrier concentration due to the wider depletion region Xd > Xdo

* Hole and electron concentrations in the depletion regions are lower than in 
thermal equilibrium (so the depletion region is even more depleted!)

>  in depletion region 

n Forward bias ( V reduces )

> Depletion region narrows: |E(x)| < |Eo(x)| and Xd < Xdo so diffusion current 
exceeds drift current ... get increasing ID

> In forward bias, the product of the electron and hole concentrations in the 
depletion region 

VD 0< φB

Xd

2εs φB VD–( )

qNa
--------------------------------- Xdo>=

n p 0→, n x( )p x( ) ni
2«

VD 0> φB

n x( )p x( ) ni
2>
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The pn Junction under Forward Bias

n VD > 0 ... what happens?

neglect the Ohm’s Law voltage drops across the p and n regions; the drop across 
the junction is reduced to φj = φB - VD 

= thermal equilibrium barrier height = φB φno φpo–
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Physical Reasoning

n thermal equilibrium --> balance between drift and diffusion:

J = Jdrift + Jdiff = 0 for holes and electrons separately

n forward bias upsets balance

Both the change in  and in  work together (latter is most important)E x( ) dn
dx
------

note that the
scale is linear
... the value of
p(xn) >> po(xno)
as we will shortly
discover

net hole transport
from p region to
n region across
the depletion region
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Modeling Forward-Bias Diode Currents

Goal: we want to find ID = f(VD) and its dependence on the device parameters.

basic observation: current is carried both by diffusion of injected minority carriers 
away from the depletion region and across the undepleted n and p regions and drift 
of majority carriers from the ohmic contacts to supply this injection

Complicated!

n Step 1: find how minority carrier concentrations at the edges of depletion 
region change with forward bias VD 

n Step 2: what happens to the minority carrier concentration at the ohmic 
contacts under forward bias? Answer: no change from equilibrium.

n Step 3: find the minority carrier concentrations np(x) in the p region and pn(x) in 
the n region.

n Step 4: find the minority carrier diffusion currents.

n Step 5: conclude what the majority carrier currents must be and find the total 
current density J.
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Step 1: Carrier Concentrations in Thermal 
Equilibrium at the Junction Edges

n What happens under an applied forward bias?

the voltage drop still appears almost completely across the depletion region, but 
it is reduced to 

Boltzmann still governs distribution of electrons over energy (that is, 
exponentially less likely at higher energy, i.e., proportional to )

moreover, the Boltzmann rule “reaches across” the narrow depletion region

n What is n(x = xn)?

we start by considering a “small” forward bias, which means that the electron 
concentration on the n-side of the depletion region is still the donor 
concentration -- 

n(x = xn) = Nd

φB VD–

e ∆φ–( ) Vth⁄

x– p xn
0

depletion

bulk p bulk n

xn x xp–=( ) n x xn=( )e

φ xp–( ) φ xn( )–
Vth

----------------------------------- 
 

=

but   φ xp–( ) φ xn( )– is the negative of the drop across the
depletion region (known)

- ∆φ

n x xp–=( ) n x xn=( )e

φB VD–( )–
V th

-------------------------- 
 

=
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Law of the Junction

The barrier voltage is a function of the doping concentrations:

φ

n p,

Suppose:

NA 1018=

ND 1017=






φB 0.9 V=

φB VD– 0.18 V; i.e.,=

VD 0.72 V=(log)

1018

1017

x

φB VD–

xn
x 0=

xp–

n Nd=

p Na=

φB φn φp– Vth

Nd

ni
------

 
 
  Na

ni
------

 
 
 

ln––ln
 
 
 

Vth

NdNa

ni
2

-------------
 
 
 

ln= = =

nn x xn=( )e
φB V th⁄–

Nde

NdNa

ni
2

------------ 
 ln–

Ndn
i
2

NdNa
-------------

ni
2

Na
------ npo= = = =

np xp–( ) Nde
φB Vth⁄–

 
  e

VD V th⁄
npoe

VD V th⁄
==

pn xn( ) Nae
φB V th⁄–

 
  e

VD Vth⁄
pnoe

VD Vth⁄
==

The Law
of the
Junction



EE 105 Fall 2000 Page 7 Week 6

Step 3: Find the Minority Carrier Concentrations

n Current flows because we raise the minority carrier concentration (through “Law 
of the Junction”) at depletion layer boundaries. These “excess carriers” diffuse 
across the bulk.

n Boundary conditions on minority hole concentration in n-type bulk region are 
found from the law of the junction and the fact that an ohmic contact maintains 
the carrier concentrations at their thermal equilibrium values

Metal contact
Wn

xnxp– 0
1

106

1012

1018

x

p x( )

pn(x = Wn) = pno = 103 cm-3

n type

Nd = 1017 cm-3

p type

(ohmic)

Na = 1018 cm-3
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Diffusion Analogy

Ink concentration in steady state is similar to minority holes diffusing across the n-
type bulk region

Note that none of the ink molecules are lost along the way ... 
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Step 3: Carrier Concentrations under Forward Bias

n Apply the Law of the Junction at the edges of the depletion region 

n Numerical values: Na = 1018 cm-3, Nd = 1017 cm-3 

VD = 0.72 V = 720 mV, Vth = 26 mV (warm room) ... example values;
note that VD must be known precisely to substitute into exp[VD/Vth].

np(-xp) = 102 cm-3 exp[720/26] = 1014 cm-3 

pn(xn) = 103 cm-3 exp[720/26] = 1015 cm-3

n The minority carrier concentration is maintained at thermal equilibrium at the 
ohmic contacts

x-xp xn Wn- Wp

00

pn xn( )

np xp–( )

np(x) pn(x)

(p-type) (n-type)

pn Wn( ) pno=np Wp–( ) npo=

(contact) (contact)
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The Short-Base Solution

n Carrier concentrations: linear solutions if we assume that the p-type and n-type 
regions are so short that all of the diffusing minority carriers “make it” across to 
the ohmic contacts

In n-type region: Jp
diff = - qDpdpn/ dx = constant --> pn(x) is linear

In p-type region: Jn
diff = qDndnp / dx = constant --> np(x) is linear

n If negligible hole loss in transit (due to recombination), then

dpn

dx
---------

pn xn( ) pn Wn( )–

Wn xn–
-----------------------------------------≅
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Current Densities

n Minority carrier diffusion currents

Jn
diff

qDn

dnp
dx

--------- qDn

np xp–( ) np Wp–( )–

Wp xp–
--------------------------------------------- .= = =

Jp
diff

q– Dp

dpn

dx
--------- q– Dp

pn Wn( ) pn xn( )–

Wn xn–
-------------------------------------- .= = =
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Total Current Density

n The total current density is the sum of the minority electron and hole diffusion 
current densities at the junction ... and is constant through the diode

J = Jn
diff + Jp

diff

n Diode current: multiply by area A and (for simplicity) assume 
that xn, xp << Wn, Wp 

n

J q
Dnnpo

Wp xp–
-------------------

Dppno

Wn xn–
-------------------+

 
 
 

e
VD V th⁄

1–( )=
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Circuit 
Models for the Junction Diode

Large-signal model: 

plug into diode equation the symbols for total voltage and current (assumption is 
that time variation is “slow” since we derived the equation for DC) 

ID qni
2 Dn

NaW
p

--------------
Dp

NdW
n

--------------+
 
 
 

e
VD Vth⁄

1–( )≅ Io e
VD Vth⁄

1–( )=

iD IO e(
vD Vth⁄

1 )–=

iD

vD
0.7

iD = - I0 for vD < a few Vth

typical IO = 0.1 fA

vD 0.7 V when ≈

iD is “significant” 
(say around 10 µA)

vD

iD+

-

+

-
0.7 V

iDiD

EE 105 Fall 2000 Page 14 Week 6

Small-Signal Model: Diode Resistance rd

Substitute (DC + small-signal ) for current and voltage

Goal: find relationship between vD = VD + vd and iD = ID + id for forward-bias

Taylor’s expansion for the exponential

keeping only the linear term (meaning the small-signal voltage )

iD ID id+ IO e
VD vd+( ) V th⁄

1 )–(= =

ID id+ IOe
VD vd+( ) V th⁄

IOe
VD Vth⁄

e
vd V th⁄

IDe
vd V th⁄

≅=≅

ID id+ IDe
vd V th⁄

≅ ID 1
vd

Vth
--------

 
 
  1

2
---

vd

Vth
--------

 
 
 

… )+ + +




=

vd Vth«

ID id+ ID ID

vd

Vth
--------

 
 
 

+=

id
ID
Vth
--------

 
 
 

vd
1
ro
----- 

  vd= =
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Small-Signal Diode Capacitances

Depletion region width varies with the diode voltage, but the reverse bias model is 
not quite right with so many electrons and holes in the depletion region.

 (approximation)

Minority carrier concentrations change with changing diode voltage, which means 
that there is a charge under control of the diode voltage ... another capacitor

Cj 2Cjo≈
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Diffusion Capacitance Cd

See section 6.4 for derivation of Cd 

For a one-sided (asymmetric) diode with Nd >> Na most of the injected charge 
storage is on the p-side 

The units of the second term are [seconds] and it is called the transit time τT

Small-signal model:

Cd

ID
Vth
--------

 
 
  Wp

2

2Dn
----------

 
 
 

≅ gd

Wp
2

2Dn
----------

 
 
 

=

Cd goτT=
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The Bipolar Junction Transistor Concept

Reverse-biased junction (“collector”) close to forward-biased junction (“emitter”)

 to 0.7 (large injection of electrons into base)

narrow base width (e.g., )

 (injected electrons collected)

n+

p

n
IB

IC

IE

B
ase WB

E

B

C

VBE 0.6∼

0.2µm<

VBC 0≤

IC IE IB»≈

VCEVCE

ICIE– IC≈

VBE IB

IB is also an exponential function
of the base-emitter voltage
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Current Relationships in BJT’s

A. Forward-active Mode           (NPN )

Since most of the emitter current is electrons injected into base and most are 
collected

 where  is less than, but close to 1

KCL:                  

so              

“Current Gain”    typically 

B. Cutoff          (NPN )

C. Saturation     (NBN )

E-B Junction

B-C Junction

Is ?

VBE                    , VBC                    

IC αFIE–≡ αF

IC IB IE+ + 0=

IB IC IE–– IC IC αF⁄+– IC

1 αF–( )

αF
---------------------= = =

βF

IC

IB
-----≡ =

αF

1 αF–
----------------= 100∼

VBE                     , VBC                     

VBE                     , VBC                    

IC βFIB=
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npn Collector Characteristics
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Integrated Bipolar Transistor

Note the depletion layers between:

1. E-B (small area)

2. B-C (bigger area)

3. C-S (substrate) (biggest area)
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Forward-Active Region

Use the Law of the Junction at both the E-B and the B-C junctions

The transistor is designed with a very short base ...
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Forward-Active Region (cont.)

Diffusion currents:

 (electrons injected from emitter into base)

 (holes injected from base into emitter)

Collector current IC = 

Emitter current IE = IEn + IEp 

The ratio of collector current to the magnitude of the emitter current is defined as 
“alpha-F”

IEn
AE

qDnnpBo

WB
----------------------eVBE Vth⁄–=

IEp
AE

qDppnEo

WE
---------------------- eVBE Vth⁄–=

IC

I– E
--------

qDnnpBoAE

WB
------------------------------

 
 
 

qDppnEoAE

WE
------------------------------

 
 
  qDnnpBoAE

WB
------------------------------

 
 
 

+

------------------------------------------------------------------------------ αF= =
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Forward-Active Current Gain

Base current 

Substitute for the emitter current:

 which implies that 

The forward-active current gain is

Don’t forget that this result is ONLY true for the case where:

B-E junction is forward-biased

B-C junction is not forward-biased 

IB IC– IE– IE–= = IC–

IC IEαF–= IE–
IC

αF
-------=

IB
1

αF
------- 1– 

  IC

1 αF–

αF
----------------

 
 
 

IC= =

IB
1

βF
------ 

  IC=

IC βFIB=
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Carrier Fluxes in Forward Active Bias

After collection by the electric field in the base-collector junction, the electrons are 
majority carriers in the n-type collector region

The heavily doped buried layer minimized the resistance between the collector 
metal interconnect and the base-collector junction
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The Saturation Region

n VCE(sat) = 0.1 V (approx) from the characteristics --> both the emitter-base and 
the base-collector junctions are forward-biased

n Law of the Junction --> find minority carrier concentrations in the
emitter, base, and the collector

n Both junctions are injecting and both are also collecting ... since the electric field 
in the depletion region remains in the same direction under forward bias.

n Separate the electron diffusion current in the base into two components: one due 
to the emitter-base junction (with zero bias on the base-collector junction) and 
the other due to the base-collector junction:

JnB
diff

q– Dn

npBo e(
VBE V th⁄

1 )–

WB
----------------------------------------------- qDn

npBo e(
VBC V th⁄

1 )–

WB
-----------------------------------------------+=
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Ebers-Moll Model

n Electron diffusion current in the base: multiply by the emitter area

n Emitter current IE: three components

4.  - I1 due to injection of electrons from the emitter-base junction,

5. - I1 / βF due to reverse injection of holes into the emitter, and

6.  I2 due to collection of electrons from the base-collector junction.

n Collector current IC: three components (by symmetry)

1.  - I2 due to injection of electrons from the base-collector junction,

2.  - I2 / βR due to reverse injection of holes into the collector, and

3. I1 due to collection of electrons from the emitter-base junction 

βR = αR / ( 1 - αR) is the reverse current gain

Idiff IS– e(
VBE V th⁄

1 )– IS e(
VBC V th⁄

1 )–+ I– 1 I2+= =

IE I1– I1– βF⁄( ) I2+ + 1 1
βF
------+ 

  I1– I2+ 1
αF
------- 

  I1– I2+= = =

IC I1 I2–
I2

βR
------– I1 1 1

βR
------+ 

  I2– I1
1

αR
------- 

  I2–= = =
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Ebers-Moll Model (cont.)

n “Standard form” for Ebers-Moll equations: define two new constants

IES = IS / αF and ICS = IS / αR,

n Emitter current:

n Collector current:

n The collector current and the emitter current represent two diodes with current-
controlled current sources coupling the emitter and the collector branches

IE IES– e(
VBE Vth⁄

1 )– αRICS e(
VBC Vth⁄

1 )–+=

IC αFIES e(
VBE Vth⁄

1 )– ICS e(
VBC Vth⁄

1 )––=
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Ebers-Moll Equivalent Circuit

This model for the BJT applies to general device structures, with the four 
parameters IES, ICS, αF, and αR being linked by “reciprocity”

αFIES = αRICS = IS 

n Ebers-Moll must be simplified for hand calculation of DC bias currents
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Forward Active Model

n IR is negligible --> can neglect current through B-C diode

n Eliminate forward-biased diode by replacing with a 0.7 V battery:

B

IB

E IE

-IE 

βF IB
IC

C
+

_0.7 V

B

IB

E IE

βF IB

IC

C
+

_
0.7 V
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Saturation

n Include both diodes in the circuit ... both as batteries

note that the batteries make the controlled current sources irrelevent to the 
circuit.

How to figure out the DC currents in a BJT?

1. Assume that it’s forward-active (that’s the goal for nearly all BJTs anyway)

2. If the base current is determined by other circuit elements, then find the 
collector current from IC = βF IB.

3. If the base-emitter voltage is set by other circuit elements, then find the 
collector current from IC = ISexp[VBE / Vth]

4. Verify that the BJT is saturated by finding the resulting VCE.
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Small-Signal Model
of the Forward-Active npn BJT

n Transconductance (same concept as for MOSFET):

Ebers-Moll (forward-active): 

n Evaluating the derivative, we find that

 

gm vBE∂

∂iC

Q

=

iC ISe
vBE V th⁄

=

gm

IS

Vth
--------

 
 
 

e
VBE V th⁄ IC

Vth
--------= =
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Input Resistance

n The collector current is a function of the base current in the forward-active 
region (recall IC = βFIB). At the operating point Q, we define

and so ic = βo ib. (Note that the “DC beta” βF and the small-signal βo are both 
highly variable from device to device)

n Since the base current is therefore a function of the base-emitter voltage, we 
define the input resistance rπ as:

n Solving for the input resistance

n For a high input resistance (often desirable), we need a high current gain or a 
low DC bias current.

βo iB∂

∂iC

Q

=

rπ
1–

vBE∂

∂iB

Q
iC∂

∂iB

Q
vBE∂

∂iC

Q

1
βo
------ 

  gm== =

rπ
βo

gm
------

βoVth

IC
--------------

kTβo

qIC
------------= = =
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Output Resistance

n The Ebers-Moll model has perfect current source behavior in the forward-active 
region -- actual characteristics show some increase:

n Why? Base width shrinks due to encroachment by base-collector depletion 
region

Approximate model: introduce Early voltage VAn to model increase in iC

Model:

n Output resistance:

iC ISe
vBE Vth⁄

1
vCE

VAn
---------+

 
 
 

=

ro
1–

vCE∂

∂iC

Q

IC

VAn
---------≅=
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Numerical Values of Small-Signal Elements

n Transconductance:

IC = 100 µA, Vth = 25 mV --> 

Note: gm varies linearly with collector current and is independent of device 
geometry, in contrast to the MOSFET

n Input resistance:

βo = 100, IC = 100 µA, Vth = 25 mV --> 

n Output resistance:

IC = 100 µA, VAn = 35 V --> 

VAn = Early voltage increases with increasing base width and decreases with 
decreasing base doping.

gm = 4 mS = 4 x 10-3 S 

rπ = 25 kΩ

ro = 350 kΩ


