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Examples of Simple LTI Systems
1. Continuous-Time, Second-Order Lowpass Filter
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This circuit is governed by the differential equation:

2
d? Ry, 1 .o _ 1
o2 tlat ToeY® =[x

We can transform the differential equation into a standard form by definingndiaral frequency
w, = 1/J/LC and thedamping constan{ = (R/2),/C/L:

2
d—%’+ 2{w d_y+ wﬁy(t) = wﬁx(t).

dt ndt
The system exhibits three regimes of behavior:
Underdamped 0<(<1
Critically damped (=1
Overdamped (>1

Impulse Response

Overdamped: iff >1 , characteristic equation has two distireztl roots, and:

W, _J71 [72_1 . .
h(t) = n [e—wn(l ¢ )t_e—wn(l+ 4 )tJu(t). An error in the overall sign

of this equation was correctel
2721 d

Underdamped: iD< { <1 , characteristic equation has two distinct, complex conjugate roots, and:

W Lo trjfl-Cot  —J1-Cot W, ot . 2
h(t) = —2—¢ " " _e "Hi() = —=e " sing/1-L o, tHu(D) -
2 ll_zz % %J ll_zz n%J

Critically Damped: if¢ = 1 , characteristic eqti@n has one real root of multiplicity two, and:

h(t) = w’te u(t).
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Impulse Response h(1)
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Frequency Response
Aslong as >0 , the frequency respondéj w) exists and is given by:

2
w,

H(jw) = ——" - .
(jw)™+2¢w(jw) + W),

Second-Order Lowpass Filter
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2. Continuous-Time, Second-Order Bandpass Filter

+ R +
x(0) LS e~ YO
O O

This circuit is governed by the differential equation:

2
F*Rea L < Rear
dt

Defining w, = 1/,/LC andn = (1/2R).JL/C :

2
dy, annd—y+ wﬁy(t) = 2Nnw %.
di2 dt

The frequency respondd(jw) is given by:

M) = 2190(i)

.2 . 2"
(jw) +2nw,(jw) +w,

o o , . _ 1
(In circuit analysis, it is customary to define theality factor Q = w,RC = =).

2n
Second-Order Bandpass Filter
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3. Causal, FIR Approximation to Discrete-Time, Ideal Lowpass Filter

Ideal Lowpass Filter

i M, Q <sW i i
Frequency Responséi(é?) = [ = , Whane< 1t ,aHdeJ(Q+2n)) = H(E?)
0, W<Qlsn

Impulse Response (noncausal, lIR]:n] = \ansincé%r%

Causal, FIR Approximation

Ellwsinc'aN—rD In|< N
Truncated Impulse Response (noncausal, FIR); [n] = OT nt

O

O

Shifted, Truncated Impulse Response (causal, FIR):

EI.Wsinchn]_[;N)Er 0<n<2N

htrunc,shiﬂ[n] = hgyndN—=N] = 07
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4. Simple Discrete-Time, Second-Order System

Difference Equation: y[n] —2rcosBy[n—1] + r2y[n—2] =x[n],r>0,0<6<TI.
Impulse Respons€IIR):

Critically damped:

For © = 0, characteristic equation has one real root of multiplicity two, dofd] = (n+ 1)rnu[ 1]

Underdamped:

For 0< 6 <, there are two distinct, complex conjugate roots, difa] = r" ﬂ%ﬁl u[ n]
For © = 1, there is one real root of multiplicity two, andfn] = (n+ 1)(—r)nu[n]

Frequency Response:

ForO<r<1, H(ejQ) exists and is given byH(ejQ) = -

1
1—(2r cos;e)e_JQ +r2gi®0
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