EE123

Digital Signal Processing

Lecture 22

Transform Analysis of LTI

Systems

* Beautiful handwritten figures by Prof. Murat Arcak
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IR Design

- Historically
— Continuous IIR design was advanced
— Use results from C.Tto D.T
— C.T lIR designs have closed form, easy to use

— Easy to control Magnitude, not easy to control
phase

« Common Types:
—Butterworth - monotonic, no ripple

—Chebyshev - Type |, pass band ripple, Type I
stop band ripple

— Elliptic - Ripples in both bands
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Design of D.T |IR Filters from Analog

» Discretize by one of many technigues
* He(s) = H(z)

» Must satisfy:
—Imaginary axis is mapped to unit circle
—stability of Hc(s) should result in stable H(z)

» Two methods:
—Impulse invariance - match impulse response
— Bilinear transformation

scipy.signal.iirdesign
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Impulse Invariance

» Match the impulse response
h[n] = The(nT)

H(e™)= Y Hc(jQ+ jQsk)
k=—o0 O—

N|E

» If He(JQQ) is not bandlimited, then the
frequency response will alias.
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Bilinear Transformation

» Warp Hc(jQQ) such that it is bandlimited

-1 1+ L9
g _ 21—z L +%
T1+ z—1 1—35
S-plane z-plane

* Need to predistort continuous parameters
to get the right discrete freq. response
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Rational system response

Linear difference equations :

Z aryln — k| = Z brx|n — kl
k=0 k=0

Example: y[n] = z[n| + 0.1y[n — 1]
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Direct Design of IIR Filters

- Idea: Optimize directly - not easy!
argmin / Ble™)
weEcare

A(elv)
- Approximate using weighted Linear Least squares

2
— Hy(e?¥)| dw

argmin / W(w)? |B(e?) — Ha(e") ()| du
weEcare 1
A(elw)

 Discretize and solve... but.... W(w) ~

— Issues with guaranteeing stability
— Hard to prescribe feasible desired complex response
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Magnitude Response

Magnitude of products is product of magnitudes

. b M — cpeI
‘H(ejw)‘ _ 120, ....]k\[:() | Ci€ . |
a0 [lp=o [l — dre7¢|

Consider one of the poles:
11— dpe %] = e — di| = |v1]
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Magnitude Response Example

1+ 21
E le: H = (.
TameE (2) = 005759,
H(2)| = 0.05.%2!
v1|
I
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Simple low pass filter

l—a 1+ 271
H = <1
Lp(2) 2 1—az1 o
[Hpew)| AN
—
12| —””37‘%;
l ', %:"-&1-
} -t M >/
@e. A
1 — sin(w,)
wc is the 3dB cutoff frequency o =
cos(we)
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Simple high pass filter

1 — sin(w,)

is th B cutoff f o=
Wc is the 3dB cutoff frequency cos(w,)

same as low pass
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Simple band-stop (Notch) filter

l+a 1—-2Bz714 272 al < 1
Hps(z) = —1 —2
2 1-pF(14+a)z7t+az 8] <1
NOte: 1 — 252_1 + 2_2 — (1 _ ejwoz—l)(l . e—jwoz—l)
cos(wo) = 3
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Simple band-stop (Notch) filter

l+a 1—2Bz71 4272 ol < 1
Hps(2) = —1 2
2 1-pF(14+a)z7t+az 8] <1
4 )
Note: As o — 1 poles approach zeros
l+a 2428
H 1) = =1
Bs(Fl) = = (1+a)(1+A)
\_ J
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Simple band-pass filter
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Phase response

Example: H(e’¥) = ¢e/“™ < hin] = §[n — ng

H(e)| = 1

ARG is the wrapped phase
arg is the unwrapped phase

arg[H (e’%)] = —wny

ARG
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Group delay

To characterize general phase response, look at the group delay:

ard[H ()] = —~{arg[H ()]}

For linear phase system, the group delay is nqg
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Group delay

ard[H ()] = — - {ara[H ()]}

Input
wi w2
Al | |
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~ slepe
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For narrowband signals, phase response
looks like a linear phase
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Group delay math

M
7T -]
H(z)= 2 ket ({-Cear)
© kﬂ (A-deZz™)
=/

arg of products is sum of args

arg [Heiw)] = —-Z g [{ -dee™%]

2 f org L{-ac.e dad |
V27

9/‘01 [Hew)] < ~z§: grd D-dke'jwj
e g 9/‘01[:1-&8'5"0_]
k=1
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Group delay math

grd [HE)] < ~zZ=:: grd Ci-dpe™]

M "
-(-Z gro/EI-cze*""_]
k=1

‘

Look at each factor:

rg [4—399'5“)_] = ‘2"12/‘2,-'( rSin (w-6) )
C/cO/“d( /I“'FCOS‘((U’G)

gpol [4_,~e59€‘5¢”] = -rcarlw-6)
| 1~rei8e-3w|=
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Look at a zero lying on the real axis

Geometric Interpretation! for 8-0)
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¥ Poles INCreaSe Mago/ﬁ/de , but Ihreduee pl/zqse /c;g ond Qrove de[cg,

¥ Zeros do the, qopzs‘fﬁ'i :

* These elfects are more marted when

10

2 10

Radians

=20

-2

Log magnitude

NIy -

Radian frequency (w)
Phase

Wiy =

Radian frequency (w)

2w

N4
Group delay
2
0 :mmmw({ﬁ'_;-;-\._“- .";‘%E;"-“’M-m-
\\'*\_/?}“.
—2 - ._\/.’
3 :
g -4
«
w
.
8}
-10 | l L
0 T T 3w 27
2 ’ 2
Radian frequency (w)

M. Lustig, EECS UC Berkeley




2nd order IIR example

Exomple:  2nd order IR with complex poles

H(Z) = / 1
(/—reie 2N M-re7€2")
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3nd order IIR example

Exomple :
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