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1. Two-Population Sampling

We are conducting a public opinion poll to determine the fraction p of peo-
ple who will vote for Mr. Whatshisname as the next president. We ask N1

college-educated and N2 non-college-educated people, where N1 and N2 are
positive integers. We assume that the votes in each of the two groups are i.i.d.
Bernoulli(p1) and Bernoulli(p2), respectively in favor of Whatshisname. In the
general population, the percentage of college-educated people is known to be
q.

(a) What is a 95% confidence interval for p, using an upper bound for the
variance?

(b) How do we choose N1 and N2 subject to N1 + N2 = N to minimize the
width of that interval? (You may ignore the constraint that N1 and N2

must be integers.)

2. Minimum and Maximum of Exponentials

Let λ1, λ2 > 0, and X1 ∼ Exponential(λ1), X2 ∼ Exponential(λ2) are inde-
pendent. Also, define U := min(X1, X2) and V := max(X1, X2). Show that
U and V − U are independent.

3. Integrated Shot Noise

A noise impulse occurs at time t = 0, and later impulses occur at Poisson
process times with mean rate λ > 0. Each impulse instantaneously charges a
capacitor to 1 volt, and the voltage then decreases exponentially as e−t until
the next impulse occurs. Let Vt denote the voltage at time t. Let

Zn =

∫ Tn

0
Vt dt

be the integrated voltage up to the time of the nth impulse occurring after
t = 0, for each positive integer n.

Find E[Zn] and varZn.

4. Doubly Stochastic Matrix

A matrix is called doubly stochastic if all of its entries are non-negative and
each row and each column sums to 1. Find the stationary distribution for a
doubly stochastic irreducible matrix.
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5. Flea on a Triangle

A flea hops about at random on the vertices of a triangle, with all jumps
equally likely. Find the probability that after n (n ∈ N) hops the flea is back
where it started.
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