
EECS 126: Probability and Random Processes
Problem Set 8

Due: April 8 Thurs in class

1. The number of customers N who shop at a supermarket in a day is Poisson with parameter
λ. The number of items purchased by any customer is Poisson with parameters µ, and the
number of items purchased by different customers are independent of each other.

a) Assume that the number of items purchased by each customer is independent of N .
Find E[S] and V ar(S), where S is the total number of items sold.

b) The supermarket has two advertising strategies, one can increase λ by 10% , and the
other increases µ by 10%. What are the effects of these two strategies on the mean and
variance of S? Which is a more preferable strategy?

c) Because of congestion, when there are more customers around, the amount of time
each customer spends in a store tends to be shorter and hence they will more likely buy
fewer items. To incorporate that, we can revise the above model so that where there are n
customers, µ = c/n, where c is some constant.

i) Is the number of items bought by a customer independent of N?
ii) Find E[S] and V ar(S) in this new model.

2. A prisoner is trapped in a cell containing three doors. The first door leads to a tunnel
which returns him to his cell after 2 days of travel. The second leads to a tunnel which
returns him to his cell after three days of travel. The third door leads immediately to
freedom.

a) Assume that the prisoner has quite poor memory and will always select doors 1,2, 3
with equal probability every time he returns to the cell, independent of previous attempts.
What is the expected number of days until he reaches freedom?

b) What is the variance of the number of days until he reaches freedom?
c) Now suppose the prisoner is smarter and he is always equally likely to choose only

among those doors that he has not used in earlier tries, what is the expected number of
days until he reaches freedom?

3. We would like to convey one bit of information through a communication channel. We
are equally likely to send a “0” or a “1”. If we want to send a “0”, we send a string of “000”
across the channel; if we want to send a “1”, we send a string of “111” across the channel.
Each bit in the string is corrupted by a binary symmetric channel of crossover probability
ε (ε < 1/2); each bit is corrupted independently of any other bit.

a) Compute the probability that the output string is not equal to the input string.
b) Find the maximum a posterior rule for deciding whether a “0” or a “1” is transmitted

based on the output string, and find the probability of error of the rule.
c) Suppose now we map the information bit into strings of n 0’s or n 1’s. (n = 3 in the

original problem.). Without doing further calculations, give an intuitive guess for the MAP



rule. What do you think will happen to the error probability of the MAP rule as n →∞?
Give an intuitive explanation to your answer.

d) Before we are assuming that the bits in the input string is corrupted independently,
but now suppose they are corrupted in a dependent fashion. In particular, if the first bit is
changed by the channel, then all the n − 1 subsequent bits will be changed; if the first bit
is unchanged, then all the subsequent bits will be unchanged. Find the MAP rule and the
associated probability of error. Compare your answer to part (c), and discuss.

4. We want to transmit one bit of information through a wireless link, by sending a signal
which is either X = a or X = −a with equal probability. The receiver has two antennas,
and at antenna i, we observe:

Yi = X + Zi, i = 1, 2

where Z1, Z2 are independent Gaussian noise with zero mean and variance σ2.
a) Derive the MAP rule for detecting the transmitted information based on the obser-

vations at the two antennas. What is the error probability?
b) We would like to compare the performance with a receiver having only one antenna.

Communication engineers measure the performance benefit in terms of the transmit power
saving (on the dB scale) in the dual-antenna system to achieve the same error probability
as the single-antenna system. In these terms, what is the performance gain of having two
antennas?

c) Generalize your answers in part (a) and (b) to a system with n receive antennas, with
i.i.d. N(0, σ2) noise at each antenna.

d) Suppose now some antennas have better reception than other antennas, so that the
noise variances at each antenna are different. Derive the MAP detector and its error prob-
ability in terms of the noise variances. Explain why your MAP detector makes intuitive
sense.
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