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Problem 2.1 (42pts) True or False. Prove or shoy @ counterezample:
@ Igpts. If X and Y are T’s, then: van(X|Y =y
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c. I4pts If XY are jointly Normal random variables then the conditional density fxpy(xly) is
always Normal regordless of what the value y is.
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Problem 2.2 (36pts) Let X, and Xy be two independent continuous uniform random vari-
ables Uniform|0, 1].

a. 6pts. Derive CDF and PDF of Y = X; + Xo.
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b. 6pts. Derive CDF and PDF of o Z = max{X, X;}.
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e. 6pts. Derive conditional CDF Fy,y(x:1|y) and conditional PDF fx 1y (2:1]y).
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d. 6pts. Derive conditional CDF Fy x, (y|z,) and conditional PDF fyx, (y|z1).
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e. Gpts. Derive conditional CDF Fx, z(x1|2) and conditional PDF fx, z(21|2).
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f- bpts. Derive conditional CDF Fy)x, (2|2,) and conditional PDF [z x,(z]21).
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Problem 2.3 (60 points) Communication through pulse positions.

This problem asks you to analyze a communication system that communicates a message
by sending a pulse during a set of time-slots associated with that message and just falls asleep
(sends nothing) during other time slots. The receiver listens to all the time slots and has to
decide which one corresponds to the transmitted message.

Explicitly:

e Let n be the number of samples corresponding to a single time slot.

e Let M represent the number of possible messages: each corresponding to a disjoint set
of n samples.

o The receiver gets samples Y ; fori=1,2,...,.M and j =1,2,...,n.

If message k was sent, then the Yy ; are iid Bernoulli(p) with some specified p > 5,
while the rest of the Y, ; are iid Bernoulli(}) for | # k.

The receiver operates by counting the number of 1’s in each of the slots. Let Z; be the number
of 1’s in the slot corresponding to the i-th message.

a. 12pts What kind of random variable is Z; if k is the transmitted message? What about Z,
for 1 # k¢ Write out their PMFs, means, and variances.
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b. 10pts Suppose that the receiver decides to use a threshold T € [0,1] to decide if the message

is present in slot i. If —il > T, we say the message is present. Otherwise we say the
message is not present.

For a given threshold T, use Chebychev’s inequality to give an upper bound on the
probability of the true slot Znﬁ not crossing the threshold.

Repeat for the probability of a given false slot I # k crossing the threshold.
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c. 12pts Repeat part [b] but use a Chernoff bounding argument (moment generating functions,
etc.) instead of Chebychev's inequality.
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d. 10pts Suppose now that n is quite large, and we want the probability of missing the true
message to be less than 0.01. As a function of n, about how high can you put the
threshold T' while still meeting that constraint?
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e. 16pts Build on part c. Suppose now that the threshold T = p — € for some small € > 0. Let

Py be the probability that at least one of the false messages | # k has managed to cross
the detection threshold T'.

About how many messages M can we support while still maintaining Py < 0.01¢
HINT: Use P(AU B) < P(A) + P(B) over and over again...
How does M scale with n for large n?
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