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1. Seven-State Chain

A discrete-time Markov chain with seven states has the following transition
probabilities:

pi,j =


0.5, (i, j) = (3, 2), (3, 4), (5, 6), and (5, 7)

1, (i, j) = (1, 3), (2, 1), (4, 5), (6, 7), and (7, 5)

0, otherwise

In the questions below, let Xk be the state of the Markov chain at time k, for
each k ∈ N.

(a) Give a pictorial representation of the discrete-time Markov chain.

(b) For what values of n is P(Xn = 5 | X0 = 1) > 0?

(c) What is the set of states A(i) that are accessible from state i, for each
i = 1, 2, . . . , 7?

(d) If X0 = 1, what is the expected time for the Markov chain to reach state
7 for the first time?

2. Running Sum of a Markov Chain

Let (Xn)n∈N be a Markov chain with two states, −1 and 1, and transition
probabilities P (−1, 1) = P (1,−1) = a for a ∈ (0, 1). Define

Yn = X0 +X1 + · · ·+Xn.

For what values of a is (Yn)n∈N a Markov chain?

3. Finite Random Walk

(a) Find the steady-state probabilities π0, . . . , πk−1 for the Markov chain in
Figure 1. Here, k is a positive integer and p ∈ (0, 1). Express your answer
in terms of the ratio ρ = p/q, where q = 1− p. Pay particular attention
to the special case ρ = 1.

(b) Find the limit of π0 as k approaches infinity; give separate answers for
ρ < 1, ρ = 1, and ρ > 1. Find limiting values of πk−1 for the same cases.
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Figure 1: Markov chain for Problem 3.
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