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1. Graphical Density

Figure 1 shows the joint density fX,Y of the random variables X and Y .

Figure 1: Joint density of X and Y .

(a) Find A and sketch fX , fY , and fX|X+Y≤3.

(b) Find E[X | Y = y] for 1 ≤ y ≤ 3 and E[Y | X = x] for 1 ≤ x ≤ 4.

(c) Find cov(X,Y ).

2. Conditional Distribution of a Poisson Random Variable with Expo-
nentially Distributed Parameter

Let X have a Poisson distribution with parameter λ > 0. Suppose λ itself is
random, having an exponential density with parameter θ > 0.

(a) Show that

E(λk) =
k!

θk
, k ∈ N

(b) What is the distribution of X?

(c) Determine the conditional density of λ given X = k, where k ∈ N.

3. Exponential Distribution with Floor

Let W ∼ Exponential(λ) for λ > 0, and let X := bW c and Y := W −X.

(a) Find the PMF of X.
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(b) For y ∈ (0, 1) and x ∈ N, find P(Y ≤ y | X = x). Find the CDF of Y .

(c) Find E[Y ] and varY . (Hint : There is an easy way to do this problem,
and a very tedious way to do this problem.)

(d) For a random vector (X1, . . . , Xn) where n is a positive integer and
X1, . . . , Xn are real-valued random variables, the covariance matrix of
(X1, . . . , Xn) is the n× n matrix whose (i, j) entry is cov(Xi, Xj) for all
i, j ∈ {1, . . . , n}. Find the covariance matrix of (W,Y ).

4. Gaussian Densities

(a) Let X1 ∼ N (0, σ21), X2 ∼ N (0, σ22), where X1 and X2 are independent.
Convolve the densities of X1 and X2 to show that X1+X2 ∼ N (0, σ21+σ22).

(b) Show that all linear combinations of i.i.d. finitely many Gaussians are
Gaussian.

(c) Let X ∼ N (0, σ2); find E[Xn] for n ∈ N.

(d) Let Z ∼ N (0, 1). Find the mean and covariance matrix of (Z,1{Z > c})
in terms of φ and Φ, the standard Gaussian PDF and CDF respectively.

5. Auction Theory

This problem explores auction theory and is meant to be done at the same
time as the lab.

In auction theory, n bidders (n is a positive integer) have valuations which
represent how much they value an item; we will make the simplifying assumption
that the valuations are i.i.d. with continuous density f . In the first-price
auction, the bidder who makes the highest bid wins the item and pays his/her
bid. In the second-price auction, the bidder who makes the highest bid wins
the auction, and pays an amount equal to the second-highest bid. A strategy
for the auction is a bidding function β, which is a function of the bidder’s
valuation. The bidding function determines how much to bid as a function of
the bidder’s valuation, and the goal is to find a bidding function β(·) which
maximizes your expected utility (0 if you do not win, and your valuation minus
the amount of money you bid if you do win).

(a) For the first-price auction, consider the following scenario: each person
draws his/her valuation uniformly from the interval (0, 1) (so f(x) = 1
for x ∈ (0, 1)). Suppose that the other bidders bid their own valuations
(they use β(x) = x, the identity bidding function). Consider the case
where there is only one other bidder. Your Stanford friend insists that
you should always bid β(x) = 1. Your Berkeley friend tells your Stanford
friend that it would be better to bid

β(x) =
x

2
.

Who is correct? [Do not simply compute the expected profit and state
that one of the friends has a better bidding function—your job is to prove
that your friend’s bidding function is optimal.]
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(b) Consider the same situation as the previous part, but now assume that
there are n other bidders. Your Stanford friend again suggests that
β(x) = 1 is the best bid. Your Berkeley friend suggests

β(x) =
n

n+ 1
x.

Who is correct this time? [Again, prove that your friend’s bidding function
is optimal.]

(c) Consider a second-price auction with n bidders where the bidders’ valua-
tions are i.i.d. with the exponential density (with parameter λ). Again,
they use the identity bidding function, β(x) = x. What is the distribution
of the price P at which the item sells?

6. [Bonus] Auctions: Bayesian Nash Equilibrium

The bonus question is just for fun. You are not required to submit the bonus
question, but do give it a try and write down your progress.

A Bayesian Nash equilibrium is a strategy for each player, such that no
player has an incentive to change strategies. In other words, no player can
improve his/her expected utility by changing his/her strategy. The contents of
this question will not be tested, but this question is provided as a way for you
to further explore auction theory if you are interested.

In this question, we will derive the Bayesian Nash equilibrium for the first-price
auction, under the assumption that the valuations are i.i.d. with common
density function f . By symmetry, in the Bayesian Nash equilibrium, each
bidder should use the same bid function β(·). We further assume that β(·) is
differentiable and strictly increasing.

(a) Suppose that your valuation is x. Let Xi denote the valuation of player
i, i = 1, . . . , n − 1 (your own valuation is known to you as a fixed real
number, whereas the valuations of other players are modeled as random
variables whose value is unknown). What is your expected utility when
you bid b, assuming that the other n− 1 bidders bid according to β(·)?
Write your answers in terms of the CDF F (x) :=

∫ x
−∞ f(s) ds.

(b) Differentiate the expression you obtained with respect to b. Hint : You
may need to use the Inverse Function Theorem, which states that the
derivative of an inverse function is given by

d

dx
f−1(x) =

1

f ′(f−1(x))
.

(c) Now, suppose that you bid according to β(·) as well, i.e. b = β(x). Under
this assumption, set the result from the previous part to 0 and solve for
β(x).

(d) For the second-price auction, suppose that the other n − 1 bidders bid
their own valuations, i.e. they use the identity bidding function β(x) = x.
Prove that it is optimal for you to bid your own valuation. The strategy of
bidding your own valuation in the second-price auction is thus a Bayesian
Nash equilibrium.

3


