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1. Two-Population Sampling

We are conducting a public opinion poll to determine the fraction p of peo-
ple who will vote for Mr. Whatshisname as the next president. We ask N1

college-educated and N2 non-college-educated people, where N1 and N2 are
positive integers. We assume that the votes in each of the two groups are i.i.d.
Bernoulli(p1) and Bernoulli(p2), respectively in favor of Whatshisname. In the
general population, the percentage of college-educated people is known to be q.

(a) What is a 95% confidence interval for p, using an upper bound for the
variance?

(b) How do we choose N1 and N2 subject to N1 +N2 = N to minimize the
width of that interval? (You may ignore the constraint that N1 and N2

must be integers.)

2. Convergence of Exponentials

Let X1, X2, . . . be i.i.d. Exponential(λ) random variables. Show that

Xn

lnn
→ 0 in probability as n→∞.

3. Twitch Plays Pokemon

After attending an EECS 126 lecture, you went back home and started playing
Twitch Plays Pokemon. Suddenly, you realized that you may be able to analyze
Twitch Plays Pokemon.

You

Stairs

Figure 1: Part (a)

(a) The player in the top left corner performs a random walk on the 8
checkered squares and the square containing the stairs. At every step the
player is equally likely to move to any of the squares in the four cardinal
directions (North, West, East, South) if there is a square in that direction.
Find the expected number of moves until the player reaches the stairs in
Figure 1.
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Figure 2: Part (b)

(b) The player randomly walks in the same way as in the previous part. Find
the probability that the player reaches the stairs in the bottom right
corner in Figure 2.

4. Compression of a Markov Chain

Consider an irreducible Markov chain (Xn)n∈N as shown below.
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Roughly how many bits are needed to represent (X0, X1, . . . , Xn)?

5. Frogs

Three frogs are playing near a pond. When they are in the sun they get too
hot and jump in the lake at rate 1. When they are in the lake they get too
cold and jump onto the land at rate 2. The rates here refer to the rate in
exponential distribution. Let Xt be the number of frogs in the sun at time
t ≥ 0.

(a) Find the stationary distribution for (Xt)t≥0.

(b) Check the answer to (a) by noting that the three frogs are independent
two-state Markov chains.

6. Spatial Poisson Process

A two-dimensional Poisson process of rate λ > 0 is a process of randomly
occurring special points in the plane such that (i) for any region of area A
the number of special points in that region has a Poisson distribution with
mean λA, and (ii) the number of special points in non-overlapping regions is
independent. For such a process consider an arbitrary location in the plane and
let X denote its distance from its nearest special point (where distance between
two points (x1, y1) and (x2, y2) is defined as

√
(x1 − x2)2 + (y1 − y2)2). Show

that:

(a) P(X > t) = exp(−λπt2) for t > 0.

(b) E[X] =
1

2
√
λ

.
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