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>> s = tf('s")

Transfer function:
S

>>H = (s+5)/(s*(st+1)*(s+10))

Transfer function:
s+5

s 3+11sM2+10s

>>Kp =77
>>Kd=77;

>>Y = Kp*H / (1+Kp*H+s*Kd*H);
>> step(Y)
>> grid
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34. Consider the two nonminimum phase systems,

(a)
(b)
(c)

_ 2(s —1)
GG =~ GFDGE+2) )
Gals) = 3(s—1)(s—2) (3)

(s+1)(s+2)(s+3)

Sketch the unit step responses for Gi(s) and Gaz(s), paying close
attention to the transient part of the response.

Explain the difference in the behavior of the two responses as it relates
to the zero locations.

Consider a stable, strictly proper system (that is, m zeros and n poles,
where m < n). Let y(t) denote the step response of the system. The
step response is said to have an undershoot if it initially starts off in
the “wrong” direction. Prove that a stable, strictly proper system has
an undershoot if and only if its transfer function has an odd number
of real RHP zeros.

Solution:

(a)

For G1(s) :

—2(s—1)

1
Yi(s) = ;Gl(s):m

Hj(s - Zj)
H(s) = k—=4F———"=
& [T'(s — )

J J

R,, = lim[(s—p:)H(s)] = lim k [e—z) _y LI (p: k)

ik s=Pi [[iz(s — o) [Tisi(Pi — m1)
Each factor (p; — z;) or (p; — pi) can be thought of as a complex
number (a magnitude and a phase) whose pictorial representation is
a vector pointing to p; and coming from z; or p; respectively.
The method for calculating the residue at a pole p; is:
(1) Draw vectors from the rest of the poles and from all the zeros to
the pole p;.
(2) Measure magnitude and phase of these vectors.
(3) The residue will be equal to the gain, multiplied by the product
of the vectors coming from the zeros and divided by the product of
the vectors coming from the poles.

In our problem:

B —2(s—1) Ry, R R, 1 4
s = s(s+1)(s+2) s +(s+1)+(s+2)_s S+1+

1—de?3 32

ya(t)
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Step Response for G1
3 v ;
Time‘(sec) :: ’ ’ : :
Problem 3.34: Step response for a non-minimum phase system.
For Ga(s) :
3(s—1)(s—2) 1 -9 18 -10
Y: =-+ + +
2(5) sG+D)(E+2)(E+3) s (s+1)  (s+2)  (s+3)
yo(t) = 1—9e~!+18e 2" — 10>
Step Responsefor G2
e
/
§

Time (sec)

Problem 3.34: Step response of a non-minimum phase system.

(b) The first system presents an “undershoot”. The second system, on
the other hand, starts off in the right direction.



3081

The reasons for this initial behavior of the step response will be an-
alyzed in part c.

In y1 (¢): dominant at t = 0 the term —4e™*
In yo(t):  dominant at t = 0 the term 18e~2*

The following concise proof is from Reference [1] (see also References
[21-13)).

Without loss of generality assume the system has unity DC gain
(G(0) = 1) Since the system is stable, y(co) = G(0) = 1, and it is
reasonable to assume y(oco) # 0. Let us denote the pole-zero excess as
r = n —m. Then, y(t) and its r — 1 derivatives are zero at t = 0, and
y"(0) is the first non-zero derivative. The system has an undershoot
if y"(0)y(co0) < 0. The transfer function may be re-written as

m(1-2
G(S) — ————H;lllr( z;)

The numerator terms can be classified into three types of terms:
(1). The first group of terms are of the form (1 — a;s) with a; > 0.
(2). The second group of terms are of the form (1+a;s) with a; > 0.

(3). Finally, the third group of terms are of the form, (1+ ;s +;8?)
with a; > 0, and 3, could be negative.

However, ,B? < 4oy, so that the corresponding zeros are complex.

All the denominator terms are of the form (2), (3), above. Since,
y"(0) = lim s"G(s)

it is seen that the sign of y"(0) is determined entirely by the number
of terms of group 3 above. In particular, if the number is odd, then
y"(0) is megative and if it is even, then y”(0) is positive.  Since
y(00) = G(0) = 1, then we have the desired result.
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38. Suppose that unity feedback is to be applied around the listed open-loop
systems. Use Routh’s stability criterion to determine whether the resulting
closed-loop systems will be stable.

_ 4(s+2
(a) KG(s) = sormatarrs

(b) KG(s) = S

4(s®+2s? 1
() KG(s) = Hgtmrtetl),

Solution:
(a)
1+ KG=5"+2s"+3s24+85+8=0
st 1 3 8
s3 2
s? a b
st c
s° d
where
2x3—-8x1 2x8—-1x0
a 5 5 8
e — 3a—2b:—8-16:24
a -1
d = b=8

2 sign changes in first column==2 roots not in LHP==>unstable.

(b)
1+ KG=8s>+s+25+8=0

The Routh’s array is,

s3 il 2
s? i} 8
st —6

s° 8

There are two sign changes in the first column of the Routh array.
Therefore, there are two roots not in the LHP.



3090 CHAPTER 3. DYNAMIC RESPONSE

(c)

1+KG=5"4+2s*+3%+7s>+4s+4=0

s 3 4
st 2 7T 4
3 ay as
s by by
s c
£ dy
where
oo 8Tl B4
2 2 2
by = ——'7_/12/;4:15 b2=———_4_/12/;0=4
o 3+2 3
15 15
d = 4

2 sign changes in the first column=>2 roots not in the LHP=—>unstable.



3094

CHAPTER 3. DYNAMIC RESPONSE

40. Find the range of K for which all the roots of the following polynomial

are in the LHP:

s34+ 55 + 108 4+ 10s%2 + 5s + K = 0.

Use MATLAB to verify your answer by plotting the roots of the polynomial
in the s-plane for various values of K.

Solution:
s° 4+ 55* +10s% + 10s® +5s + K =0
s 1 10 5
st 5 10 K
33 aq az
52 by K
.91 3
30 K
where
_ 5(10)—1(10) _ _5(5)—1(K) 25-K
b — (a1) (10) — (5) (a2) _ 55+ K
! ay 8
o = (b)(a)—(a)(K) _ = (K? + 350K — 1375)
b by 555+ K)

For stability: all terms in first column > 0

— (K — 3.88) (K + 354)

K
1) b = 55; >0=— K > -55
— (K2 + 350K — 1375
(2) a (o ) )
5(55 + K)
(3) d = K>0

5(55+ K)

>0= —55< K <3.88

Combining (1), (2), and (3) = 0 < K < 3.88. If we plot the roots of
the polynomial for various values of K we obtain the following root locus

plot (see Chapter 5),
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Problem 3.40: s-plane.
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