
EECS 16A Designing Information Devices and Systems I
Spring 2017 Babak Ayazifar, Vladimir Stojanovic Homework 12

This homework is due Monday, April 24, 2017, at 23:59.
Self-grades are due Thursday, April 27, 2017, at 23:59.
Submission Format
Your homework submission should consist of two files.

• hw12.pdf: A single pdf file that contains all your answers (any handwritten answers should be
scanned) as well as your IPython notebook saved as a pdf.

If you do not attach a pdf of your IPython notebook, you will not receive credit for problems that
involve coding. Make sure your results and plots are showing.

• hw12.ipynb: A single IPython notebook with all your code in it.

In order to receive credit for your IPython notebook, you must submit both a “printout” and the code
itself.

Submit each file to its respective assignment in Gradescope.

1. Audio File Matching
Lots of different quantities we interact with every day can be expressed as vectors. For example, an audio
clip can be thought of as a vector. The series of numbers in the clip determines the sounds we hear. An
audio segment or a sound wave is a continuous function of time, but this can be sampled at regular intervals
to make a discrete sequence of numbers that can be represented as a vector.

This problem explores using inner products to measure similarity. The ideas here will be further developed
in the third module of EECS16A where we use the theme of Locationing and GPS to bring in optimization
ideas.

Let us consider a very simplified model for an audio signal, one that is just composed of two tones. One is
represented by −1 and the other by +1. A vector of length n makes up the audio file.

(a) Say we want to compare two audio files of the same length n to decide how similar they are. First, con-
sider two vectors that are exactly identical ~x1 =

[
1 1 · · · 1

]T and ~x2 =
[
1 1 · · · 1

]T . What is

the dot product of these two vectors? What if~x1 =
[
1 1 · · · 1

]T and~x2 =
[
1 −1 1 −1 · · · 1 −1

]T

(where the length of the vector is an even number)? Can you come up with an idea to compare two
general vectors of length n now?

(b) Next suppose we want to find a short audio clip in a longer one. We might want to do this for
an application like Shazam, to be able to identify a song from a signature tune. Consider the vec-
tor of length 8, ~x =

[
−1 1 1 −1 1 1 −1 1

]T . Let us label the elements of ~x so that ~x =[
x1 x2 x3 x4 x5 x6 x7 x8

]T . We want to find the short segment ~y =
[
1 1 −1

]T in the

longer vector, i.e. we want to find i, such that the sequence represented by
[
xi xi+1 xi+2

]T is the
closest to ~y. How can we find this? Applying the same technique, what i gives the best match for
~y =

[
1 1 1

]T ?
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(c) Now suppose our vector is represented using integers and not just by 1 and −1. Say we want to locate
the sequence closest to ~y =

[
1 2 3

]T in ~x =
[
1 2 3 4 5 6 7 8

]T . What happens if you
apply the technique of part (b)? How would you modify this technique for the problem here?

(d) Answer part 1 in the provided IPython notebook.

(e) Answer part 2 in the provided IPython notebook.

2. GPS Receivers

The Global Positioning System (GPS) is a space-based satellite navigation system that provides location and
time information in all weather conditions, anywhere on or near the Earth where there is an unobstructed
line of sight to four or more GPS satellites.

All satellites use the same carrier frequency to transmit the signals. To permit this without undue interference
between the users, the satellites employ “spread-spectrum” technology (very similar to CDMA) and a special
coding scheme where each transmitter is assigned a code that serves as a “signature”. An example is depicted
in the figure below. The message signal to be transmitted changes at a much slower timescale than the
timescale of the signature code, which is very fast.

In the example figure, we are showing a message signal that is a stream of +1 or −1 values. The signature
code is also a stream of +1 or −1 values of length 14 bits. The signature code is multiplied by the appropriate
message signal to get the final transmitted waveform. Let Tb be the “bit time”, i.e. time for each message
bit and and Tc be the “chip time” which is the time for each new symbol of the code to be generated. In the
figure, Tb = 14Tc.

The GPS satellites use “Gold codes” which are 1023 bits long. So, for our problem, Tb = 1023Tc. (In reality,
Tb = 20×1023×Tc.) The Gold codes have special properties:

• Their auto-correlation (correlation with itself) is very high.

• The cross-correlation between different codes is very low.

These codes are generated using a linear feedback shift register (LFSR).You can read more about this if you
are interested but for the problem you don’t need to know how this works. The take-away is that the Gold
codes are vectors of +1 and −1 values that are are “almost orthogonal”.
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For the purpose of this question we only consider 24 GPS satellites. Download the file prob12.ipynb
and the corresponding data files for the following questions:

(a) Auto-correlate the Gold code of satellite 10 with itself and plot it. Python has functions for this. What
do you observe?

(b) Cross-correlate the Gold code of satellite 10 with satellite 13 and plot it. What do you observe?

(c) Now, consider a random signal, i.e. a signal that is not generated due to a specific code but is a random
±1 sequence. Cross-correlate it with the Gold code of satellite 10. What do you observe? How does
this compare to the cross-correlation of satellite 10 and satellite 13? What does this mean about our
ability to identify satellites?

(d) The signals received by a receiver include signals from the satellites as well as an additional noise
term. This is often modeled as a Gaussian noise term. You don’t need to understand Gaussians here
but we use them since they form a good model for how the transmitted signal might be perturbed (large
perturbations are very unlikely, and small perturbations are more likely).
Use the Gaussian noise generator to generate a random vector of length 1023, and cross correlate this
with the Gold code of satellite 10. What do you observe?
For the next subparts of this problem, the signal is corrupted by Gaussian noise. Use the observation
from this subpart for solving the rest of the question.

(e) Now, assume that signals from multiple satellites are added at the receiver. So the signatures of multiple
different satellites are present in the code. In addition, noise might be added to the signal. What are
the satellites present in data1.npy?

(f) Let’s assume that you can hear only one satellite, Satellite A, at the location you are in (though this
never happens in reality). Let’s also assume that this satellite is transmitting a length 5 sequence of +1
and −1 after modulating it onto the 1023 bit Gold code corresponding to Satellite A. Find out from
data2.npy which satellite it is and what sequence of ±1 it is transmitting.

(g) For the purpose of this problem, we’ll assume that all the satellites transmit the same unique sequence
of +1s and −1s. These are transmitted using the procedure described in the figure (which is called
modulation).
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Signals from different transmitters arrive at the receiver with different propagation delays. So effec-
tively the signals from different satellites are superimposed on each other with different offsets at the
start. This propagation delay is used to find out how far the satellite is from the receiver. To find out ex-
actly what the offset due to propagation delay is, you want to figure out the starting point of the signal
transmission, and you can do this by cross-correlating the signature codes with the received signal at
different offsets. What do you expect to observe when you cross-correlate the signature for a particular
satellite (say Satellite A) with the received signal at the offset corresponding to the propagation delay
of Satellite A?
What satellites are you able to see in data3.npy and what are the delays relative to the earliest
satellite? Assume that the message signal that was sent was exactly

[
1 1 −1 −1 −1

]
.

3. (Practice) Tracking Planes with Voltage Sensors

Lateration systems are used for a large range of applications. In this problem, we’ll consider a variation on
lateration to define system that is able to detect and track a landing airplane using just three simple sensors.
We will determine its direction and speed.

Aircraft and other projectiles experience friction with the air, and this means that a very tiny amount electric
charge can accumulate on the metal surfaces of the objects. Even though the amount is tiny, it is still
detectable if you use large (0.5m2) parallel plate capacitors. We’ll model this as a point charge. If a charge
hovers over a metal plate, it induces an equal and opposite charge on the plate itself. If the charge moves
over or near the plate in a straight line, and the plate is close to the ground, the metal plate will gather and
lose charge as the object moves near it. As we know, the change in electric charge over time is a current (in
amps). We can measure this current to detect when a charge moves over the plate. We won’t go deep into
the physics of how to find out the charge on the plate, but we can qualitatively explore the physics and use
our intuition to build a lateration system using metal plates as sensors.

Figure 1: Charge moving over a metal plate connected via R to ground

Consider one point charge moving over one metal plate. The plate is connected to ground with a resistor R,
as shown in Figure 1.

(a) If the charge induced on the plate is given by the graph in Figure 2, sketch the voltage across R. Label
any time that the voltage is zero. (You don’t need to calculate any voltages other than when the voltage
is zero.)

(b) If we assume the point charge is moving only in the x-direction, the voltage across R can be modeled
by the equation:
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Figure 2: Charge on the plate over time
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where Q0 is the charge of the point charge, A is the area of the metal plate, R is the resistance between
the plate and ground, vx is the x-velocity of the point charge, x(t) is the x-position of the point over
time (x(t) = vxt), and y0 and z0 are the offsets of the point charge from the y and z axes (with the origin
at the center of the sensor).
Using the IPython notebook, verify that this shape matches your qualitative solution from part (a). Use
the values given in the IPython notebook and plot the trace for 5 different heights, z0.

(c) If you examine the positive and negative peaks of the voltage signal for different heights, z0, you’ll
notice that the peak separation is related to how close the charge gets to the plate as it travels. It turns
out that this relationship is linear as long as the velocity of the charge and its height are constant.
That is, rmin = vx∆t, where ∆t is the time between the positive and negative peaks. Complete the
“findPeakSeparation” function that finds these peaks and calculates ∆t. Test this function with the
example waveforms.

(d) Complete the function “findClosestApproach,” which finds the time at which the charge is closest to a
certain sensor. The function takes the time vector and the sensor signal as input and outputs the time of
closest approach to the sensor. Hint: the charge induced on the plate is greatest when the point charge
is closest to that plate.

Now, we’ll consider a small collection of plates, as shown in Figure 3. We will assume a point charge is
flying over the plates at a constant height and with a constant velocity, but that we don’t know its initial 3D
position, direction, or velocity. By examining the signals recorded by each sensor, we will determine these
parameters.

(e) Assuming the aircraft is following a straight line and its height is constant, how would you find its
direction (the angle φ )? Write an expression in terms of the sensor locations (x,y) and the time of
closest approach for each sensor, t1, t2, and t3. Note that the sensors are laid out in a right triangle on
the (x,y) coordinate plane, which makes some of the geometry a bit easier. Use the IPython notebook
to implement this expression and calculate the angle for the given signals.

(f) Calculate the velocity of the point charge using the voltage waveforms in the IPython notebook and
the expression you found from part (e).

(g) Calculate the distance of closest approach for each sensor in the IPython notebook. Use the expression
rmin = v∆t.
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Figure 3: The path of the airplane.

(h) So far, we have only determined direction and speed. We can use lateration techniques to determine
the height of the flight path. If you have determined the flight path angle correctly, you can find the
separation between sensors when they are projected onto a line that is perpendicular to the flight path,
as shown below. Using the rmins found in the last part, we can follow the lateration method from class
to determine the flight path’s height and location. Implement a function in the IPython notebook to
find the flight path height and (x,y) location at t1 (the time of closest approach for sensor 1).

4. Homework process and study group

Who else did you work with on this homework? List names and student ID’s. (In case of hw party, you can
also just describe the group.) How did you work on this homework?
Working in groups of 3-5 will earn credit for your participation grade.
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