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1. Observers
So far, we have neglected to mention how does our state-feedback derive the information about the state,
when the state is not directly measurable.

We need to construct an additional system that provides an estimate ~̂x of the state ~x using the inputs ~u and
the outputs~y. Given the system

~x(t +1) = A~x(t)+B~u(t)

~y(t) =C~x(t) .

We construct an additional system, called an observer, to estimate the state:

~̂x(t +1) = A~̂x(t)+B~u(t)−L
(
~̂y(t)−~y(t)

)
︸ ︷︷ ︸

output feedback

~̂y(t) =C~̂x(t) .

The additional output-feedback term tracks the difference between the estimated and real outputs. If the
observer outputs deviate from the real outputs, it nudges the observer closer to the real outputs. If L is
chosen the right way, the estimate quickly converges to the real state.

Subtracting the sytem from its observer, we can find a difference equation describing the error~e(t) =~̂x(t)−
~x(t):

~e(t +1) = (A−LC)~e(t)

This equation is similar to state feedback, but the order of LC vs. BF is different. To handle this difficulty
we introduce the dual system. It is a formal system—we do not care about its behavior—we just use it to
find L.

~z(t +1) = AT~z(t)+CT~v(t)

This system is controllable if the original system is observable (the controllability matrix of the dual system
is the transpose of the observability matrix of the original system).

We now find the feedback LT that places the eigenvalues of AT −CT LT where we want them to be. Then
transpose the result and get A−LC with the the same eigenvalues.

Finally, we can now write down the closed loop system with feedback and observer. The input is ~u(t) =
−F~̂x(t) =−F (~x(t)+~e(t)):

~x(t +1) = A~x(t)+B~u(t) = A~x(t)−BF (~x(t)+~e(t)) = (A−BF)~x(t)−BF~e(t)

Resulting in [
~x(t +1)
~e(t +1)

]
=

[
A−BF −BF

0 A−LC

][
~x(t)
~e(t)

]
.

In continuos time the math is the same, except for (1) we replace the ~x(t +1) by d
dt~x(t), and (2) we place

the eigenvalues so their real part is less than 0.
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We would like to model a self-propelled mass connected by a string. It is subject to the following forces:

• The spring applies a force Fs(t) =−ksx(t) (at x = 0 it does not apply any force).
• The mass is propelled a force u(t), the latest in perpertuum mobile technology. This is the only input

of the system.

The only sensor the system has is a speedometer. That is, it can measure the speed of the system accurately,
but it cannot directly measure its position.

Starting at an arbitrary position and speed, we would like to apply the correct inputs required to position the
mass at x = 0.

mSpring: Fs =−ksx

u(t)

(a) (Optional) Model the system as a linear continuous-time state-space model:

d
dt

[
x(t)
v(t)

]
= A

[
x(t)
v(t)

]
+~bu(t)

y(t) =~cT
[

x(t)
v(t)

]
Write down A,~b, and~cT .

(b) Given m = 1kg and ks = 2. Plug the values into the system.
(c) Is the system observable?
(d) Write down the equations of the observer system.
(e) Write down the equations governing the estimation error:

~e(t) =
[

e0
e1

]
.

(f) Compute an output-feedback~l that places both the eigenvalues of the system governing the estimation
error at −2.

(g) Write out the dual system of the original system.
(h) Is the dual system controllable?
(i) Write out the observer closed loop-system using~l.
(j) (Optional) Is the original system stable?
(k) (Optional) Is the original system controllable?
(l) (Optional) Derive a state-feedback ~f T that places both the eigenvalues of the closed-loop system at

−1.
(m) (Optional) Write down the equations for the closed loop system, including the feedback and observer.
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