
EECS 16B Designing Information Devices and Systems II
Spring 2017 Murat Arcak and Michel Maharbiz Homework 6

This homework is due March 8th, 2017, at 5pm.

1. Otto the Pilot
Otto has devised a control algorithm so that his plane climbs to the desired altitude by itself. However he
is having oscillatory transients as shown in the figure. Prof. Arcak told him that if his system has complex
eigenvalues

λ1,2 = v∓ jω

then his altitude would indeed oscillate with frequency ω about the steady state value, 1 km, and that the
maxima and minima of these oscillations would lie on the curves 1+ evt and 1− evt , respectively.
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(a) Find the real part v and the imaginary part ω from the altitude plot.

(b) Let the dynamical model for the altitude be

d
dt

[
y(t)
ẏ(t)

]
=

[
0 1
a1 a2

][
y(t)
ẏ(t)

]
where y(t) is the deviation of the altitude from the steady state value, ẏ(t) is the time derivative of y(t),
and a1 and a2 are constants. Using your answer to part (a), find out what a1 and a2 are.

(c) Otto can change a2 by turning a knob. Tell him what value he should pick so that he has a “critically
damped" ascent with two negative, real eigenvalues at the same location.

2. Controllability and discretization
In this problem, we will use the car model

d
dt

p(t) = v(t)

d
dt

v(t) = u(t)

that was discussed in class.
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(a) Assuming that the input u(t) can be varied continuously, is this system controllable?

(b) Now assume that we can only change our control input every T seconds. Derive a discrete-time state
space model for the state updates, assuming that the input is held constant between times t and t +T .

(c) Is the discrete-time system controllable?

3. Controllability in circuits

Consider the circuit in Figure 1, where Vs is an input we can control:

−
+ Vs

C1

+ −
V1

C2

+ −
V2

R

Figure 1: Controllability in circuits

(a) Write the state space model for this circuit.

(b) Show that this system is not controllable.

(c) Explain, in terms of circuit currents and voltages, why this system isn’t controllable. (Hint: think about
what currents/voltages of the circuit we are controlling with Vs)

(d) Draw an equivalent circuit of this system that is controllable. What quantity can you control in this
system?

4. Controllability in 2D

Consider the control of some two-dimensional linear discrete-time system

~x(k+1) = A~x(k)+Bu(k)

where A is a 2×2 real matrix and B is a 2×1 real vector.

(a) Let A =

[
a c
0 d

]
with a,c,d 6= 0, and B =

[
f
g

]
. Find a B such that the system is controllable no matter

what nonzero values a,c,d take on, and a B for which it is not controllable no matter what nonzero
values are given for a,c,d. You can use the controllability rank test, but please explain your intuition
as well.

(b) Let A =

[
a 0
0 d

]
with a,d 6= 0. and B =

[
f
g

]
with f ,g 6= 0. Is this system always controllable? If not,

find configurations of nonzero a,d, f ,g that make the system uncontrollable.

(c) We want to see if controllability is preserved under changes of coordinates. To begin with, let~z(k) =
V−1~x(k), please write out the system equation with respect to~z.

(d) Now show that controllability is preserved under change of coordinates. (Hint: use the fact that
rank(MA) = rank(A) for any invertible matrix M.)
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5. Rotation matricies

Rotation matricies are convenient tools for rotating vectors. A 2x2 rotation matrix can be represented in the
following form:

A = r
[

cos(θ) −sin(θ)
sin(θ) cos(θ)

]
Where θ is the desired rotation angle and r is a scaling factor. A rotation operation can be applied to a vector
by multiplying the vector by the rotation matrix:

~xRotated = r
[

cos(θ) −sin(θ)
sin(θ) cos(θ)

]
~x

In this homework question, we will use iPython to visualize the use of these matricies.

(a) Complete the iPython notebook, "rotation_matricies.ipynb"

(b) How does the value of r affect the eigenvalues of the rotation matrix?

(c) How does the magnitude of the rotation matrix eigenvalues affect the behavior of the corresponding
rotation operation?

Contributors:

• Murat Arcak.

• John Maidens.

• Brian Kilberg.

• Yuxun Zhou.
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