Fourier Transform (cont’d)

e More generally, Discrete Time Fourier Trans-

form (DTFT) of a sequence z(n;,ny) is given
by:

X(wi,wn) = TEa(ng,np)e 1 Me i (14)
mn

e Observations:

1. X(wq,ws) is a complex function, has a real
and imaginary part.

2. It is a continuous function of w; and ws.

3. It is doubly periodic with period 27 in w;
and Wa.

4. If z(n;, ny) is separable, so is its Fourier Trans-
form

x(ﬂl,nz) = 3?1(711)-’52(722)
X(wi,we) = Xy(w1)Xo(wo) (15)
¢ Inverse Fourier Transform:

z(ny,ny) = (2_111.‘)2.[; [ X (wy,wq)e?1™ 224, duwy
(16)
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Properties of Fourier Transform

e linearity.
ar; + bxy, — aX; + bX,
¢ Spatial Shift:
r(ny—my, ng—my) e INMTIMX (1) L)

¢ Multiplication in time corresponds to convolu-
tion in frequency domain:
c(n1, no)z(ny, ng) <
1

(2—7?)2 I X(61,602)C(w; — 61, wy — 65)d6:d6;

e Differentiation in frequency domain corresponds
to multiplication by j in the space domain:

_jnlx(nlanQ) = 3X(w13 w?)/awl

—jnoz(ny, o) < 0X (wiy,ws)/OBwo
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Properties of Fourier Transform (cont’d)

e Transposition:

z(ng,ny) =  X(wo,w)

o Reflection:
'a:(—-nl,ng) ~  X(—wi,wn)

z(ny, —nsg) X (w1, —ws)

r(—ny,—ny) < X(-wp,—ws)

)

e Complex Conjugate:

z*(n1,ny) < X*(-wl, —wy)

e Real and Imaginary Parts:

Re[z] « %[X(wl,wz) + X*(—wi, —wy)]

Imlz] « —;»[X(whwz) - X*(~w1, —w))]
%[x(m,ng) + z*(—n1, —n2)] & Re[X (w1,ws)]

L (i, ne) = o*(cny, —ng)] o Im[X (wy,wn)]

2
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Properties of Fourier Transform (cont’d)

e Parseval’s theorem:

n)Zl n}:2 z(ny, ny)w*(ny,ng) =

5 . .
(5;)2 L X (wi, w2 )W (wy, wo)dw dws

e Examples of Fourier Transform:.
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and along the w, and w. axes. One reason for the energy concentration near the
onigin is that images typically have large regions where the'imensities change slowh,
Furthermore. sharp discontinuities such as edges contribute 1o low-frequency as
well as high-frequency components. The energy concentration along the w, and
w. axes is in part due to a rectangular window used 10 obtain a finite-extent image.
‘The rectangular window creates anificial sharp discontinuities at the four bound-
anies. Discontinuities al the 1op and bottom of the image contribute energy along
the w. axis and discontinuities at the two sides contribute energy along the w, axis.
Figure 1.33 illustrates this property. Figure 1.33(2) shows an original image of
312 x 312 pixels. and Figure 1.33(b) shows |X{w,. w.){'* of the image in Figure
1.33(a). The operation ()" * has the effect of compressing large amplitudes while
expanding small amplitudes. and therefore shows LY{w,. w.)i more clearly for hicher-
frequency regions. In this particular exampie. energy concentration along ap-
proximately diagonal directions is aiso visible. This is because of the many sharp
discontinuities in the image along 2pproximately diagonal directions.  This example
shows that most of the enerpy is concentrated in a small region in the frequency
plane.

Since most of the signal energy is concentrated in a small frequency region.
an image can be reconstrucied without significant loss of quality and intelligibility
from a small fraction of the transform coefficients. Figure 1.34 shows images that
were obtained by inverse Fourier transforming the Fourier 1ransform of the image
in Figure 1.33{a) after setting most of the Fourier transform coefficiens 10 zero.
The percentages of the Fourier transform coefficients that have been presenved in

Figure 133 Example of the Fourier tramiorm magnitude of an image. {8} Original imape
Xt n-jof 812 x 512 pixels: (0) iXiw,. w-1"7, scaled such that the smailes) vaiue maps 10
the darkest level and the largest valve maps 1o the brigmest level. The operation (-1 has
the effect of compressing large amphitudes while expanding small amplitudes. and therelore
shows Xiw,. w;) more clearly for higher-frequency regions.

40 Signais, Systems, and the Fourier Transform Chap. 1



Figure 1.3  [Hostration of epergy concentration in the Fourier transform domain for a 1vpical
image. (2) Image obuained by preserving 12.4% of Founer transform coeflicients of the image
in Figure 1.33ta). All other coefficients are sct to U. (b) Same as 2y with 107 of Fourer
tansiorm coefficients presened: (c) same as (a) with 4.8%¢ of Founer transiorm coeflicients
prescrved.

Sec. 1.4  Additiona! Properties of the Fourier Transform

41



	pg1_test.pdf
	pg2_test.pdf
	pg3_test.pdf
	pg4_test.pdf
	pg5_test.pdf
	pg6_test.pdf

