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Brute Force Methods for Resonance

. o H Clamped-Clamped
Frequency Determination 110Hz Freq. Beam
Vibrating “A” |1 [Bannon 1996] Performance:
String (110 Hz) | B - - L,=40.8um
f,=8.5MHz m, ~ 1013 kg
Stiffness & *[ Quac =8,000 W,=8um, h,=2um
Tl Qg ~50 d=1000A, V=5V
Freq. Equation: Df %-‘5 I Press.=70mTorr
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Fixed-Fixed Beam Resonator Elastic Wave SeE T Gl Free-free beam umechanical resonator with non-intrusive

Radiation anchoring to the
substrate = anchor
radiation into the
substrate = lower Q

Solution: support at
| Q= 300 at 70MHz | motionless nodal points
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i Higher Order Modes for Higher Freq. i«, Flexural-Mode Beam Wave Equation
I UnBetoley " UBenksloy .
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* Derive the wave equation for transverse vibration: 2 :
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i Example: Free-Free Beam & Free-Free Beam Frequency
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imz * Substitute u = u;ei®" into the wave equation:
*u ( M)
— = 1
h ax* & @
* This is a 4™ order differential equation with solution:
* Determine the resonance frequency of the beam w{x) = afcosh kx + @ sinh fx + Fooskx + Dsinkx  (2)
* Specify the lumped parameter mechanical equivalent circuit T Giver Ha mole shape during resmance vidiefim.
. . . * Boundary Conditions:
Transform to a lumped parameter electrical equivalent
circuit Atx =D Atx={
* Start with the flexural-mode beam equation: P Pu
—_—{) — =g M = 0 {(Bending moment)
2 4 a2 ax?
ou_fElou Fu Pu an -
ot? PA ) ox? ;;-9 jij-ﬁ 2 — 0 (Shearing foree)
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i Free-Free Beam Frequency (cont) i  Higher Order Free-Free Beam Modes
[ UG Bettie ey m—————— "Allﬁiﬂfznljp.l;tzu_—.
* Applying B.C.'s, get A=C and B=D, and Nodal
] ) Mode n Points L S ¥/ /
(m_ it-n_nsl:!j (simh &f — sin kf) [} & =0 (3) Fundamental (/,) 1 2 4730 1.000
(sinh &£+ sin k¢} (cosh k£— cos &¢) || & 15t Harmonic 2 3 7.853 2157
20d Harmonic 3 4 10.9% 5.404
* Setting the determinant = O yields 3rd Harmonic 4 5 14.137 8.932
4th Harmonic 5 6 17219 13.344 <— More than
&t [ - 10x increase
cos k= —— x
M | i
* Which has roots at o d \_///—j Fundamental Mode (n=1)
&= 4730 kf = 73853 kyf= 10.996 w
Teta Ve of kol comerpord N ; . e
* Substituting (2) into (1) finally yields: 4 fa dfscrt mede f ~—> =g 1 Harmonic (n=2)
vibafion! )
g 2
P | - [E! Er Free-Free Beam
5 N hd > & 2wt ¥ pd [Frequency Equation W 1 2m Harmonic (n=3)
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& Mode Shape Expression
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* The mode shape expression can be obtained by using the
fact that A=C and B=D into (2), yielding

- ﬂ[(;)(mﬂh + oo kx) + (snh kx + ah;a:)]

* Get the amplitude ratio by expanding (3) [the matrix] and
solving, which yields
a_f._ - sin k£ — sinh k£
& coshkd— coskf

* Then just substitute the roots for each mode to get the
expression for mode shape

PN Fundamental Mode (n=1
;\\l - A ( )
N [Substitute k= 4.730 ]
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