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Lecture Outline

• Reading: Senturia, Chpt. 14, Chpt. 16, Chpt. 21
• Lecture Topics:

Gyroscopes
Gyro Circuit Modeling
Minimum Detectable Signal (MDS)

Noise
Angle Random Walk (ARW)
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Gyroscopes
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Classic Spinning Gyroscope

• A gyroscope measures rotation rate, which then gives 
orientation → very important, of course, for navigation

• Principle of operation based on conservation of momentum
• Example: classic spinning gyroscope

Rotor will preserve its angular 
momentum (i.e., will maintain 

its axis of spin) despite 
rotation of its gimbled chassis

Rotor will preserve its angular 
momentum (i.e., will maintain 

its axis of spin) despite 
rotation of its gimbled chassis
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Vibratory Gyroscopes
• Generate momentum by vibrating structures
• Again, conservation of momentum leads to mechanisms for 
measuring rotation rate and orientation

• Example: vibrating mass in a rotating frame
Mass at rest

y-displaced mass

Driven into 
vibration 
along the 
y-axis

Capacitance 
between mass and 
frame = constant

Rotate 
30o

C(t1)

C(t2)

C(t)

x

y

x′

y′

x′

y′
Get an x′
component 
of motion

C(t2) > C(t1)
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Principle of Operation
• Tuning Fork Gyroscope:

Input
Rotation

Driven
Vibration

@ fo

Coriolis
(Sense)

Response

Coriolis
Torque

z

z

x
y

vrcar

Ω
r

Basic Vibratory Gyroscope Operation
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Principle of Operation
• Tuning Fork Gyroscope:

Input
Rotation

Driven
Vibration

@ fo

Coriolis
(Sense)

Response

Coriolis
Torque

z

ω

A
m

pl
itu

de

fo (@ T1)

Sense
Response

Drive
Response

Drive/Sense Response Spectra:

z

x
y
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2
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Coriolis
Acceleration

Driven 
Velocity

Rotation 
Rate

Coriolis
Displacement

Coriolis
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Beam 
Stiffness

Beam 
Mass

Sense 
Frequency

ca
r

Ω
r

Basic Vibratory Gyroscope Operation
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Principle of Operation
• Tuning Fork Gyroscope:

Input
Rotation

Driven
Vibration

@ fo

Coriolis
(Sense)

Response

Coriolis
Torque

z

z

x
y
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rrr
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r
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Beam 
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Sense 
Frequency
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Ω
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Vibratory Gyroscope Performance

• To maximize the output signal x, 
need:

Large sense-axis mass
Small sense-axis stiffness
(Above together mean low 
resonance frequency)
Large drive amplitude for large 
driven velocity (so use comb-
drive)
If can match drive freq. to 
sense freq., then can amplify 
output by Q times
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MEMS-Based Gyroscopes
Vibrating Ring GyroscopeVibrating Ring Gyroscope

[[NajafiNajafi, Michigan], Michigan]

Laser
Polarizer

Rb/Xe Cell

Photodiode3.2 mm

1 mm

1 mm
tθ&

Tuning Fork Gyroscope Tuning Fork Gyroscope 
[Draper Labs.][Draper Labs.]

Tuning Fork Gyroscope Tuning Fork Gyroscope 
[[AyaziAyazi, GA Tech.], GA Tech.]

Nuclear 
Magnetic 
Resonance 

Gyro [NIST]
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Sense 
Electrodes

Drive 
Electrode

Tuning 
Electrodes

Tuning 
Electrodes

Quadrature Cancellation 
Electrodes

Drive 
Electrode

Sense

Sense 
Electrodes

Drive Mode

Sense Mode

• In-plane drive and sense modes pick up 
z-axis rotations

•Mode-matching for maximum output 
sensitivity

• From [Zaman, Ayazi, et al, MEMS’06]

MEMS-Based Tuning Fork Gyroscope
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Sense 
Electrodes

Tuning 
Electrodes

Sense 
Electrodes

Tuning 
Electrodes

Drive 
Electrode

zΩ
r

Drive

Sense

[Zaman, Ayazi, et al, MEMS’06]

Drive Voltage 
Signal

(-) Sense 
Output 
Current

(+) Sense 
Output 
Current

Drive 
Oscillation 
Sustaining 
Amplifier

Differential 
TransR
Sense 

Amplifier

MEMS-Based Tuning Fork Gyroscope
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• Drive and sense axes must be stable or at least track one 
another to avoid output drift

Sense 
Electrodes

Drive 
Electrode

Tuning 
Electrodes

Tuning 
Electrodes

Quadrature Cancellation 
Electrodes

Drive 
Electrode

ω

A
m

pl
itu

de

Drive
Response

T1

T2

fo (@ T1) fo (@ T2)

Problem: if drive 
frequency changes 
relative to sense 
frequency, output 

changes bias drift

Problem: if drive 
frequency changes 
relative to sense 
frequency, output 

changes bias drift

Drive

Sense

Need: small or matched drive 
and sense axis temperature 

coefficients to suppress drift

Need: small or matched drive 
and sense axis temperature 

coefficients to suppress drift

Sense
Response

Sense 
Electrodes

MEMS-Based Tuning Fork Gyroscope
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Mode Matching for Higher Resolution
• For higher resolution, can try to match drive and sense axis 
resonance frequencies and benefit from Q amplification

Sense 
Electrodes

Drive 
Electrode

Tuning 
Electrodes

Tuning 
Electrodes

Quadrature Cancellation 
Electrodes

Drive 
Electrode

ω

A
m

pl
itu

de
Drive

Response

T1

T2

fo (@ T1) fo (@ T2)

Problem: mismatch 
between drive and 

sense frequencies 
even larger drift!

Problem: mismatch 
between drive and 

sense frequencies 
even larger drift!

Drive

Sense

Need: small or matched drive 
and sense axis temperature 

coefficients to make this work

Need: small or matched drive 
and sense axis temperature 

coefficients to make this work

Sense
Response
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Issue: Zero Rate Bias Error
• Imbalances in the system can lead to zero rate bias error

Drive imbalance 
off-axis motion 

of the proof mass

Drive imbalance 
off-axis motion 

of the proof mass

Output signal in 
phase with the 

Coriolis acceleration

Output signal in 
phase with the 

Coriolis acceleration

Sense 
Electrodes

Drive 
Electrode

Tuning 
Electrodes

Sense 
Electrodes

Tuning 
Electrodes

Quadrature Cancellation 
Electrodes

Quadrature Cancellation 
Electrodes

Mass imbalance 
off-axis motion 

of the proof mass

Mass imbalance 
off-axis motion 

of the proof mass

Quadrature output 
signal that can be 
confused with the 

Coriolis acceleration

Quadrature output 
signal that can be 
confused with the 

Coriolis acceleration

Drive 
Electrode
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Nuclear Magnetic Res. Gyroscope
• The ultimate in miniaturized spinning gyroscopes?

from CSAC, we may now have the technology to do this

Atoms Aligned
Nuclear Spins

0º

-20º

20º

0º

-20º

20º

Laser
Polarizer

Rb/Xe Cell

Photodiode

3.2 mm

1 mm

1 mm
tθ&

Soln: Spin polarize Xe129 nuclei by 
first polarizing e- of Rb87 (a la 

CSAC), then allowing spin exchange

Soln: Spin polarize Xe129 nuclei by 
first polarizing e- of Rb87 (a la 

CSAC), then allowing spin exchange

Better if this is a noble gas nucleus 
(rather than e-), since nuclei are 

heavier less susceptible to B field

Better if this is a noble gas nucleus 
(rather than e-), since nuclei are 

heavier less susceptible to B field

Challenge: suppressing 
the effects of B field

Challenge: suppressing 
the effects of B field
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Sense 
Electrodes

Tuning 
Electrodes

Sense 
Electrodes

Tuning 
Electrodes

Drive 
Electrode

zΩ
r

Drive

Sense

[Zaman, Ayazi, et al, MEMS’06]

Drive Voltage 
Signal

(-) Sense 
Output 
Current

(+) Sense 
Output 
Current

Drive 
Oscillation 
Sustaining 
Amplifier

Differential 
TransR
Sense 

Amplifier

MEMS-Based Tuning Fork Gyroscope
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Determining Sensor Resolution
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MEMS-Based Tuning Fork Gyroscope
Sense 

Electrodes

Tuning 
Electrodes

Sense 
Electrodes

Tuning 
Electrodes

Drive 
Electrode

zΩ
r

Drive

Sense

[Zaman, Ayazi, et al, MEMS’06]

Drive Voltage 
Signal

(-) Sense 
Output 
Current

(+) Sense 
Output 
Current

Drive 
Oscillation 
Sustaining 
Amplifier

Differential 
TransR
Sense 

Amplifier
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Drive Axis Equivalent Circuit

Drive 
Voltage 
Signal

ηe:1
cxlx rx

Co1

1:ηe

Co2

io iixd

Drive 
Oscillation 
Sustaining 
Amplifier

To Sense Amplifier 
(for synchronization)

180o

180o

• Generates drive displacement 
velocity xd to which the Coriolis
force is proportional
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Drive-to-Sense Transfer Function

Drive Mode

Sense Mode

ddd xx ω=&

sss xx ω=&

sx&

dx&

ω

A
m

pl
itu

de

fo (@ T1)

Sense
Response

Drive
Response

Drive/Sense Response Spectra:

Driven 
Velocity

Sense 
Velocity

Ω
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Gyro Readout Equivalent Circuit
(for a single tine)

ηe:1
cxlx rx

Cp

x 0v
-

+

2
xrf

2
iav

2
iai

2
fi

Rfio

Noise Sources

Gyro Sense Element 
Output Circuit

Signal Conditioning Circuit 
(Transresistance Amplifier)

• Easiest to analyze if all noise sources are summed at a 
common node

Fc

)2( Ω×⋅==
rr

&
rr

dcc xmamF
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Minimum Detectable Signal (MDS)

•Minimum Detectable Signal (MDS): Input signal level when 
the signal-to-noise ratio (SNR) is equal to unity

• The sensor scale factor is governed by the sensor type
• The effect of noise is best determined via analysis of the 
equivalent circuit for the system

Sensor 
Scale 
Factor

Sensed 
Signal

Circuit 
Gain

Sensor 
Noise

Circuit 
Output 
Noise

Sensor Signal Conditioning 
Circuit

Output

Includes 
desired 
output 
plus 
noise



12

EE 247B/ME 218: Introduction to MEMS Design
Module 15: Gyros, Noise & MDS

CTN 4/24/14

Copyright © 2014 Regents of the University of California

EE C245: Introduction to MEMS Design LecM 15 C. Nguyen  11/18/08  23

Move Noise Sources to a Common Point

•Move noise sources so that all sum at the input to the 
amplifier circuit (i.e., at the output of the sense element)

• Then, can compare the output of the sensed signal directly 
to the noise at this node to get the MDS

Sensor 
Scale 
Factor

Sensed 
Signal

Circuit 
Gain

Sensor 
Noise

Circuit 
Input-

Referred 
Noise

Sensor
Signal Conditioning 

Circuit

Output

Includes 
desired 
output 
plus 
noise

EE C245: Introduction to MEMS Design LecM 15 C. Nguyen  11/18/08  24

Gyro Readout Equivalent Circuit
(for a single tine)

ηe:1
cxlx rx

Cp

x 0v
-

+

2
xrf

2
iav

2
iai

2
fi

Rfio

Noise Sources

Gyro Sense Element 
Output Circuit

Signal Conditioning Circuit 
(Transresistance Amplifier)

• Easiest to analyze if all noise sources are summed at a 
common node

Fc

)2( Ω×⋅==
rr

&
rr

dcc xmamF
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ηe:1
cxlx rx

Cp
Fc

x 0v
-

+

2
xrf

2
eqv

2
eqi

Rfio

Noise 
Sources

Gyro Sense Element 
Output Circuit

Signal Conditioning Circuit 
(Transresistance Amplifier)

• Here,    and    are equivalent input-referred voltage and 
current noise sources

)2( Ω×⋅==
rr

&
rr

dcc xmamF
Noiseless

2
eqv 2

eqi

Gyro Readout Equivalent Circuit
(for a single tine)
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Noise
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Noise

•Noise: Random fluctuation 
of a given parameter I(t)

• In addition, a noise 
waveform has a zero 
average value

Avg. value 
(e.g. could be 
DC current)

ID

I(t)

t

•We can’t handle noise at instantaneous times
• But we can handle some of the averaged effects of random 
fluctuations by giving noise a power spectral density 
representation

• Thus, represent noise by its mean-square value:

( ) ∫ −=−=
∞→

T
DTD dtII

T
IIi

0

222 1lim

DItIti −= )()(Let

Then
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Noise Spectral Density

•We can plot the spectral density of this mean-square value:

f
i
Δ

2

[units2/Hz]

One-sided spectral density
→ used in circuits
→ measured by spectrum 

analyzers

Two-sided spectral density 
(1/2 the one-sided)

Often used in 
systems courses

2i = integrated mean-square 
noise spectral density over 
all frequencies (area under 
the curve)
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Circuit Noise Calculations

• Deterministic:

• Random:

Inputs Outputs

)( ωjH
)( ωjvi

)(ωiS )(ωoS

)( ωjvo

Linear
Time-Invariant 

System

Deterministic

Random

)(tvo

t

)( ωjvo

ω

oω
π2

ωο

⇔

)(tSo

t

)( ωjSo

ωωο

⇔

Mean square spectral density

)()()( ωωω jvjHjv io =

[ ] )()()()()()( 2* ωωωωωω iio SjHSjHjHS ==

)()()( ωωω io SjHS =

Root mean square amplitudes

How is it we 
can do this?
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Handling Noise Deterministically
• Can do this for noise in a tiny bandwidth (e.g., 1 Hz)

)(tvo

t

tA oωcos

)( ωjSn

ωωο

B
i

o

S
S

ωo ω

B
1~τ

Why? Neither the amplitude 
nor the phase of a signal 
can change appreciably 

within a time period 1/B.

[This is actually the principle by 
which oscillators work →

oscillators are just noise going 
through a tiny bandwidth filter]

)(1

2
1 fS
f

vn =
Δ

ωωο

BfSvn ⋅= )(11
Can approximate this 
by a sinusoidal voltage 
generator (especially 

for small B, say 1 Hz)B
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Systematic Noise Calculation Procedure

• Assume noise sources are uncorrelated

1. For    , replace w/ a deterministic source of value

2
1ni

2
2nv

2
4ni 2

6nv

2
5ni2

3nv
2
onv

)(1 ωjH

)(2 ωjH
)(5 ωjH

General Circuit 
With Several 
Noise Sources

2
1ni

Hz) 1(
2
1

1 ⋅
Δ

=
f

ii n
n
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Systematic Noise Calculation Procedure

2. Calculate                             (treating it like a 
deterministic signal)

3. Determine 

4. Repeat for each noise source:      ,    ,

5. Add noise power (mean square values) 

)()()( 11 ωωω jHiv non =

22
1

2
1 )( ωjHiv non ⋅=

2
1ni

2
2nv 2

3nv

L++++= 2
4

2
3

2
2

2
1

2
onononononTOT vvvvv

L++++= 2
4

2
3

2
2

2
1 onononononTOT vvvvv

Total rms value
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Determining Sensor Resolution
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Example: Gyro MDS Calculation

• The gyro sense presents a large effective source impedance 
Currents are the important variable; voltages are 
“opened” out
Must compare io with the total current noise ieqTOT going 
into the amplifier circuit

ηe:1
cxlx rx

Cp
Fc

0v
-

+

2
xrf

2
eqv

2
eqi

Rfio

)2( Ω×⋅==
rr

&
rr

dcc xmamF

Noiseless

sx&
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Example: Gyro MDS Calculation (cont)

• First, find the rotation to io transfer function:

ηe:1
cxlx rx

Cp
Fc

0v
-

+

2
xrf

2
eqv

2
eqi

Rfio

)2( Ω×⋅==
rr

&
rr

dcc xmamF

Noiseless

sx&
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Example: Gyro MDS Calculation (cont)
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Example: Gyro MDS Calculation (cont)

•Now, find the ieqTOT entering the amplifier input:

ηe:1
cxlx rx

Cp
Fc

0v
-

+

2
xrf

2
eqv

2
eqi

Rfio

)2( Ω×⋅==
rr

&
rr

dcc xmamF

Noiseless

sx&
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Example: Gyro MDS Calculation (cont)
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LF356 Op Amp Data Sheet
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Example ARW Calculation

• Example Design:
Sensor Element:
m = (100μm)(100μm)(20μm)(2300kg/m3) = 4.6x10-10kg
ωs = 2π(15kHz)
ωd = 2π(10kHz)
ks = ωs

2m = 4.09 N/m
xd = 20 μm
Qs = 50,000
VP = 5V
h = 20 μm
d = 1 μm

Sensing Circuitry:
Rf = 100kΩ
iia = 0.01 pA/√Hz
via = 12 nV/√Hz

Sense 
Electrodes

Tuning 
Electrodes

Sense 
Electrodes

Tuning 
Electrodes

Drive 
Electrode

zΩ
r

Drive

Sense
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Example ARW Calculation (cont)
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Example ARW Calculation (cont)
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What if ωd = ωs?


