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* Reading: Senturia, Chpt. 10: §10.5, Chpt. 19

* Lecture Topics:
% Estimating Resonance Frequency
% Lumped Mass-Spring Approximation
% ADXL-50 Resonance Frequency
% Distributed Mass & Stiffness
% Folded-Beam Resonator
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Estimating Resonance Frequency

C. Mguyen 11/4/03
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_— Clamped-Clamped Beam pResonator
UG, Bethele)

Resonator Beam

Q ~10,000

/ i Voltage- ;

= to-F L
Sinusoidal C:pa:i;?vee Sinusoidal
Excitation

Transducer Forcing Function

v; =V, cos|a,t] — f; =F, cos[m,t]
* o % o, small amplitude
* © = ®,; maximum amplitude = beam reaches its maximum
potential and kinetic energies
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UCBerkeley
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Assume simple harmonic motion:

* Potential Energy:

* Kinetic Energy:
|

EE €245 Trithedbotion teo MEWS Design LtelW 10

Estimating Resonance Frequency

?rﬁm_. x(t) = x,cos(wt)
“ooml

W(t)= %kx‘-’ (1) = %ng cos? (o)

K(t)= EMx‘Z(f) = é Mx * @ sin* ()

C. Mguyen 11/4/03

w  Estimating Resonance Frequency (cont)
" UCiBerkeley
* Energy must be conserved:
% Potential Energy + Kinetic Energy = Total Energy
% Must be true at every point on the mechanical structure
Occurs at peak Occurs when the beam moves
displacement through zero displacement
N 1, . ¥ 1
2 22
/7 max =§h{: =gmax =§M{ﬂ x{:
Maximt:lm j T I
Potential  gitfness Maximum Radian
Energy Kinetic Mass Frequenc
Displacement Energy quency
Amplitude
* Solving, we obtain for k
resonance frequency: w=,—
M
B C2450: Trrediction to MEWS Desigr Ll 10 C. Nguyen 11/4/03
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ﬁa Example: ADXL-50
["UcBerkeley

The proof mass of the ADXL-50 is many times larger than

the effective mass of its suspension beams
% Can ignore the mass of the suspension beams (which

greatly simplifies the analysis)
* Suspension Beam: L = 260 ym, h = 2.3 ym, W = 2 pm

Fethegz with

{ixew ems, T
Applied

- ‘l"‘t - Ageslgration

Fixed Gapacifor Plafes:

Proof Mass

Sense Finger

Suspension Beam

o) in Tension
EE (Z4EI-I.‘ Iritrendlotion 1: MEMNS Dizsigr LetW 10 C. Nguyen 11/4/03 7
& Lumped Spring-Mass Approximation

I

D [

Mass is dominated by the proof mass

% 60% of mass from sense fingers

% Mass = M = 162 ng (nano-grams)

* Suspension: four tensioned beams

% Include both bending and stretching terms [A.P. Pisano,
BSAC Inertial Sensor Short Courses, 1995-1998]

° t=)

Fi4
- T
Bending compliance k-1
g ComPIance & ' FlA
Stretching compliance k' -
EE 245 Intredlction to MEWS Diesign LteldW 10 C. Nguyen 11/4/03
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ADXL-50 Suspension Model
BIEEHEIEE e
Bending contribution:

= ‘53), .

i

(L/2y
3E{(WhH /12)

f;.,*={l/)i’¢+llkf}=2[ ] L =4.2um/ uN

T EWE

* Stretching contribution:
~ L
k,'=L/S= =1.14pm/ uN
* o, Wh Hm e .S
ﬂww
S o _ . - g)
F,=Ssing = S(L)- ()
* Total spring constant: add bending to stretching

(sive Heqy are in pawm () kst
=4k, +£ )=4024+088)=45uN/um

EE 245 Introdbotion to MEMNS Dizsigr LetW 10 C. Nguyen 11/4/03 9

ADXL-50 Resonance Frequency

r

CBetkeley

o &

Using a lumped mass-spring approximation:

1 [k 1 | 448N/m
= | —=— [ =265kHz
4 zzr’e/; z:rJ 162x10 2 kg

* On the ADXL-50 Data Sheet: f, = 24 kHz

% Why the 10% difference?

% Well, it's approximate ... plus ...

% Above analysis does not include the frequency-pulling
effect of the DC bias voltage across the plate sense
fingers and stationary sense fingers .. something we'll
cover later on ..

EEC €245 Trthendotion Yo MEWS Disign LetM 10 C. Nguyen 11/4/03 10
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U R

,H? Distributed Mechanical Structures
r"u@» ol

Vibrating structure displacement function:

j y(x,£) = p(x)cos(wr) F

Maximum displacement funchon y(x)
(i.e., mode shape function)
Seen when velocity y(x,t) = O

* Procedure for determining resonance frequency:
% Use the static displacement of the structure as a trial

function and find the strain energy ‘W, . at the point of
maximum dlsplacemen'r (e.g., when t=0, /o, ..)

% Determine the maximum kinetic energy when the beam is

at zero displacement (e.g., when it experiences its
maximum velocity)

%Equa're energies and solve for frequency

EE €245 Trithedbotion to MENS Di

telW 10 C. Mguyen 11/4/03 11

ﬁ-, Maximum Kinetic Energy
g

o

rkele=

'Dsplacemen'r y(X,1) = J(X)cos[wt]

: Oy(%1) _
* Vel V(X )=
elocity: V(X,t)= p
* At times t = 1/(2w), 3n/(20), ..

—ay(X)sin[wt]

y(x,t)=0
LTI

Y
Velocity topographical mapping

% The displacement of the structure is y(x,t) =

% The velocn'ry is maximum and all of the ener'gy in the
structure is kinetic (since ‘W=0):

v(x (2n +1) 7/ 2w)) = —aY(X)

&2 Irtreatbotion to MENS Di

N |

LedMW 10 C. Nguyen 11/4/G3 12
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& Maximum Kinetic Energy (cont)
L] e e [ e =
* At times t = 1/(2w0), 37/(2w), ..

y(x,t)=0
|

W Velocity: V(X,(2n+1)7/(2w)) = —9(X)
jy dK = %-dm Tv(x, )]
—Jex}— dm = p(Wh-dx)

* Maximum kinetic energy:

L, L
l— > £ -1 T oy
K_. = '!E PWhdxv=(x,t") =‘!:§ pWha vy~ (x)dx

EE G245 Tntrediction to NENS Desigr Lt 10 C. Mguyien 11/4/08 =
o The Raleigh-Ritz Method
UL

* Equate the maximum potential and maximum kinetic energies:
il

Koo =[5 P00 5 () =W,
0

* Rearranging yields for resonance frequency:

o = resonance frequency

W,..x = maximum potential
W;nax epergy
W= |7 1 p = density of the structural
n2 material
J' 5 PHhY (x)dx W = beam width
o h = beam thickness
y(x) = resonance mode shape
EE €245 Intredhation Yo MNENS Desigy LedMW 10 C. Nguyen 11/4/G3 14
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Example: Folded-Beam Resonator

"ﬁ'?“- -
U

UG Berkeley

Folded-beam  §” * Derive an expression for the
suspension x resonance frequency of the

folded-beam structure at left.

W
L Use Rayleigh-Rife method.

| KE max = PE mox

Shuttle w/ Kinefic E‘nevgy-
mass M, KEmgs = FE_S- + EE}, + ICE,,

d’“’me ‘I'NIJ bearns
TOH UM+ 3 (am,

Folding
Ma.cr of bo#, C‘Q—/
truss w/ Hust inke grate sine. He

mass M,\2
Mncho ) beam ve{aafy is a functin,
" h = thickness of location y !
EE €245: Introduction fo MEMS Design LecM 10 C. Nguyen 11/4/08 15

Get Kinetic Energies

s

=]

I’

[' Betkeley
Folded-beam I' VelocHy of the shuthle: Ni= (o Xo

SUSPCHSIO"

"' w kg SAEH;

\/e'bcﬂyo{-ﬂ-e’l"w.r N‘; _2\,:

'vax
=1 Bhuttle w/ " KEg= % (,L(‘),X,,YM.(_

M
mass B Veloty of Ha beam J'egmeviﬁ'
= assume Ho mele shape (s He Sawe as
Ho sttic displocewont shape

= Por Jegmen’r AB:

Q=

Folding
truss w/

Anchor |1 - thickness

EE €245: Introduction to MEMS Design LecM 10 C. Nguyen 11/4/08

mass M,\2 ’163!“{?&1 (ZL? —29’) 0<y<L 0)

16
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P Folded-Beam Suspension
U

[ UCBerkeley

xyz Folding Truss

'1(!31
Gare: ty> Xins0) =0
£

0y s :—£‘
Gomiyle Byele): oo L

EE €245: Introduction to MEMS Design LecM 10 C. Nguyen 11/4/08 17
i Get Kinetic Energies (cont)
I UGBetkeley,

¥ Xo F’*"-B
Folded-beam Ahf).-' 0 L ijgr‘a
suspension z . Sub :-H-fw‘w’na o ():
e A X, 2 3
Py ¥ Reay: 2 3(4-2(4)]

L thich yiels £ velocH'\,

| Wl S22 Lo

«!. Shuttle w/
mass M,

H‘g&'ﬁg np e «Pmﬁlﬁ'ﬁ- KEb-

Keguy* £ [ 88 [2(4F-2() ot

._ | Stehc mas —— }
L1 | { e 2
| : Folding of beam = X_"_‘J_"_—["—"]S [3(?_')1-2(%)3]:!3
truss w/  [AB) SL °
mass M;\2
- 13 2.2
Anchor | - thickness KEV‘B'] Y T Koo M(Aﬂ]
EE €245: Introduction to MEMS Design LecM 10 C. Nguyen 11/4/08 18

Copyright @2015 Regents of the University of California 9



EE247B/ME218: Introduction to MEMS Design
Module 10: Resonance Frequency

Get Kinetic Energies (cont)

Folded-beam
suspension

For }Eap\eﬂ,’ e ,
Gl g * X1 38 (B
Thw.-
2, 2 L
g ored |, [ 2efs(e]4

. &3 2 2 Szhe
K€ e 550 Xo W, M[c,j mag of

Lef Hy 2 bl mes of Ho Pbeams.

Shuttle w/
mass M,

Then:
Meas = Meeny = é‘”b
Ths: .

Folding KEG: YKEgpg) +YEKier) = 35 XowiM,
truss w/ and
mass M,\2 2 2(L s
Anchor | = thickness Kemer® Xo'os [z st M, 35 ML]

EE €245: Introduction fo MEMS Design LecM 10 C. Nguyen 11/4/08 19

%ﬁ'ﬂ

" UGBerkeley
Folded-beam d
suspension z

< ——

W
' L

Get Potential Energy & Frequency

PEmax is simphy Yo cdort dore Jo achieve
maximum deflecion: = ke

PE"mx ® % k’)‘ )(07-
Thw’, uﬁnj Ra’ey\- Ritz:

i KEMGag PEM@X ‘[“kc
2(L L pn). L
<. Shuttle w/ %% {2 ot $Mes 35 nl- k"%
1  mass M,
N
2 c
Gy ¢ " }
€4
Folding whero Meg™ Hst M+ 35 My
truss w/
mass M,\2 ( Resmane Fr%w(v ot a )
Anchor h = thickness Folded -8eam Su:pmJeJ Shethe
EE €245: Introduction to MEMS Design LecM 10 C. Nguyen 11/4/08 20
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[ UG BetHe I
Brute Force Methods for Resonance
Frequency Determination
EE €245: Introduction to MEMS Design LecM 10 C. Nguyen 11/4/08 21

&%  Basic Concept: Scaling Guitar Strings

[UCBerkeley

pMechanical Resonator

Metallized
Electrode

_Guitar String

Y

Anchor
Polysilicon
Clamped-Clamped

Vib. Amplitude

110 Hz  Fregq. Beam

Vibrating “A” [Bannon 1996] Performance:
String (110 Hz) N . . L,=40.8um
: f,=8.5MHz m, ~ 103 kg
Stiffness [@ *[ Quac =8,000 -Sum h,=2pm
~ E-w L Qair ~50 d= 1000A Vo =5V
Freg. Equation: Pl £ . | Press.=70mTorr

|
/ ’ 27z mr 25

Freq.
EE C245: Introduction to MEMS Design Mass LS

L L L L L L
B48 B4% B8.50 851 8.52 853
Frequency [MHz] 22
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- Anchor Losses
["UCBerkeley
Fixed-Fixed Beam Resonator Elastic Wave Problem: direct

Radiation anchoring to the
substrate = anchor
radiation into the
substrate = lower Q

&

Ancho

Anchor -

Solution: support at

| Q= 300 at 70MHz | motionless nodal points
= isolate resonator

from anchors = less

energy loss = higher Q

Free-Free Beam Resonator
upporting Beams

Q= 15,000 at 92MHz |

EE C245: Introduction to MEMS Design LecM 10

C. Nguyen 11/4/08 23

i 92 MHz Free-Free Beam pResonator
- UCBerkeley

* Free-free beam pumechanical resonator with non-intrusive
supports = reduce anchor dissipation = higher Q
Flexural-Mode

Tk
~ dam »
131um 5 1ii Arnchor

Ground Plans and
Sense Electrods

[ Deslan/Performance:
L,=13.1pm, W,=6um
h=2um, d=1000A
Vp=28-76V, W,=2.8um

[gal

92.25 MHz
0 =7450

'll'ﬂ'llmh‘ﬂﬂl'l
g

g ¢ ¢

f,~92.25MHz
Q-7,450 @ 10mTomw
[Wang, Yu, Nguyen 1998] wm wa wm wa we
EE C245: Infrongion T; ME’AS Design LecM 1u o, Nguyerf"mmo 24
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[

=  Higher Order Modes for Higher Freq.
["UcBerkeley

2" Mode Free-Free Beam 3"d Mode Free Free Beam

Distinct Mode
«— Shapes \
-57

et

180
1 135

o -60 lgg =
‘Electr = 3
i g 63 | 1 45 Y
-— [
® {0 =
o =
g 66 145 8
2 P
S 69 | 19 &

- {135

72 Q = 11,500 180

Anchor s’ Support Beam 101.31 10134 101.37  101.40
Frequency [MHz]
EE C245: Introduction to MEMS Design LecM 10 C. Nguyen 11/4/08 25

-

Flexural-Mode Beam Wave Equation

it

i z U «—Transverse Displacement pAdx 5= ma
|

W = width
A ! v (

L__
| x

| T 3
;L“d\r L h "hwack"u_ : d ' F+&dx
[ ' (Hogefirad
* Derive the wave equation for transverse vibration:
Dynamic Eguilibruim Condtitin foe Forcas in Ho y-dvechian: /4754 oheo e
?
Fr(Fs - phaxSh = o (U __ neglock e I den
ond Mo momand equilbrium condiinn: - Fibu + 3—:"-44 <6 (2
Cam&;""g 0 ¢ @):
Y] 2 k3 2 2
IM :_foau _ %(_EI$)=_rA%_, 3_!1¢=(E)9"h

M

et 3T ¢ 3 VES
2 (4 . 3,"2.7 <Wh3
(s -f— ne-ee 53] Lo

EE €245: Introduction to MEMS Design LecM 10 C. Nguyen 11/4/08

- UCBerkeley :
Fu & Merfiod agfion

; ‘?/FTml\szﬁﬁ

WSt ded

26
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P Example: Free-Free Beam
[ UC;Berkeley
uz
."'-s.,__ F-F ) - - W =
_"___'t_.‘j .‘-"T-.._ -h-':,'.-ﬁ,‘h: _ I A Th
= ¢ -

* Determine the resonance frequency of the beam

* Specify the lumped parameter mechanical equivalent circuit

* Transform to a lumped parameter electrical equivalent
circuit

* Start with the flexural-mode beam equation:

o’u _( El\o'u
otr  \ pA)ox?

EE €245: Introduction to MEMS Design LecM 10 C. Nguyen 11/4/08 27

Free-Free Beam Frequency

B ————————— A A
* Substitute u = u,ei*’ into the wave equation:

_l_
"

£ (o2t

* This is a 4™ order differential equation with solution:

u(x) = af cosh kx + @ sinh kx + Feoskx + Psinkx (2)
T Giver Yo make 4')'0|w duting resarance vibafim .
* Boundary Conditions:

Atx =0 Atx=¢

Pu
_&*‘-n : = {) M = 0 (Bending moment)
Pu # _ M_ ing |
= w oy~ O (Shearing foree)

EE €245: Introduction to MEMS Design LecM 10 C. Nguyen 11/4/08 28
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o Free-Free Beam Frequency (cont)

[ UG Bereley ———————————
* Applying B.C.'s, get A=C and B=D, and

{cosh k¢— cos k¢)  (sinh k&— sin ké) "']-o 3)
(sish kf+ sink4)  (oosh kf— coskf) || &

* Setting the determinant = O yields

1
cas ké= cosh k¢
* Which has roots at
k= 4730 kol = 7853 kol = 10.996
~ s vebuse of kil comerpord
* Substituting (2) into (1) finally yields: o ia &t medes of
vibrafion!

: 2
pd ’ E! EI Free-Free Beam
K= vﬁzﬂ’ — |f=- (1_ . _M |:Frequency Equaﬁon:|

EE €245: Introduction to MEMS Design LecM 10 C. Nguyen 11/4/08 29

Higher Order Free-Free Beam Modes

.}
gy
ki
ry

" UgBerkeley
Nodal

Mode n Points ke o

Fundamental ( f}) 1 2 4.730 1.000

1st Harmonic 2 3 7.853 2.757

Mﬂarmom.: 3 4 10.996 5.404

4 m'c p 3 14.137 8932

4th Harmoni 5 6 17.219 13.344 «<— More than

10x increase

Fundamental Mode (n=1)

{2)
x,
Mw/'\—\( 1st Harmonic (n=2)
{h}

Nﬂ T 1 nd i =
e o 2nrd Harmonic (n=3)
EE C245: Introduction to MEMS Design LecM 10 C. Nguyen 11/4/08 30
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Mode Shape Expression

"

* The mode shape expression can be obtained by using the
fact that A=C and B=D into (2), yielding

#,-ﬂ[(%)(m&x + 008 kx) + (sinh x + am::)]

* Get the amplitude ratio by expanding (3) [the matrix] and
solving, which yields

* Then just substitute the roots for each mode to get the
expression for mode shape

Fundamental Mode (n=1)
[Substitute k= 4.730 ]

EE €245: Introduction to MEMS Design LecM 10 C. Nguyen 11/4/08

;&ﬁ@rkelﬂy—

31

Copyright @2015 Regents of the University of California

CTN 3/12/15

16



