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A

& Lecture Outline
T 1B 1 .

* Reading: Senturia, Chpt. 5

* Lecture Topics:
% Lumped Mass
% Lumped Stiffness
% Lumped Damping
% Lumped Mechanical Equivalent Circuits
% Electromechanical Analogies
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Lumped Parameter Mechanical
Equivalent Circuit
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& Equivalent Dynamic Mass

" UGBerkeley

* Once the mode shape is f;f’- —i-
known, the lumped
parameter equivalent
circuit can then be
specified L
* Determine the equivalent
mass at a specific location
x using knowledge of
kinetic energy and velocity

y
-4
X
Al

" Location x

. o . Density
Maximum Kinetic Energy °

Lp e
Equivalent Mass = M, = in - 0“:2\

X
Maximum Velocity @ location x - Maximum Velocity Function
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i Equivalent Dynamic Mass

UCBetkeley

* For the folded-beam structure, we've already determined
the maximum kinetic energy

* And in our resonance frequency analysis, we've already
determined expressions for velocity
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% Equivalen‘r Dynamic Stiffness & Damping
UG B 1 .,

* Stiffness then follows directly from knowledge of mass and
resonance frequency

lavgp €quiv. miiss ¢
o Ws !
“ j%— - ﬂ(e @ e(t(ﬂ leege tifres g
hawl-in-hord

* And damping also follows readily from knowledge of Q or
other loss measurands

Q- Wl gq HT{“‘) w.;”q(ﬂ |g _Pfgx) (

t a(aum?'

* With mass, stiffness, and damping = lumped parameter
equivalent circuit
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ﬁ Get Potential Energy & Frequency

UCBetkeley

Folded-beam Q 0ok Keqgetrussy = 19.2 N/m
uspensuonéO/"' KMeq(mss) = 8.64x10-!1 kg

7\

rswris

Ceq(fruss) = 4.08’(10_10 kg/s

kei = ”Qi s Ce{ =N
'2“ ass Ms Keq(shuﬂle) = 4.8 N/m

1 A-eaitl,w/wn’“ M (ehuttiey = 2.16x10711 kg
: 2 \\

h = thickness -2 - 10

= thickness =2um Ceqshuttiey = 1.02x10-10 kg/s
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1. Shuttle w/

Folding
truss w/
mass M\2

Anchor

Tﬂ Electromechanical Analogies
" UGBerkeley

DLInLIL

) keq Cunevrf dw:?e D
/ _F{;(’J > Ix Cx

m, v

q
— Xt
(o

eq

o3
Ve \/D”'&gg =

FEO: Feos (wt) — x(t): Xcosest w8 Veosast — A4 Teoswst

Equaion of Motion: Mﬂ'g_f‘l :
Mo, X + Cop% + ke = F4) . 1
oq %+ Coy %+ Koy ’Lf_ -l WC«.\. 0
= Using phasor Coxeplr:

{::jmm?{{u- _,Jk";t-o'(+Q17c

= by analecy:
| aneltgy: melker Ralabonshy
FoN mg, = ¢ ‘ arameRr 'PJ]
X k:'L x C'Q tm Yo Current Prndlcg'y
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ﬂ Electromechanical Analogies (cont)
erkele_—
k. o
i 7 ‘ ii'x "‘x Lx
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* Mechanical-to-electrical correspondence in the current
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analogy:
Mechanical Variable Electrical Variable
Damping, ¢ Resistance, R
Stiffness'1, K1 Capacitance, C
Mass, m Inductance, L
IEorce,f Voltage, V
Velocity, v Current, 7
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» Bandpass Biquad Transfer Function
UCBerkeley
y keq F(‘(’J \ (]W) QF
/ _E. 'x': T
m ,l, )(' keqy d kekI-
(4 ]
— R P k’e:;"l/ .
Ceq : -
N ke < /\_/\\w‘,’_\f«)
F‘fome{“‘ 3:)1-0(4-!‘@{75 - k;“t )
= Comvedieg to full ﬂrwmr foom: G- () =
.o (@) Hew,
£ ()w)(JwX) m"’t + %’.} gp‘x) +Ceq (jw)() y
-1 -1
= () -1-'[~ ST nf'ﬁﬁ)-] = —‘—E— H
A N P (&) +ig
ke _Metdo ke,
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& 3CC 3)\/4 Bridged pMechanical Filter
" UCBerkeley
Performance:
f,=9MHz, BW=20kHz, PBW=0.2%
I.L.=2.79dB, Stop. Rej.=51dB
20dB S.F.=1.95, 40dB S.F.=6.45
0 ~ N
—]
— =10 -
3
= -20 9| /P,=-20dBm |:
° -
@ .30 - - - roll-off Design:
= Lodtym
R B /=6 3um
S = h=2um
F .50 L.=3.5um
. , L,=1.6pm
-60 [S.-S. Li, Nguyen, FCS’05] V,=10.47V
P=-5dB
8.7 8.9 9.1 Ry=R,.=12k0
; ) Frequency [MHz B
EL [I_"’_ e_tal-,_l:JFF(': S_Ot':] _esign a 3|l_e[.r.M 11] C. Nguyen 11/6/08 11
/‘V . [ [ d [ L[]
& Micromechanical Filter Circuit
" UG;Berkeley

Bridging Beam

3n14 Coupling Beam
Resonator
Output
Al4 o | v |

(O]
1:7 7.1
o o U0V o
C, (O
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i Micromechanical Filter Circuit

UCBetkeley
Bridging Beam
Coupling Beam

Resonator

A}
Vi
m, 1k, c, .
® @
C{l
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/)V . . . . .
& Micromechanical Filter Circuit
 UCBerkeley
R Input Bridging Beam
0 p\

304 /

Coupling Beam

Output
() a4 utpu

() a4 ) Resonator
\

1/k,, 1/k,,
1/k,,'|'
N v N
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Micromechanical Filter Circuit
rkele_—

RQ Inp%

3\4 /

Bridging Beam

Coupling Beam

A4 = =z —Resonator
v; 7 Output [ All circuit element
A y | values determined
o by CAD layout
y 3 R, L@\ |
~ Amenable to
= automated circuit
generation
:1
-l/k l/k m, 1k, 1/k -1 m Nk e, p.1
® O
l/kT 1/kT c,
1 7],, 1
1/k,, 1/k,,
-1/k,,'|'
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# 3CC 3)\/4 Bridged pMechanical Filter
" UGBerkeley
Performance:
f,=9MHz, BW=20kHz, PBW=0.2%
I.L.=2.79dB, Stop. Rej.=51dB
20dB S.F.=1.95, 40dB S.F.=6.45
) 1
=10 - : e
Q ,
= -20 P, =-20dBm
o -
® .30 4 roll-off Design:
£ y L,=40um
5 40 - f[* W =6 Sum
® h=2um
= 50 - L =3.5um
. , L,=1.6pm
60 [S.-S. Li, Nguyen, FCS’05] V,=10.47V
P=-5dBm
Frequency [MHz] i
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Beam Resonator Equivalent Circuits
(Pretty Much the Same Stuff)
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i Equivalent Dynamic Mass

UG Berkeley

* Once the mode shape is known, the lumped parameter
equivalent circuit can then be specified

* Determine the equivalent mass at a specific location x using
knowledge of kinetic energy and velocity

Auz Location x
. fe— W —>
~. ,9 /’
—=¢-. -
— T =2 4] fn
- N — L. |
- ~ , ‘\:4

Maximum Kinetic Energ

\4
_}E {pAf V3(x)dx
Equivalent Mass = M, = ——r= AN
R J 75 143

Maximum Velocity @ location x Maximum Velocity Function
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5 Equivalent Dynamic Mass
“UCBetkeley
Awz Location x
~ 8 - W =
~a y 4 — ’/

——— - o ——— -
D e L
T =

* We know the mode shape, so we can write expressions for
displacement and velocity at resonance

Displacepment Ulx) = 3[?(cwh ke Coskec) + (sivh l:ou—sink«)] ’s'-.%
[] 2, ,
[ve) = eyl y, )+ KEren _ #ph§ Wit ay
é'[V(ﬂ] 2 —z- t)} [q (.x)]z

Mey(x) = /’A g B3 (coshkx' rcoske’ )+ (sinh b’ sin kD)
! KI[S"(C,;I\ kx L cos knc) ¢ (cinh lax-fnnkxﬂ
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s Equivalent Dynamic Stiffness & Damping

UCBerkeley
Auz Location x
- pt— W —3
~, 8 - _ ="
S T
- o o - . !
}é’ -~ P ‘\:4

* Stiffness then follows directly from knowledge of mass and
resonance frequency

(o ’&L weM (T
Mequ) (keq_(‘)() QQ 'K)

* And damping also follows readily
Q: Wo Heytd V - WoMleg(® _ J Keg(x) Mey(x) [
ceq_(?t Q 62 Q
(& dampin
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s  Equivalent Lumped Mechanical Circuit

" UCBerkeley
huz Location x
- ha— W =
~,  »¢ o
- . —='-.\ /’ A
—15_ 1 = h
}é’ P _ '

- B
K (x) = @, M, (%)

P et
o r\ pA| [u(x")]" dx’
; — [ M0 M, (x)=—°>——
I LE [u(x)]
C..(x)
eq o,M,, (x
~—_ Ceq (x) = Lq()
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w  Equivalent Lumped Mechanical Circuit

huz Example: Polysilicon w/ ¢=14.9um,
W=6um, h=2pm — 70 MHz
. w
——— —- P
=] 1D

Ke,(0) = 19,927 N/m
M.,(0) = 1.03x10-13 kg
P
7 —
A
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¢ == =
\—/Keq(node) = oo
M, (node) = o
C.(node) = o

K.,(¢/2) = 53,938 N/m
M.,(¢/2) = 2.78x10°13 kg

A
C.(¢/2) = 1.53x108 kg/s
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