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Brute Force Methods for Resonance 
Frequency Determination
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Basic Concept: Scaling Guitar Strings
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Freq. Equation:

Freq.

Stiffness

Mass

fo=8.5MHz
Qvac =8,000

Qair ~50

μMechanical Resonator

Performance:
Lr=40.8μm

mr ~ 10-13 kg
Wr=8μm, hr=2μm
d=1000Å, VP=5V
Press.=70mTorr

[Bannon 1996]
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Anchor Losses

Q = 15,000 at 92MHz

Fixed-Fixed Beam Resonator
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Q = 300 at 70MHz

Free-Free Beam Resonator
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92 MHz Free-Free Beam μResonator
• Free-free beam μmechanical resonator with non-intrusive 
supports reduce anchor dissipation higher Q
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Higher Order Modes for Higher Freq.
2nd Mode Free-Free Beam 3rd Mode Free Free Beam
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Distinct Mode 
Shapes

h = 2.1 μm

Lr = 20.3 μm
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Flexural-Mode Beam Wave Equation

• Derive the wave equation for transverse vibration:
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Example: Free-Free Beam

• Determine the resonance frequency of the beam
• Specify the lumped parameter mechanical equivalent circuit
• Transform to a lumped parameter electrical equivalent 
circuit

• Start with the flexural-mode beam equation:
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Free-Free Beam Frequency

• Substitute u = u1ejωt into the wave equation:

• This is a 4th order differential equation with solution:

• Boundary Conditions:

(1)

(2)
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Free-Free Beam Frequency (cont)

• Applying B.C.’s, get A=C and B=D, and

• Setting the determinant = 0 yields

•Which has roots at

• Substituting (2) into (1) finally yields:

Free-Free Beam 
Frequency Equation

(3)
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Higher Order Free-Free Beam Modes

Fundamental Mode (n=1)

1st Harmonic (n=2)

2nd Harmonic (n=3)

More than 
10x increase
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Mode Shape Expression
• The mode shape expression can be obtained by using the 
fact that A=C and B=D into (2), yielding

• Get the amplitude ratio by expanding (3) [the matrix] and 
solving, which yields

• Then just substitute the roots for each mode to get the 
expression for mode shape

Fundamental Mode (n=1)
[Substitute ]


