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1 Mot ivat ion

Signal  Processors love bandl imited Signals. . .

Then :

, ,

is a sufficient representation, since

(1)

where

f nT( ){ } n Z∈ T π ωm⁄=

f t( ) f nT( ) c t T⁄ n–( )sin
n Z∈
∑=

c t( )sin πt( )sin
πt

------------------= I π π,–[ ]



Sampling FRI- 4

Motivat ion(2)

But what i f

just one discontinuity and no more sampling theorem...

Often, one does not have access to the s ignal  i tsel f ,  but
to a measurement

Example:   neural spikes measured in non invasive manner ;)

ω

F (ω)f(t)

t

F

t

f(t)

t

x(t)

t device
Measuring
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Motivat ion(3)
Example:   photographing stars

Can we sample such signals that  we see through an im-
perfect  measur ing device?

There are many parametr ic s ignals which are far  f rom
bandl imited

Example:   CDMA

Note: rate of  t ransi t ion is f in i te ,  g iven by the chip rate
symbol rate much slower

Telescope
"Optical"
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Motivat ion (4)
Example:   Woodcut pictures
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2 Signals of  Fini te Rate of  Innovat ion

What is so special  about a s ignal  f ( t )  bandl imited
to  ?

With a sampl ing interval  of  the s ignal  f ( t )  is
speci f ied by

degrees of  f reedom per uni t  of  t ime. By the interpolat ion
formula (1),  any bandl imited signal  can be generated as

ω– m ωm[ , ]

T π ωm⁄=

ρ 1 T⁄ ωm π⁄= =
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Signals of  f in i te  (2)

Def in i t ion:  The number of  degrees of  f reedom per uni t  of
t ime is cal led the rate of  innovat ion .

Rate of  innovat ion
• Assume a class of signals having a parametr ic represen-

tat ion
• Consider one signal  x f rom the class
• Cal l  the number of  degrees of  f reedom in

• Then

• I f ,  we cal l  x a s ignal  of f in i te rate of  innovat ion

ρ

ρ

Cx t0 t1,( )

ρ 1
τ
---

τ ∞→
lim Cx

τ–
2

----- τ
2
---, 

 =

ρ ∞<
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Signals of  f in i te  (3)
Example:   Poisson process

Interarr ival  t imes: i . i .d.  ,  pdf

Expected interarr ival  t ime:

 is a suf f ic ient  descr ipt ion of  a real izat ion

ρ

µe
µt–

1 µ⁄

ti{ }

ρ 1
E int. time( )
---------------------------- µ==
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Aquisi t ion Model,  Notat ion

where : signal
: sampl ing kernel
: f i l tered version of

: samples

x t( )
h t( )
y t( ) x t( )
yn
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Signals of  f in i te  (5)

Natural  quest ions

1. What are interesting classes of signals with finite

2. For which of these classes can we find unique representa-
tions through sampling (in particular uniformly) that is:

such that

just like in the bandlimited case

3. What are good kernels  ?

4. What are the algorithms to find  from  ?

ρ

ρ

h t( ) Samplingx yn h t nT–( ) x t( ),〈 〉=

x yn⇔

h t( )

x t( ) yn
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1. “Classic” ,  subspace case. Given known fct :

Space: Span

This is a wel l  studied case (sampl ing,  non-uni form
sampl ing,  reconstruct ion).  I t  is  a l inear problem.

Example:   Bandlimited signals ,

Example:   Uniform, B-splines,

ϕ t( )

x t( ) cnϕ t
T
--- n– 

 
n Z∈
∑=

ϕ t
T
--- n– 

 
 
 
 

wm– wm,[ ] ϕ t( ) sinc(t)=

Basis: Ex:

Basis: Ex:
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2.Arbi t rary shi f ts,  known :

This is not a subspace!

Example: Non-uniform splines

ϕ t( ) x t( ) cnϕ t
T
--- τn– 

 
n Z∈
∑=
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3. Arbi t rary shi f ts,  set  of  known fcts :

Example:   Non-uniform piecewise polynomials

ϕr t( )

x t( ) cnrϕ
t τn–

T
------------- 

 
r 0=

R

∑
n Z∈
∑=
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The 4 cases of  interest :

Note:  1,  2 and 3 lead to f in i te dimensional  problems

1 Periodic s ignal
inf in i te kernel

2 Fini te s ignal
inf in i te kernel

3 Inf in i te s ignal
f in i te kernel

4 Inf in i te s ignal
inf in i te kernel
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3 The per iodic case

Fourier ser ies x t( ) X m[ ]
m Z∈
∑ e

j2πmt
τ---------------

=
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3.A Per iodic “stream” of  Diracs

 Diracs per  :

 degrees of  f reedom

or

 is a weighted sum of  exponent ia ls

K τ

2K ρ 2K
τ

-------=

x t( ) cnδ t tn–( )
n Z∈
∑= ck

1
τ
--- e

j2πm t tk–( )
τ------------------------------

m Z∈
∑

k 0=

K 1–

∑=ckδ t tk– nτ–( )
k 0=

K 1–

∑
n Z∈
∑=

X m[ ] 1
τ
--- ck e

j– 2πmtk
τ---------------------

k 0=

K 1–

∑= m Z∈

X m[ ]! K e

j2πtk–
τ----------------

 
 
 
 

m
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Consider:

Now, note that

is zero,  f rom which fol lows that

Equivalent ly,  in t ime domain

has zeros at ,  thus

 is cal led an annihi lat ing f i l ter,  s ince i t  “k i l ls”
ECC: error locator polynomial

A z( ) A m[ ]z m–
1 e

j2πtk–
τ----------------

z
1–⋅–

 
 
 
 

k 0=

K 1–

∏=
m 0=

K

∑=

1 e–

j2πtk–
τ----------------

[ , ] ∗ … e

j2πtk
τ------------

1 e–

j2πtk–
τ----------------

e

j4πtk–
τ----------------

…, , , ,[ , ]

A m[ ]∗X m[ ] 0=

a t( ) A z( )

z e

j– 2πtk
τ----------------

=

1 e

j2π tk t–( )–
τ----------------------------

–
 
 
 
 

k 0=

K 1–

∏= =

t tk= k 0 … K 1–, ,= a t( ) x t( )⋅ 0=

A z( ) x t( )



Sampling FRI- 19

Theorem 1 : Consider a per iodic stream of Diracs, of per iod
,  weights  and locat ions .  Take a sampl ing kernel

Pick  and  Then

,

is  a suf f ic ient  character izat ion of  x( t ) .

K
τ ck{ } tk{ }

sincˆ I π π,–[ ]=hβ t( ) βsinc βt( )= where β
2K 1

2
---+

τ
-------------- ρ>=

N 2K 1+= T τ N⁄=

yn hβ t nT–( ) x t( ),〈 〉= n 0 … N 1–, ,=



Sampling FRI- 20

Proof
1.  is  a suf f ic ient  character izat ion of ,
Ei ther use Poisson , or graphical ly:

2.  Finding  s. t . ,  solve for
.  This leads to a Toepl i tz system, e .g.

Classic Yule-Walker system
Unique solut ion for  dist inct  Dirac locat ions

yn X m[ ] m K…K–=
A m[ ]z m–∑

A m[ ] A m[ ]∗X m[ ] 0= A 0[ ] 1=
m 1…K= K 3=

X 0[ ] X 1–[ ] X 2–[ ]
X 1[ ] X 0[ ] X 1–[ ]
X 2[ ] X 1[ ] X 0[ ]

A 1[ ]
A 2[ ]
A 3[ ]

X 1[ ]
X 2[ ]
X 3[ ]

–=
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3. Factor isat ion of :

where ,  thus  is found

4. Finding the weights .

Given ,  values of  are given,

for ex.  for

which is a Vandermonde system, having always a solu-
t ion given dist inct ’s.

A z( ) A z( ) 1 ukz
1–

–( )
k 0=

K 1–

∏=

uk e

j2πtk–
τ----------------= tk{ }

K 1–

k 0=

ck

tk{ } K X k[ ]

K 3=
X 0[ ]
X 1[ ]
X 2[ ]

1
τ
---

1 1 1

u0 u1 u2

u0
2

u1
2

u2
2

c0

c1

c2

=

tk
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Interpretat ion

The project ion of onto the lowpass space
is one-to-one for a per iodic stream of K Diracs

Corol lary 1 :  Given ,  and ,  one
can recover the ent i re spectrum as

,

Proof:  lef t  to the reader

Notes: 1.  annihi lat ing f i l ter  known in s inusoidal  retr ieval  f rom noise

2. same filter used in error correction coding, and called error locator polyn
3. recursive spectrum extrapolation known as Berlekamp-Massey algo. in ECC
2,3 over finite fields...

x t( ) BL
K2π–
τ

-------------- K2π
τ

-----------,

A m[ ] m 0…K= X m[ ] m K…K–=

X m[ ] A k[ ]X m k–[ ]
k 1=

K

∑–= m K 1…+=
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3.B Non-uni form spl ines

A signal  is  a per iodic non-uni form spl ine of  degree
with  knots at  i f f  i ts  der ivat ive is per i -
odic of  the form

where

Clear ly,  the Four ier  ser ies sat isfy

Thus

x t( ) R
K tk{ }

K 1–

k 0=
R 1+( )th

x t( )
R 1+( )

cmδ t tm–( )
m Z∈

∑=

tm k+ tm τ+=

X m[ ]
R 1+( ) j2πm

τ
------------- 

  R 1+
X m[ ]= (* )
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Theorem 2 :  Consider a per iodic non-uni form spl ine of  max
degree  and per iod .  Take  as sampl ing kernel ,  wi th

Then

uniquely def ines .

Proof:  s imi lar  to Thm 1 to get .  Then  fol lows
from (*) ,  to which we apply Thm 1.  is added at  the
end

R τ hβ t( )

β 2K 1+
τ

----------------= T τ
N
----=and N 2K 1+=

yn hβ t nT–( ) x t( ),〈 〉= n 0…N 1–=

x t( )

X m[ ] X m[ ]
R 1+( )

X 0[ ]
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3.C Derivat ives of  Diracs

 :
where f  is - t imes di f ferent iable

Then a per iodic stream of di f ferent iated Diracs is

There are:  locat ions,  weights.

Thus:

I t  can be ver i f ied that :

δ
r( )

t( ) f t( )δ
r( )

t t0–( ) td∫ 1–( )rf r( )
t0( )=

r

x t( ) c
r 0=

Rm 1–

∑ mr
δ r( )

t tm–( )
m Z∈

∑=

K K̃ Rk
k 0=

K 1–

∑=

ρ K K̃+
τ

--------------=

X m[ ] 1
τ
--- c

r 0=

Rm 1–

∑ kr
j2πm

τ
------------- 

  r
e

j2πmtk–
τ---------------------

k 0=

K 1–

∑=
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The annihi lat ing f i l ter  now requires mult ip les zeros,  s ince

 annihi lates .  Thus  becomes

Then: ,  therefore,  one can show:

1 ukz
1–

–( )
R

m
R 1–

um
k

A z( )

A z( ) 1 ukz
1–

–( )
Rk

k 0=

K 1–

∏=

A m[ ]∗X m[ ] 0=
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Theorem 3:  Consider a per iodic stream of di f ferent iated
Diracs as above. Take as sampl ing kernel
wi th and sample at points where

 and . Then

is a suf f ic ient  character izat ion of .

Proof:  Simi lar ly to Thm 1, we f i rst  get  f rom .
Then we solve for  the locat ion  and f i -
nal ly for  the coeff ic ients .
The lat ter  cal ls for  a general ized Vandermonde system
which is non-singular for .

hβ t( ) β c βt( )sin=
β ρ 1 τ⁄+= hβSx N t nτ N⁄=

n 0…N 1–= N K K̃ 1+ +=

yn hβ t n
τ
N
----– 

  x t( ),〈 〉= n 0…N 1–=

x t( )

X m[ ] yn
tk{ } A m[ ]∗X m[ ] 0=

ckr{ }

ti tj≠ i j≠
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3.D Piecewise Polynomials

A per iodic piecewise polynomial  wi th  pieces of  de-
gree max  has an  der ivat ive which is a stream
of di f ferent iated Diracs,  or

There are:  locat ions,  weights

x t( ) K
R R 1+( )th

x t( ) c
r 0=

Rm 1–

∑ mr
δ r( )

t tm–( )
m Z∈

∑=

K K̃ R 1+( )K=

ρ R 2+( )K
τ

----------------------=
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Then:

Theorem 4:  A s ignal  def ined by i ts der ivat ives as in (** )  can
be recovered af ter  convolut ion by ,  where
and sampl ing at  wi th ,  that  is

uniquely speci f ies

Proof:  lef t  to the reader,  a long Theorem 1, 2 and 3.

hβ t( ) β ρ 1 τ⁄+=
t nτ N⁄= N R 2+( )K 1+=

yn hβ t n
τ
N
----– 

  x t( ),〈 〉= n 0…N 1–=

x t( )
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4 Fini te Length Signals

A f in i te length signal wi th f in i te clear ly has a f in i te # of
degrees of  f reedom.

The quest ion of  interest  is :

given a sampling kernel with a infinite support  (like the sinc or
the gaussian), is there a finite set of samples that uniquely spec-
ifies the signal?

ρ
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4.1 Gaussian Kernel

Consider the same signal  as in (4.1),  now using a
gaussian kernel

Then, the sample values are

h t( ) e t2– 2σ2( )⁄=

yn x t( ) e
t
T
--- n– 

  2
– 2σ2( )⁄

,〈 〉=

yn cke

tk
T
---- n– 

 
2

– 2σ2( )⁄

k 0=

K 1–

∑=
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Expanding (4.1)

 (4.2)

Introduce

Thus

(4.4)

that  is  . . .  a l inear combinat ion of  exponent ia ls!

yn cke

tk
2

–

T2
2σ2

---------------
e

ntk

T2σ2
-------------

e

n2
–

2σ2
---------

⋅ ⋅
k

∑=

Yn e

n2

T2σ2
-------------

yn⋅=

Yn cke

tk
2

–

T2
2σ2

---------------
e

tk

T2σ2
-------------

 
 
 
 
 

n

⋅
k

∑=

    

    ak
uk

n

Yn akuk
n

k 0=

K 1–

∑=
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Therefore,  use the usual  method of  the good old
annihi lat ing f i l ter

and factor i t  such as to f ind

From :

From  and  and  values of ,  we can solve
for  in (4.2).  Thus

A* Y 0=

uk{ }
k 0…K 1–=

uk

tk 2σ2
T ukln=

uk tk K Yn
ck
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Theorem 5:  Given a f in i te stream of  Diracs and a gaussian

kernel  ,  then  samples

where , are sufficient to reconstruct the signal.

Note: Simi lar  remarks as for  Theorem 3.. .

But:  Here,  unl ike in the s inc case, we have an “almost lo-
cal”  reconstruct ion because of  the exponent ia l  decay of

 !

K

h t( ) e t2– 2σ2( )⁄= N

yn x t( ) h t
T
--- n– 

 ,〈 〉=

N 2K≥

h t( )
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4.2 Sinc kernel  (Thierry ’s tour de force)

Consider a f in i te sequence of  spikes

(4.5)

and a kernel

The samples  are

x t( ) Ckδ t tk–( )
k 0=

K 1–

∑=

csin t T⁄( )

yn x t( ) c t
T
--- n– 

 sin,〈 〉=

yn Ck c
tk
T
---- n– 

 sin
k 0=

K 1–

∑ 1–( )n Ck

πtk T⁄( )sin

π
tk
T
---- n– 

 
----------------------------

k 0=

K 1–

∑= = (4.6)
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Introduce the fol lowing interpolators:

 , deg.

 , deg.

Then, consider the fo l lowing

(4.7)

Now (key insight!)  is  of  degree  Thus

(4.8)

Note: ~  s imi lar  to annihi lat ing f i l ter

P u( )
tk
T
---- u– 

 

k 0=

K 1–

∏ pku
k

k 0=

K

∑= = K

Pl u( )
tk
T
---- u– 

 
k l≠
∏= K 1–

Yn 1–( )nP n( )y n( ) 1
π
--- Ck πtk( ) T⁄( )Pk n( )sin

k 0=

K 1–

∑= =

Y A C⋅=

Yn K 1–

K
∆ Yn 0= n K…N 1–=

V p⋅ 0= N K K≥–

∆k
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So, as long as ,  one can use (4.4) to solve for
f rom . This leads to .

Using this in (4.6) al lows to solve for .  Thus:

Theorem 6: Given a f in i te stream of  Diracs and a

kernel ,  samples  where

, are suf f ic ient  to reconstruct  the s ignal .

Note: the resul t does not depend on T! of course, i t shows
up in the condi t ionning of  l inear system!!

N K K≥– Pk
yn

t0 t1 … tK 1–, , ,{ }

ci{ }

K c t T⁄( )sin

N yn x t( ) c t
T
--- n– 

 sin,〈 〉
n 0…N 1–=

=

N 2K≥
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The steps to reconstruct  the s ignal  are

1. Solve a linear system

 ,

2. Factor

 ,

3. Solve linear system

This method can be extended to piecewise polynomials,
s imi lar ly to Theorem 4.

Also,  there is an obvious equivalent for  d iscrete-t ime sig-
nals f rom  and discrete-t ime sinc kernels.

KxK

yi{ } pi{ }→ i 0…K 1–= pk 1=( )

P u( ) ti{ }→ i 0…K 1–=

ci{ }→

l2 Z( )
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Sinc Kernel ,  f in i te length s ignals
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5. Appl icat ions

We show 2 direct appl icat ions of the resul ts shown above.

5.1 Piecewise Bandl imited Signals

Consider a s ignal  that  is  the sum

where is bandl imited and is piecewise polynomial .

Assume  is speci f ied by i ts f requency component
 ,  whi le  has  degrees of  f reedom.

x xBL xPP+=

xBL xPP

xBL
XBL k[ ] k M– M,[ ]∈ xPP 2K
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Then, consider the spectrum of  , .

First ,  using  ,  and the technique of
Proposi t ion 1 or Theorem 1, we can recover .  Sub-
stract ing from , we can then recover .

X k[ ] k M– 2K– M 2K+,[ ]∈

X k[ ] k M 1 M, 2K+ +[ ]∈
xPP

XPP X XBL
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Thus:

Proposi t ion 3 : Given a piecewise BL signal of length , wi th
 degrees of  f reedom. Pick  a div isor of  and

.

Then

uniquely speci fy  i f

The proof fo l lows from ear l ier  resul ts wi th adjustements ●

N
2M 2K+ Q N
ϕ n[ ] IDTFS I 2K– M– M 2K+,[ ]( )=

y l[ ] x n[ ] ϕ n lQ–[ ],〈 〉circ=

x n[ ]

N
2Q
-------- M 2K+>
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5.2 Fi l tered Piecewise Polynomials

Consider a stream of  Diracs convolved with a known f i l -
ter

Thus:

where  is known and

Clear ly,  i f  is  inver t ible over  f requency val-
ues, then we can use Proposi t ion 1.

K
g t( )

g

t t

x t( ) g t( )* d t( )=

g d t( ) αiδ t ti–( )
i

∑=

g n[ ] G k[ ]↔ 2K
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Example:
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In par t icular:

Proposi ton 4 : Assume with Diracs and a f i l ter ,
.  The signal  we observe is .

Using  and  such that  ,  a div i -
sor of  N

Then

is a suf f ic ient  representat ion of .

A more di f f icul t case appears when is unknown but of
f in i te  . . .

x n[ ] K G k[ ] 0≠
k K– K,[ ]∈ x n[ ]* g n[ ]

ϕ n[ ] IDTFS I K– K,[ ]( )= M
N

2M
-------- K> M

y l[ ] x n[ ] ϕ n lM–[ ],〈 〉=

x n[ ]

g n[ ]
ρ
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6 Mult id imensional  Case

2D Poisson:  Diracs on

Various approaches
•  non separabi l i ty  is  the key!
• ,  is  suf f ic ient  samples
• ,  is  suf f ic ient  samples

- -> 2D root f inding ( . . . )  or  spectral  extrapolat ion

Extension:
•  l ines
• s imples objects

Goal:  #samples ~ #deg. of  f reedom of object

K R
2

T⁄

X m1 m2,[ ] mi K≤ O K
2( )⇒

X m1 m1,[ ] m1 K≤ O K( )⇒
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2D methods based on project ions

Radon Transform

What about “ f in i te complexi ty”  objects?
 Project ions are f in i te rate of  innovat ion!

f x y,( ) F θ t,( )⇔

⇒

n

0θ

θ

θo

θn
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Result : Set of  K Diracs can be perfect ly reconstrucded
from K+1 bandl imited project ions wi th 2K samples

See [Maravic]  ICASSP-2002
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7 Communicat ions Appl icat ions

Many communicat ion systems use wideband signal l ing

CDMA: chip rate >> symbol rate

UWB: pulse position modulation

In both cases

But:  Noise !
Solut ion: oversample

subspace methods, SVD

rate of  innovat ion << bandwidth
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7.1 Solv ing for s inusoids in noise

Idea: Solve for  “ longer”  f i l ter :

using 2M+1 samples > 2K oversample

Now: The noiseless Toepl i tz matr ix has rank K (# of  s inusoids)
with

where

x 0( ) x 1–( ) … x M–( )
x 1( ) x 0( )
x 2( ) …
…

x M( ) … x 0( )

a1

a2

…

aM 1–

x 1( )

x M 1+( )

=
M+1xM+1

A a0 a1 … aK 1–=

ai e
jωiM–

… 1 … e
jωiM

T
=
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we can wri te the Toepl i tz matr ix as

where N is the noise Toepl i tz matr ix

Thus: I f  the s inusoids dominate the noise (M large
enough),  a K-dimensional  subspace idendi f ies the s inu-
soids

Then:
1.  Compute SVD of T
2. Approximate by K largest s ingular value:
3.  Solve  on subspace
4. Find roots closest to U.C.

 best approximat ion of  s inusoids

T A

α0

α1

…
αK 1–

A
M

N+⋅ ⋅=

T T̂→
T̂a x=

⇒
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Note:

•  Many al ternat ive avai lable
• wel l  studied problem
• t ime versus correlat ion domain

Example: - MUSIC
- ESPRIT
- NL
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7.2 Mult iuser Communicat ion

Direct  Sequence Code Divis ion Mult .  Access (DS-CDMA)

Model:

- User i has a signature sequence S i

- each bit is spread into this signature

Clear ly:  rate of  innovat ion is symbol rate

Usual ly:  sampl ing done at  chip rate or faster

Now: chip rate 10 2-103> symbole rate!  (e .g.  L=511)

signature or 

chip length

symbol length L

channelD/AiSi }{U L

Ex:

Thus:
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But: -  mult iaccess scheme
- mult ipath environment

Mult iaccess: signature are or thogonal
Mult ipath: smal l  number of  dominant pulses

User i :

Two phases
1. Channel  est imat ion:

Using training sequences, is est imated

2. Detect ion:
Based on the channel  est imate,  var ious detectors
(e .g.  MMSE) can be appl ied

Quest ion:  For a digi ta l  receiver,
Should one run:

-  channel  est imat ion
- detect ion

at symbol rate or chip rate?

pi t( ) βiδ t tk
l( )

–( )
k 1=

p

∑=

pi l( ){ }
i 1..= K
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Detect.1

Detect.K

est.

Chann.
+

KP

2P

1}{U 1P

KS
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Detect.1

DetectionChann. Est.MACChannelsSignaturesK Users

. .
 .
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K}{U

2}{U
. .

 .

. .
 .

. .
 .
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. .
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Degrees of  f reedom

Channels:
-  K users
- P mult ip le paths

But:  users can use training sequences of  length K

Resul t :
Solv ing K l inear systems of  O(M) wi th ,
is suf f ic ient  for  channel  est imat ion

M 2P≥
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7.3 Ul t rawideband communicat ions

Very low signal  to noise rat io (-15 dB)

Used for communicat ions in unl icensed spectrum
and for ranging appl icat ions

Bandwidth:  several  GHz
Very di f f icul t  to design digi ta l  receivers

Resul ts:
Finding one dominant eigenvalue can be suff ic ient  !
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8 Conclusions

We have seen:
•  Many signals that  look “unsampleable” actual ly can be

sampled at  their  rate of  innovat ion!
•  Methods: give me an exponent ia l  and I  wi l l  annihi late i t !
•  Structured l inear systems with fast  a lgor i thms
• Can be general ized (rotat ional ,  2D)

But:  There are many more signals wi th f in i te rate of  inno-
vat ion

Conjecture:  They can be sampled at  or  above their  rate
of innovat ion!

O K
2( )
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Outlook

•  Many other parametr ic c lasses are of  interest
(piecewise tr igonom.)

•  Often, there is a “ low degree of  f reedom” explanat ion

• This is not necessar i ly  a subspace (e.g.  manifold)

•  “Super-resolut ion” s ignal  processing for appropr iate
models (channels,  images, etc. . . )  has great potent ia l

Occam’s Razor for  sampl ing!
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