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Conditional Independence

X and Y are independent if

∀x ,y : P(x ,y) = P(x)P(y)→ X ⊥⊥ Y

X and Y are conditionally independent given Z

∀x ,y ,z : P(x ,y |z) = P(x |z)P(y |z)→ X ⊥⊥ Y |Z

(Conditional) independence is a property of a distribution

Example: Alarm ⊥⊥ Fire | Smoke
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Bayes Nets: Assumptions

Assumptions we are required to make to define
the Bayes net when given the graph:

P(xi |x1,x2, . . . ,xi−1) = P(xi |parents(Xi))

Beyond above “chain rule for Bayes net”
conditional independence assumptionst Often additional conditional independencest They can be read off the graph

Important for modeling: understand assumptions
made when choosing a Bayes net graph
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Independence in a BN

Important question about a BN:t Are two nodes independent given certain evidence?t If yes, can prove using algebra (tedious in general)t If no, can prove with a counter examplet Example:

x y z

t Question: are X and Z necessarily independent?t Answer: no.
Example: low pressure causes rain, which causes traffic.t X can influence Z, Z can influence X (via Y)t Addendum: they could be independent: how?

Same as Markov chain.
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Causal Chains

This configuration is a
“causal chain”

X: Low pressure Y: Rain Z: Traffic

P(x ,y ,z) =
P(x)P(y |x)P(z|y)

Guaranteed X independent of Z ? No!t One example set of CPTs for which X is
not independent of Z is sufficient to show
this independence is not guaranteed.t Example:

Low pressure→ rain→ traffic,

High pressure→ no rain→ no traffict In numbers:t P( +y | +x ) = 1, P( -y | - x ) = 1,t P( +z | +y ) = 1, P( -z | -y ) = 1
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This configuration is a “common cause”

Y: Project due

X: Forums busy Z: Lab full

Guaranteed X independent of Z ? No!t One example set of CPTs for which X is
not independent of Z is sufficient to show
this independence is not guaranteed.t Example:
Project due↔ both forums busy and lab

fullt In numbers:

P( +x | +y ) = 1, P( -x | -y ) = 1,

P( +z | +y ) = 1, P( -z | -y ) = 1
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Common Effect

One last configuration: two causes of one effect (v-structures)

X: Raining Y:Ballgame

Z: Traffic

Are X and Y independent?t Yes: the ballgame and the rain cause
traffic, but they are not correlatedt Still need to prove they must be (try it!)

Are X and Y independent given Z?t No: seeing traffic puts the rain and the
ballgame in competition as explanation.

This is backwards from the other casest Observing an effect activates influence
between possible causes.



Common Effect

One last configuration: two causes of one effect (v-structures)
X: Raining Y:Ballgame

Z: Traffic

Are X and Y independent?t Yes: the ballgame and the rain cause
traffic, but they are not correlatedt Still need to prove they must be (try it!)

Are X and Y independent given Z?t No: seeing traffic puts the rain and the
ballgame in competition as explanation.

This is backwards from the other casest Observing an effect activates influence
between possible causes.



Common Effect

One last configuration: two causes of one effect (v-structures)
X: Raining Y:Ballgame

Z: Traffic

Are X and Y independent?

t Yes: the ballgame and the rain cause
traffic, but they are not correlatedt Still need to prove they must be (try it!)

Are X and Y independent given Z?t No: seeing traffic puts the rain and the
ballgame in competition as explanation.

This is backwards from the other casest Observing an effect activates influence
between possible causes.



Common Effect

One last configuration: two causes of one effect (v-structures)
X: Raining Y:Ballgame

Z: Traffic

Are X and Y independent?t Yes: the ballgame and the rain cause
traffic, but they are not correlated

t Still need to prove they must be (try it!)

Are X and Y independent given Z?t No: seeing traffic puts the rain and the
ballgame in competition as explanation.

This is backwards from the other casest Observing an effect activates influence
between possible causes.



Common Effect

One last configuration: two causes of one effect (v-structures)
X: Raining Y:Ballgame

Z: Traffic

Are X and Y independent?t Yes: the ballgame and the rain cause
traffic, but they are not correlatedt Still need to prove they must be (try it!)

Are X and Y independent given Z?t No: seeing traffic puts the rain and the
ballgame in competition as explanation.

This is backwards from the other casest Observing an effect activates influence
between possible causes.



Common Effect

One last configuration: two causes of one effect (v-structures)
X: Raining Y:Ballgame

Z: Traffic

Are X and Y independent?t Yes: the ballgame and the rain cause
traffic, but they are not correlatedt Still need to prove they must be (try it!)

Are X and Y independent given Z?t No: seeing traffic puts the rain and the
ballgame in competition as explanation.

This is backwards from the other casest Observing an effect activates influence
between possible causes.



Common Effect

One last configuration: two causes of one effect (v-structures)
X: Raining Y:Ballgame

Z: Traffic

Are X and Y independent?t Yes: the ballgame and the rain cause
traffic, but they are not correlatedt Still need to prove they must be (try it!)

Are X and Y independent given Z?

t No: seeing traffic puts the rain and the
ballgame in competition as explanation.

This is backwards from the other casest Observing an effect activates influence
between possible causes.



Common Effect

One last configuration: two causes of one effect (v-structures)
X: Raining Y:Ballgame

Z: Traffic

Are X and Y independent?t Yes: the ballgame and the rain cause
traffic, but they are not correlatedt Still need to prove they must be (try it!)

Are X and Y independent given Z?t No: seeing traffic puts the rain and the
ballgame in competition as explanation.

This is backwards from the other casest Observing an effect activates influence
between possible causes.



Common Effect

One last configuration: two causes of one effect (v-structures)
X: Raining Y:Ballgame

Z: Traffic

Are X and Y independent?t Yes: the ballgame and the rain cause
traffic, but they are not correlatedt Still need to prove they must be (try it!)

Are X and Y independent given Z?t No: seeing traffic puts the rain and the
ballgame in competition as explanation.

This is backwards from the other casest Observing an effect activates influence
between possible causes.



Common Effect

One last configuration: two causes of one effect (v-structures)
X: Raining Y:Ballgame

Z: Traffic

Are X and Y independent?t Yes: the ballgame and the rain cause
traffic, but they are not correlatedt Still need to prove they must be (try it!)

Are X and Y independent given Z?t No: seeing traffic puts the rain and the
ballgame in competition as explanation.

This is backwards from the other cases

t Observing an effect activates influence
between possible causes.



Common Effect

One last configuration: two causes of one effect (v-structures)
X: Raining Y:Ballgame

Z: Traffic

Are X and Y independent?t Yes: the ballgame and the rain cause
traffic, but they are not correlatedt Still need to prove they must be (try it!)

Are X and Y independent given Z?t No: seeing traffic puts the rain and the
ballgame in competition as explanation.

This is backwards from the other casest Observing an effect activates influence
between possible causes.



Common Effect

One last configuration: two causes of one effect (v-structures)
X: Raining Y:Ballgame

Z: Traffic

Are X and Y independent?t Yes: the ballgame and the rain cause
traffic, but they are not correlatedt Still need to prove they must be (try it!)

Are X and Y independent given Z?t No: seeing traffic puts the rain and the
ballgame in competition as explanation.

This is backwards from the other casest Observing an effect activates influence
between possible causes.



The General Case



The General Case

General question: in a given BN, are two
variables independent (given evidence)?

Solution: analyze the graph

Any complex example can be broken into
repetitions of the three canonical cases
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Reachability

Recipe: shade evidence nodes, look for paths in
the resulting graph

Attempt 1: if two nodes are connected by an
undirected path not blocked by a shaded node,
they are conditionally independent

Almost works, but not quitet Where does it break?tAnswer: the v-structure at T doesn’t count as a
link in a path unless “active”
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Active / Inactive Paths
Question: Are X and Y conditionally

independent given evidence variables Z?

t Yes, if X and Y “d-separated” by Zt Consider all (undirected) paths from X to Yt No active paths = independence!

A path is active if each triple is active:t Causal chain:

A→ B→ C
where B is unobserved (either direction)t Common cause:

A← B→ C where B is unobservedt Common effect (aka v-structure)

A→ B← C
where B or one of its descendents is observed

All it takes to block a path is a single inactive
segment
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D-separation

Query: Xi ⊥⊥ Xj |{Xk1 , . . . ,Xkn}?

Check all (undirected!) paths between Xi and Xjt If one or more active, then independence not
guaranteed

Xi 6⊥⊥ Xj |{Xk1 , . . . ,Xkn}t Otherwise (i.e. if all paths are inactive), then
independence is guaranteed

Xi ⊥⊥ Xj |{Xk1 , . . . ,Xkn}
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Inference by Enumeration in Bayes’ Net

Given unlimited time, inference in BNs is easy.
P(B|+ j ,+m) ∝ P(B,+j ,+m)

= ∑e,a P(B,e,a,+j ,+m)

= ∑e,a P(B)P(e)P(a|B,e)P(+j |a)P(+m|a)

= P(B)P(+e)P(+a|B,+e)P(+j |+a)P(+m|+a)

+P(B)P(+e)P(−a|B,+e)P(+j |−a)P(+m|−a)+

P(B)P(−e)P(+a|B,−e)P(+j |+a)P(+m|+a)

+P(B)P(−e)P(−a|B,−e)P(+j |−a)
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Inference by Enumeration?

P(antilock |observedvariables) =?



Factor Zoo



Factor Zoo I

Joint distribution: P(X,Y)t Entries P(x,y) for all x, yt Sums to? 1

P(T ,W )

T W P
hot sun 0.4
hot rain 0.1
cold sun 0.2
cold rain 0.3

Selected joint: P(x,Y)t Slice of joint distributiont Entries P(x,y):
fixed x, all yt Table P(cold, W)?t Sums to? P(x).

P(cold ,W )

T W P
cold sun 0.2
cold rain 0.3

Number of capital letters (variables)= dimensionality of the table
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Specified family: P(y |X )t Entries P(y |x) for fixed y , but for all xt Sums to? who knows!
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In general, when we write P(Y1, . . . ,YN |X1, . . . ,XM)t It is a “factor,” a multi-dimensional array

t Its values are P(y1, . . . ,yN |x1, . . . ,xM)t Any assigned (=lower-case) X or Y is a dimension missing
(selected) from the array
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Example: Traffic Domain

R

T

L

P(R)
T L
+r 0.1
-r 0.9

P(T |R)
+r +t 0.8
+r -t 0.2
-r +t 0.1
-r -t 0.9

P(L|T )
+t +l 0.3
+t -l 0.7
-t +l 0.1
-t -l 0.9

Random Variablest R: Rainingt T: Traffict L: Late for class!
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Inference by Enumeration: Procedural Outline

Track objects called factors.

Initial factors are local CPTs (one per node)
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+r 0.1
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P(T |R)
+r +t 0.8
+r -t 0.2
-r +t 0.1
-r -t 0.9

P(L|T )
+t +l 0.3
+t -l 0.7
-t +l 0.1
-t -l 0.9

Any known values are selected.
E.g. if we know L =+l , the initial factors are

P(R)
T L
+r 0.1
-r 0.9

P(T |R)
+r +t 0.8
+r -t 0.2
-r +t 0.1
-r -t 0.9

P(L|T )
+t +l 0.3
+t -l 0.7
-t +l 0.1
-t -l 0.9

Procedure: Join all factors, then eliminate all
hidden variables
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Operation 1: Join Factors

First basic operation: joining factors

Combining factors:t Just like a database joint Get all factors over the joining variablet Build a new factor over the union of the
variables involved

Example: Join on R

R

T

P(R)
T L
+r 0.1
-r 0.9

×
P(T |R)

+r +t 0.8
+r -t 0.2
-r +t 0.1
-r -t 0.9

→

R,T

P(R,T )

+r +t 0.08
+r -t 0.02
-r +t 0.09
-r -t 0.81t Computation for each entry: pointwise products
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Operation 2: Eliminate

Second basic operation: marginalization

Take a factor and sum out a variablet Shrinks a factor to a smaller onet A projection operation

Example:
+r +t 0.08
+r -t 0.02
-r +t 0.09
-r -t 0.81

Sum R
→

+t 0.17
-t 0.83
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