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Basic Design Tradeoffs

• Improve on one metric at the expense of the others 
• Tradeoffs exist at every level in the system design
• Design Specification

– Functional Description
– Performance, cost, power constraints

• Designer must make the tradeoffs needed to achieve the function within the 
constraints  

• The design space is all the feasible design points (in this 3D space) 
• Examining points in that space is called “Design Space Exploration” (DSE). 
• Other secondary metrics: 

• time-to-market 
• NRE 
• upgradability/flexibility
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Design Space & Optimality (perf & cost)

Performance

Cost
low-performance at low-cost

high-performance at high-cost

“Pareto Optimal” Frontier

(# of components)

(tasks/sec)
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VLSI Design Space is 3D
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Accelerator

❑ Performance in ops/sec 
❑ Energy is ops/J 
❑ Cost in die area 

Project Objective:  Determine the Pareto Frontier for some accelerator 
design over at least 2 dimensions, using RTL and physical mapping design 

variations.  Algorithmic design alternatives time permitting.
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Projects from Fall 2016

‣Channel: a signal processing block for channel 
equalization in a wireless communications system.  
‣Cordic:  a hardware accelerator for the CORDIC 

algorithm for computation of transcendental 
mathematical functions. 
‣Bearclaw: An on-chip integrated logic analyzer 

for Chisel-based designs. 
‣Garp: A reconfigurable coprocessor for RISC-V 
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Projects from Fall 2014
‣ Hardware Accelerator for Exact Dot Product: a coprocessor capable of 

computing a dot product exactly by use of a “complete register” (CR) that 
encodes a fixed point representation of twice the IEEE754 double precision.  
Showed that the coprocessor is realizable in silicon, requiring only 11% of the 
parent- processor’s area.  Additionally, the accelerator showed speedups of 
3-6x over a conventional dot product and matrix multiplication while providing 
both exactness and reproducibility. 

‣ Hardware-Accelerated Key Value Store:  a hardware accelerator for the 
Memcached key-value store: shows a 10x improvement in latency for 40% of 
requests without adding significant overhead to the remaining requests. 

‣ A Compile-Time and Run-Time Configurable Viterbi Decoder in Chisel 
Hardware Construction Language: accelerator outperforms pure software 
implementations in throughput by a factor of 500 to 10000. 

‣ Accelerator to Solve System of Linear Equation on A RISC-V Processor: 
Algorithm based on matrix condensation and matrix mirroring is adapted from 
the Journal of Discrete Algorithms.  Two variants of the baseline 
implementation based on parallelism and higher condensation are explored for 
performance, power, and area metric.
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Projects from Fall 2013
‣Power Modeling (for power estimation) 
‣Elliptic Curve Cryptography 
‣SHA3 
‣Automatic Pipelining 
‣Correlation Engine 
‣Source Routing (for NN simulation) 
‣Memory Controller 
‣DREAMER 
‣Configurable Precision (for vector unit) 
‣Convolution Engine
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A 280 mV-to-1.1 V 256b Reconfigurable SIMD
Vector Permutation Engine With 2-Dimensional

Shuffle in 22 nm Tri-Gate CMOS
Steven K. Hsu, Member, IEEE, Amit Agarwal, Member, IEEE, Mark A. Anders, Member, IEEE,

Sanu K. Mathew, Member, IEEE, Himanshu Kaul, Member, IEEE, Farhana Sheikh, Member, IEEE, and
Ram K. Krishnamurthy, Fellow, IEEE

Abstract—An ultra-low voltage reconfigurable 4-way to 32-way
SIMD vector permutation engine is fabricated in 22 nm tri-gate
bulk CMOS, consisting of a 32-entry 256b 3-read/1-write ported
register file with a 256b byte-wise any-to-any permute crossbar for
2-dimensional shuffle. The register file integrates a vertical shuffle
across multiple entries into read/write operations, and includes
clock-less static reads with shared P/N dual-ended transmission
gate (DETG) writes, improving register file by 250 mV
across PVT variations with a wide dynamic operating range of
280 mV-1.1 V. The permute crossbar implements an interleaved
folded byte-wise multiplexer layout forming an any-to-any fully
connected tree to perform a horizontal shuffle with permute accu-
mulate circuits, and includes vector flip-flops, stacked min-delay
buffers, shared gates, and ultra-low voltage split-output (ULVS)
level shifters improving logic by 150 mV, while enabling
peak energy efficiency of 585 GOPS/W measured at 260 mV,
50 C. The permutation engine achieves: (i) nominal register
file performance of 1.8 GHz, 106 mW measured at 0.9 V, 50 C,
(ii) robust register file functionality measured down to 280 mV
with peak energy efficiency of 154 GOPS/W, (iii) scalable permute
crossbar performance of 2.9 GHz, 69 mW measured at 1.1 V,
50 C with sub-threshold operation at 240 mV, 10 MHz consuming
19 W, and (iv) a 64b 4 4 matrix transpose algorithm and AoS
to SoA conversion with 40%–53% energy savings and 25%–42%
improved peak throughput measured at 1.8 GHz, 0.9 V.

Index Terms—Single instruction multiple data (SIMD), vector
processing, , near-threshold voltage (NTV), ultra-low
voltage, register file, permutation, crossbar, flip-flop, level shifter.

I. INTRODUCTION

E NERGY-EFFICIENT SIMD permutation operations are
key for maximizing high-performance microprocessor

vector datapath utilization in multimedia, graphics, and signal
processing workloads [1]–[3]. These applications require
increasingly concurrent execution of arithmetic/memory oper-
ations to deliver high performance/Watt in power-constrained
microprocessors and SoC’s. Many microprocessor instruc-
tion set architectures have been increasing the SIMD vector
bit-width (MMX, SSE, AVX) to achieve improvement on such

Manuscript received April 27, 2012; revised July 16, 2012; accepted July
30, 2012. Date of publication December 03, 2012; date of current version De-
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HR0011-10-3-0007.
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Color versions of one or more of the figures in this paper are available online
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Fig. 1. SIMD vector width trend.

workloads (Fig. 1) [4]–[6]. Moreover, SIMD computations
require a multitude of pre-processing or rearrangement in-
structions to parallelize data before any useful computation is
performed [7]–[9]. The trend of increased SIMD vector width
and pre-processing parallel data elements motivates the need for
an optimized permute crossbar for fixed-length short-bit-width
integer and single/double-precision floating-point sub-words.
An any-to-any permute crossbar is needed to keep execution
units fully utilized, since a reduced subset of shuffle patterns
typically result in overheads of redundant and unnecessary
permutation operations [10]–[12]. Furthermore, a wide, flex-
ible SIMD vector permutation engine is required to achieve
high-throughput data rearrangement operations on large data
sets, improving performance, power and area.
Lowering supply voltage is one of the strongest techniques to

improve energy efficiency of high-performance multi-core mi-
croprocessors and SoC’s. Processors operating at ultra-low and
subthreshold voltages have been demonstrated for niche appli-
cations with low throughput requirements [13]–[16]. Though
ultra-low voltage operation can significantly improve energy
efficiency and reduce power consumption [17]–[19], the nec-
essary design optimizations required to enable robust opera-
tion at ultra-low voltages in the presence of magnified perfor-
mance variations should ideally impose minimal area, power
and performance overheads at the nominal supply. SIMD per-
mutation engines, targeted for integration in power-constrained
microprocessors and SoC’s, require both high-performance at
the nominal supply and energy-efficient robust performance in
the presence of increased variation at ultra-low supply voltages.
The active minimum operating supply voltage ( is lim-
ited by the effect of parameter variation on register files and
logic, and degrades with technology scaling due to: a) increase
in variation, b) sub-par scaling of the minimum device width,
and c) increase in PMOS strength relative to NMOS. can
be improved by upsizing critical devices or adding a separate
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ABSTRACT
Distributed in-memory key-value stores, such as memcached, are
central to the scalability of modern internet services. Current
deployments use commodity servers with high-end processors.
However, given the cost-sensitivity of internet services and the
recent proliferation of volume low-power System-on-Chip (SoC)
designs, we see an opportunity for alternative architectures. We
undertake a detailed characterization of memcached to reveal
performance and power inefficiencies. Our study considers
both high-performance and low-power CPUs and NICs across
a variety of carefully-designed benchmarks that exercise the
range of memcached behavior. We discover that, regardless
of CPU microarchitecture, memcached execution is remarkably
inefficient, saturating neither network links nor available memory
bandwidth. Instead, we find performance is typically limited by
the per-packet processing overheads in the NIC and OS kernel—
long code paths limit CPU performance due to poor branch
predictability and instruction fetch bottlenecks.

Our insights suggest that neither high-performance nor low-
power cores provide a satisfactory power-performance trade-off,
and point to a need for tighter integration of the network interface.
Hence, we argue for an alternate architecture—Thin Servers
with Smart Pipes (TSSP)—for cost-effective high-performance
memcached deployment. TSSP couples an embedded-class low-
power core to a memcached accelerator that can process GET
requests entirely in hardware, offloading both network handling
and data look up. We demonstrate the potential benefits of our
TSSP architecture through an FPGA prototyping platform, and
show the potential for a 6X-16X power-performance improvement
over conventional server baselines.

1. INTRODUCTION
Internet services are increasingly relying on software architec-

tures that enable rapid scale-out over clusters of thousands of
servers to manage rapid growth. As the volume of data that must

Permission to make digital or hard copies of all or part of this work for
personal or classroom use is granted without fee provided that copies are
not made or distributed for profit or commercial advantage and that copies
bear this notice and the full citation on the first page. To copy otherwise, to
republish, to post on servers or to redistribute to lists, requires prior specific
permission and/or a fee.
ISCA’13 Tel Aviv, Israel
Copyright 2013 ACM 978-1-4503-2079-5/13/06 ...$15.00.

be processed at interactive speeds increases, only such scale-out
architectures can maintain performance and availability with sus-
tainable costs in light of hardware failures. Due to their large scale,
efficiency is of particular concern for numerous services (e.g., web
search, social media, video sharing, web email, collaborative edit-
ing, and social games).

Distributed in-memory key-value stores, such as memcached,
have become a central piece of infrastructure to allow online
services to scale, with some services relying on thousands
of memcached servers (e.g., Facebook [27], Zynga, Twitter,
YouTube). Today, operators use the same commodity high-end
servers for their memcached clusters as for other aspects of their
software infrastructure. However, in light of recent trends enabling
cost-effective volume low-power System-on-Chip (SoC) designs
and several prior studies advocating embedded-class CPUs in the
data center [5, 24, 31], we perceive an opportunity to consider new
architectures for memcached.

To discover performance- and power-efficiency bottlenecks, we
undertake a detailed architectural characterization of memcached.
Our study considers both high-performance and low-power
CPUs and network interfaces (NICs), and measures a variety
of carefully-designed benchmarks that explore the range of
memcached behavior. We develop a load-testing methodology
and infrastructure to allow us to reproduce precisely-controlled
object size, popularity, and load distributions to mimic the traffic
a memcached server receives from a large client cluster.

Our characterization paints a frustrating picture—neither high-
performance (Xeon-class) nor current low-power (Atom-class)
multi-core systems provide appealing cost-performance scaling
trends. We discover that, regardless of CPU microarchitecture,
memcached execution is remarkably inefficient, saturating neither
network links nor available memory bandwidth (we estimate that
more than 64 Xeon-class cores are needed to saturate a 10Gb
Ethernet link assuming perfect multicore software scalability).
Instead, we find performance is typically limited by the per-
packet processing overheads in the NIC and OS kernel. Front-
end (branch prediction and fetch) stalls are a key performance
bottleneck across CPU microarchitectures. Despite the small
codebase of memcached itself, frequent trips into the TCP/IP
stack, kernel, and library code result in poor instruction supply due
to ICache misses, virtual memory (VM) translation overheads and
poor branch predictability. ICache and ITLB performance are often
an order of magnitude worse relative to benchmarks commonly
used for microarchitecture design (e.g., SPEC). Furthermore, large
last-level caches seem to provide little benefit. Conversely, we
find that advanced NIC features that optimize packet hand-off from
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Systolic Sorting on a Mesh-Connected Network

HANS-WERNER LANG, MANFRED SCHIMMLER,
HARTMUT SCHMECK, AND HEIKO SCHRODER

Abstrat -A parallel algorithm for sorting n data items in O(\/-) steps
is presented. Its simple structure and the fact that it needs local commu-
nication only make it suitable for an implementation in VLSI technology.
The algorithm is based on a merge algorithm that merges four subfiles
stored in a mesh-connected processor array. This merge algorithm is
composed of the perfect shuffle and odd-even-transposition sort. For the
VLSI implementation a systolic version of the algorithm is presented. The
area and time complexities for a bit-serial and a bit-parallel version of this
implementation are analyzed.

Index Terms - Odd-even-transposition sort, mesh-connected processor
array, perfect shuffle, sorting, systolic array, VLSI algorithms, VLSI
complexity.

I. INTRODUCTION
VLSI technology allows the integration of a large number of

simple processing elements on a single chip. This creates a need for
algorithms exploiting the potentially high degree of parallelism in
networks of such processing elements.

In this correspondence we present an algorithm for sorting n data
items on a x \/ mesh-connected processor array that requires
O(O-§) comparison steps and O(V-) unit-distance routing steps (n
is assumed to be a power of 4). The algorithm has a very simple
structure and needs only local communication between the pro-
cessors. Therefore, it is well suited for an implementation in VLSI.
Q(&-V) is a lower bound for sorting n elements on a mesh-

connected processor array (see Section II). There are other algo-
rithms of time complexity O(V¶) [6], [10], [12], but they are much
more complex in their structure than our algorithm. Simpler algo-
rithms like the odd-even-transposition sort [5], the bitonic merge
sort [1], the rebound sorter [3], or the zero time sorter [9] require
time fQ(n).

In Section II some requirements concerning the design of VLSI
algorithms are discussed. Our new sorting algorithm and the proof
of its validity are presented in Section III. In Section IV the algo-
rithm is slightly modified to improve its time performance. In Sec-
tions II-IV we operate with an array of "processors" -logic units
having one data register and being able to execute a sequence of
different instructions. In Section V a systolic version of the algo-
rithm is presented. In this version the processors are replaced by
simple "processing cells," executing always the same operation,
and the data items are "pumped" through this array of cells. The
structure of these cells, for the bit-serial and the bit-parallel case, is
briefly outlined in Section VI.

II. MODEL OF COMPUTATION
There are some properties a "good" VLSI algorithm should

have [4].
1) It can be implemented by only a few types of simple

processors.
2) Its data and control flow is simple and regular so that the

Manuscript received November 11, 1983; revised September 10, 1984.
The authors are with the Institut fiir Informatik und Praktische Mathematik,

Christian-Albrechts-Universitat Kiel, D-2300 Kiel, West Germany.

processors can be connected by a network with local and regular
interconnections only.

3) It uses extensive pipelining and parallel processing.
As usual, VLSI hardware is modeled by communication graphs.

The first such graph we consider for our algorithm is a grid of
A/;; x \/¶ identical processors, each of which is connected with its
four direct neighbors (Fig. 1). During the sorting process, every
processor contains one data item in its register. Observe that there
are situations where two elements initially loaded at the opposite
corners of the array have to be interchanged. Since even for this
simple transposition at least 2\/¶ - 2 local exchange steps are
needed, no algorithm on such a mesh-connected processor array
can sort n data items in less than f(IfV') steps.

Standard VLSI complexity measures are the time (T), the period
(P), the chip area (A) of an algorithm, and combinations of these
like AT, AT2, or ATP (see [13]). There are different opinions on
how to weight the time for long-distance communication on the
chip [2], [13]. The analysis of algorithms on a processor grid is
independent of these differences because all interconnections have
constant length.

III. THE SORTING ALGORITHM
Our sorting algorithm is composed of the shuffle operation and

of odd-even-transposition sort.
The shuffle operation transforms a sequence z1,.*, Z2n into its

perfect shuffle zl, zn1 , Z2, Zn+2, * , Zn, Z2n [11]. This operation can
be realized by n - 1 parallel local exchange steps (see Section V).

Odd-even-transposition sort can be described as follows.
Let zl, .* , Zn be a sequence of n elements to be sorted. In the

odd (respectively, even) step of the algorithm, all elements zi of the
sequence having an odd (respectively, even) subscript are compared
with their successors and exchanged if zi > zi+l (i E {1, ,
n - 1}). The odd and even steps are executed in alternating order.
After at most n steps the sequence is sorted. A simple proof of this
can be found in [8].
Example 1: Sorting the sequence 6 5 2 3 4 1 by odd-even-

transposition sort is shown in Fig. 2. A "-" indicates a comparison-
exchange. After six steps the sequence is sorted.
We now give an algorithm for merging four arrays of size

k/2 x k/2 where k is a power of 2 and the elements of each array
are in snake-like ordering (Fig. 3).
Algorithm MERGE

A: Shuffle in each row of the k x k array, i.e., interchange the
columns according to the perfect shuffle [Fig. 4(a)].,

B: Sort all double columns, i.e., all k x 2 subarrays into snake-
like ordering using 2k steps of odd-even-transposition sort
[Fig. 4(b)].

C: Apply 2k steps of odd-even-transposition sort to the whole
k x k array, assuming a snake-like ordering [Fig. 4(c)].

For the time complexity analysis we assume t, to be the time
required by one comparison-exchange step and te ' t, to be the
time required by a simple exchange step.

Part A requires (k/2 - 1)te time units. For part B we need 2k
comparison-exchange steps, i.e., the time 2kt,. Part C requires
2kt, time units. Thus, the time needed to merge four k/2 x k/2
arrays is

TM(k) = 4kt, + (k/2 - 1)te - 4.5kt,
Example 2: Consider the 4 x 4 array in Fig. 5(a) consisting of

four 2 x 2 arrays sorted in snake-like ordering. Part A is an inter-
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Convolution Engine: Balancing Efficiency & Flexibility in

Specialized Computing

Wajahat Qadeer, Rehan Hameed, Ofer Shacham,
Preethi Venkatesan, Christos Kozyrakis, Mark A. Horowitz

Stanford University, California
{wqadeer, rhameed, shacham, preethiv, kozyraki, horowitz}@stanford.edu

ABSTRACT
This paper focuses on the trade-off between flexibility and effi-
ciency in specialized computing. We observe that specialized units
achieve most of their efficiency gains by tuning data storage and
compute structures and their connectivity to the data-flow and data-
locality patterns in the kernels. Hence, by identifying key data-flow
patterns used in a domain, we can create efficient engines that can
be programmed and reused across a wide range of applications.

We present an example, the Convolution Engine (CE), special-
ized for the convolution-like data-flow that is common in compu-
tational photography, image processing, and video processing ap-
plications. CE achieves energy efficiency by capturing data reuse
patterns, eliminating data transfer overheads, and enabling a large
number of operations per memory access. We quantify the trade-
offs in efficiency and flexibility and demonstrate that CE is within a
factor of 2-3x of the energy and area efficiency of custom units op-
timized for a single kernel. CE improves energy and area efficiency
by 8-15x over a SIMD engine for most applications.

Categories and Subject Descriptors
C.5.4 [Computer Systems Implementation]: VLSI Systems—
Customization, Heterogeneous CMP; C.1.3 [Processor Architec-
tures]: Other Architecture Styles—Heterogeneous (Hybrid) Sys-
tems

General Terms
Algorithms, Performance, Computational Photography

Keywords
Convolution, H.264, Demosaic, Specialized Computing, Energy
Efficiency, Tensilica, Computational Photography

1. INTRODUCTION
The slowdown of voltage scaling has made all chips energy lim-

ited: the energy per transistor switch now scales slower than the
number of transistors per chip. Paradoxically, we must use these

Permission to make digital or hard copies of all or part of this work for
personal or classroom use is granted without fee provided that copies are
not made or distributed for profit or commercial advantage and that copies
bear this notice and the full citation on the first page. To copy otherwise, to
republish, to post on servers or to redistribute to lists, requires prior specific
permission and/or a fee.
ISCA ’13 Tel-Aviv, Israel
Copyright 2013 ACM ACM 978-1-4503-2079-5/13/06 ...$15.00.

additional transistors to reduce the number of transistors switched
in each operation to improve energy efficiency. The primary way
to achieve this goal is to create application specific accelerators to
remove the overhead of predicting, fetching, decoding, scheduling,
and committing instructions in a normal processor [7, 20, 31]. Ac-
celerators provide as much as three orders of magnitude improve-
ments in compute efficiency over general-purpose processors. Het-
erogeneous chips combining processors and accelerators already
dominate mobile systems [4, 2] and are becoming increasingly com-
mon in server and desktop systems [17, 10]. Large specialized
units perform hundreds of operations for each data and instruction
fetch, reducing energy waste of programmable cores by two orders
of magnitude [20]. Significant research is now focusing on auto-
matic generation of specialized units from high-level descriptions
or templates in order to reduce design costs [27, 13, 31, 19, 26].

This paper explores the energy cost of making a more general
accelerator, one which can be user programmed. Current accel-
erators, whether designed manually or automatically generated, are
typically optimized for a single kernel, and if configurable, are con-
figured by experts in firmware. Clearly it would be better to create
units that are specialized enough to reach close to ASIC compute
efficiency, but retain some of the flexibility and reuse advantages of
programmable cores.

An example of a programmable accelerator prevalent in embed-
ded and desktop processors is the SIMD unit which targets data-
parallel algorithms. However, SIMD units are still one to two or-
ders of magnitude less efficient compared to algorithm-specific cus-
tom units [20]. This paper shows that it is possible to build more
efficient programmable accelerators by exploiting the fact that spe-
cialized units achieve most of their efficiency gains by tuning data
storage structures to the data-flow and data-locality requirements
of the kernel. This tuning eliminates redundant data transfers and
facilitates creation of closely coupled datapaths and storage struc-
tures allowing hundreds of low-energy operations to be performed
for each instruction and data fetched. Hence, if we identify data-
flow and data locality patterns that are common to a wide range of
kernels within a domain, we can create specialized units that are
highly energy efficient, but can be programmed and reused across
a wide range of applications.

We concentrate on computational photography, image process-
ing, and video processing applications that are popular on mo-
bile systems. We find that a common motif is a convolution-like
data flow: apply a function to a stencil of the data, then perform
a reduction, then shift the stencil to include a small amount of
new data, and repeat. Examples include demosaic, feature extrac-
tion and mapping in scale-invariant-feature-transform (SIFT), win-
dowed histograms, median filtering, motion estimation for H.264
video processing and many more. In contrast to the current solu-
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Technical Section 

FINITE AUTOMATA BASED COMPRESSION OF BI-LEVEL 
AND SIMPLE COLOR IMAGES 

KAREL CULIK IIt and VLADIMIR VALENTA 

Department of Computer Science, University of South Carolina, Columbia, SC 29208, U.S.A. 
e-md culik@cs.scarolina.edu 

Abstract-We introduce generalized finite automata as a tool for specification of bi-level images. We 
describe an inference algorithm for generalized finite automata and a lossy compression system for bi-level 
and simple color images based on this algorithm and vector quantization. 0 1997 Elsevier Science Ltd 

1. INTRODUCTION 

A bi-level multiresolution image is specified by 
assigning the value 0 or 1 to every node of the 
infinite quadtree. If the outgoing edges of each node 
of the quadtree are labeled 0, 1, 2, 3, we get a 
uniquely labeled path to every node; its label is called 
the address of the node. The address of a node at 
depth k is a string of length k over the alphabet {0, 1, 
2, 3}. Hence, a bi-level multiresolution image can be 
specified as a subset of strings over the alphabet {0, 
1, 2, 3}, namely the collection of the addresses of the 
nodes assigned value 1 (black). Regular sets of 
strings are specified by finite automata or regular 
expressions [l]. Therefore, finite automata can be 
used to specify (regular) multiresolution images. This 
idea has been recognized independently by several 
authors [2-6], but has not led to a successful image- 
data compression method. 

The finite automata method of image-specification 
has been extended to gray-scale images, represented 
by Weighted Finite Automata (WFA) [7, 81. A 
theoretical WFA inference algorithm was proposed 
in [8]. This algorithm finds a WFA with the minimal 
number of states for an image which can be perfectly 
(without error) represented by a WFA. However, for 
realistic images (photographs), which must be 
approximated, this algorithm infers automata with 
many edges (transitions) and it is not useful for 
image compression. In [9] a recursive algorithm for 
WFA-inference was proposed (see also [lo]); based 
on this algorithm a (lossy) image-data compression 
method has been developed which gives an excellent 
relation between the image quality and the compres- 
sion rate. It also has additional advantages: it works 
well for the widest variety of images, and it allows 
zooming and many other image transformations to 
be done easily on compressed images. That is, we can 

’ Author for correspondence. 

decode a part of an image, its filtered version, etc. 
without decoding the original image (see [1 l-131). 

The objective of our work is to design a lossy 
compression method for bi-level images based on 
finite automata which, at least for silhouette-like 
images, would have an excellent quality to compres- 
sion rate ratio. The first idea was to modify the 
successful algorithm from [9]. That, however, would 
not work since the important property of WFA is 
that the WFA with underlying nondeterministic 
automata are more powerful than ‘deterministic’ 
WFA. For example, the linearly sloping grayness 
function can be implemented by a two state 
Lnondeterministic’ WFA, but not by any ‘determi- 
nistic’ one. The recursive algorithm from [9] effi- 
ciently finds the best way to express every ‘subsquare 
image’ as a linear combination of the existing states 
(images) and thus takes advantage of the nondeter- 
minism of WFA. 

For bi-level images the situation is quite different. 
It is well known that nondeterministic finite auto- 
mata define the same (regular) sets as deterministic 
[ 11, even if the nondeterministic automaton might be 
much smaller than the equivalent deterministic 
automaton. Because our experiments have shown 
that nondeterminism does not cause a substantial 
increase in the quality to compression rate ratio for 
bi-level images, and it is expensive in terms of the 
running time, our algorithm proposed here is 
completely different from the algorithm for gray- 
scale images in [9], in particular, it is not recursive. 
The resulting automaton is deterministic, but it is a 
generalized finite automaton. We introduce new 
features into the automata that allow a briefer 
description of an image and thus higher compression 
without further degradation of quality. 

If a (classical) deterministic finite automaton ,4 
represents an image Z, then each state of A must 
correspond to a subsquare of Z, with the initial state 
corresponding to the whole Z. Moreover, if there is a 
transition from state i to state j labeled by 0 (1,2,3), 
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