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Natural Splines

• Draw a “smooth” line through several points
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A real draftsman’s
spline.

Image from Carl de Boor’s 
webpage.

Natural Cubic Splines

• Given           points
• Generate a curve with      segments
• Curves passes through points
• Curve is        continuous

• Use cubics because lower order is better...
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Natural Cubic Splines
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u = n

u = n� 1
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s3 sn

sn�1

x(u) =

8
>>>><

>>>>:

s1(u) if 0  u < 1
s2(u� 1) if 1  u < 2
s3(u� 2) if 2  u < 3

...
sn(u� (n� 1)) if n� 1  u  n

Natural Cubic Splines
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u = 0

u = 1

u = 2

u = 3

u = n

u = n� 1

s1

s2

s3 sn

sn�1

si(0)= pi�1 i = 1 . . . n
si(1)= pi i = 1 . . . n

s0i(1)= s0i+1(0) i = 1 . . . n� 1
s00i (1)= s00i+1(0) i = 1 . . . n� 1

s001(0)= s00n(1) = 0

← n constraints
← n constraints

← n-1 constraints
← n-1 constraints

←2 constraints

Total 4n constraints



Natural Cubic Splines
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• Interpolate data points

• No convex hull property

• Non-local support
• Consider matrix structure...

•      using cubic polynomialsC2

B-Splines

• Goal:       cubic curves with local support
• Give up interpolation 
• Get convex hull property

• Build basis by designing “hump” functions
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B-Splines

b(u) =

8
>><

>>:

b�2(u) if u�2 u <u�1

b�1(u) if u�1 u <u0

b+1(u) if u0  u <u+1

b+2(u) if u+1 u u+2

b00�2(u�2) = b0�2(u�2) = b�2(u�2) = 0
b00+2(u+2) = b0+2(u+2) = b+2(u+2) = 0

b�2(u�1)= b�1(u�1)
b�1(u0) = b+1(u0)
b+1(u+1)= b+2(u+1)

Repeat for      and

←3 constraints

Total 15 constraints  ......   need one more

←3 constraints

← 3×3=9 constraints
b0 b00[

B-Splines
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b(u) =

8
>><

>>:

b�2(u) if u�2 u <u�1

b�1(u) if u�1 u <u0

b+1(u) if u0  u <u+1

b+2(u) if u+1 u u+2

b00�2(u�2) = b0�2(u�2) = b�2(u�2) = 0
b00+2(u+2) = b0+2(u+2) = b+2(u+2) = 0

b�2(u�1)= b�1(u�1)
b�1(u0) = b+1(u0)
b+1(u+1)= b+2(u+1)

Repeat for      and

←3 constraints

Total 16 constraints  

←3 constraints

← 3×3=9 constraints
b0 b00[

b�2(u�2) + b�1(u�1) + b+1(u0) + b+2(u+1) = 1 ←1 constraint (convex hull)



B-Splines
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B-Splines
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B-Splines

13

B-Splines
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B-Splines
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Example with end 
knots repeated

B-Splines

• Build a curve w/ overlapping bumps

• Continuity
• Inside bumps 
• Bumps “fade out” with         continuity

• Boundaries
• Circular
• Repeat end points
• Extra end points
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B-Splines

• Notation
• The basis functions are the 
• “Hump” functions are the concatenated function

• Sometimes the humps are called basis... can be confusing
• The      are the knot locations
• The weights on the hump/basis functions are control points

17

ui

bi(u)

B-Splines

• Similar construction method can give higher continuity 
with higher degree polynomials

• Repeating knots drops continuity
• Limit as knots approach each other

• Still cubics, so conversion to other cubic basis is just a 
matrix multiplication
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B-Splines
• Geometric construction

• Due to Cox and de Boor 
• My own notation, beware if you compare w/ text

• Let hump centered on        be 
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Ni,4(u)ui

Cubic is order 4

Ni,k(u) Is order     hump, centered atk ui

Note:     is integer if        is even
    else            is integer

i k

(i + 1/2)

B-Splines
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• Nonuniform Rational B-Splines
• Basically B-Splines using homogeneous coordinates
• Transform under perspective projection
• A bit of extra control
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NURBS



NURBS

• Non-linear in the control points

• The       are sometimes called “weights”
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Consider NURBS Surface
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Control mesh dictates feature size. 

Coarse mesh
Displaced CV

Large bump



Consider NURBS Surface
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Control mesh dictates feature size. 

Fine mesh
Displaced CV

Small bump

Excessive detail

Tensor Product Surface Refinement 
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Refinement must be constant across u or v 
directions



Bézier Subdivision
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u 2 [0..1]

x(u) = Â
i

bi(u)pi

x(u) = [1,u,u2,u3]bzP

bz =

2

664

1 0 0 0
�3 3 0 0
3 �6 3 0
�1 3 �3 1

3

775

Vector of control points

Bézier Subdivision
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x(u) = [1,u,u2,u3]bzP

bz =

2

664

1 0 0 0
�3 3 0 0
3 �6 3 0
�1 3 �3 1

3

775
u 2 [0..1/2]

u 2 [1/2..1]



Bézier Subdivision
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x(u) = [1,u,u2,u3]bzP

bz =

2

664

1 0 0 0
�3 3 0 0
3 �6 3 0
�1 3 �3 1

3

775u 2 [0..1]
u 2 [0..1]

Can’t change these....

Bézier Subdivision
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x(u) = [1,u,u2,u3]bzP

S1 =

2

664

1 0 0 0
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0 0 1/4 0
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775
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]
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x(u) = [1,

u
2
,
u2

4
,
u3

8
]bzP

x(u) = [1,u,u2,u3]S1bzP

x(u) = [1,u,u2,u3]bzb�1
z S1bzP

x(u) = [1,u,u2,u3]bzHz1P



Bézier Subdivision
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x(u) = [1,u,u2,u3]bzHz1P

x(u) = [1,u,u2,u3]bzP1

P1 = Hz1P
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x(u) = [1,u,u2,u3]bzP2

Bézier Subdivision
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Bézier Subdivision
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x(u,v) = [1,u,u2,u3]bzPbT
z[1,v,v2,v3]T

4 x 4 matrix of control 
points

P2· = HZ2 P

Bézier Subdivision
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x(u,v) = [1,u,u2,u3]bzPbT
z[1,v,v2,v3]T

4 x 4 matrix of control 
points

P21 = HZ2 P HT
Z1



Regular B-Spline Subdivision
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Orthographic top-down 
view

3D Perspective view

Regular B-Spline Subdivision
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Orthographic top-down 
view

3D Perspective view



Regular B-Spline Subdivision
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x(u,v) = [1,u,u2,u3]bB P bT
B[1,v,v2,v3]T

P11 = HB1 P HT
B1

Regular B-Spline Subdivision
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P11 = HB1 P HT
B1

In this parametric view these 
knot points are collocated.

The 3D control points are 
not.



Regular B-Spline Subdivision
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P11 = HB1 P HT
B1

P12 = HB1 P HT
B2

Regular B-Spline Subdivision

40

P11 = HB1 P HT
B1

P12 = HB1 P HT
B2

P22 = HB2 P HT
B2



Regular B-Spline Subdivision

P11 = HB1 P HT
B1

P12 = HB1 P HT
B2

P22 = HB2 P HT
B2

P21 = HB2 P HT
B1
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Regular B-Spline Subdivision

Length 16 vector of coarse C
Ps

Length 25 vector of fine C
Ps

25 x 16 subdivision m
atrix

Pi+1 = H Pi



Regular B-Spline Subdivision

Pi+1 = H Pi
Inspection would reveal a 
pattern

• Face points

• Edge points

• Vertex points

Regular B-Spline Subdivision

Face point f =
v1 + v2 + v3 + v4

4v1

v2 v3

v4

f

v1

v2

f1 f2
e

e =
v1 + v2 + f1 + f2

4

Edge point

f1 f2

f3 f4

p
v

m1

m2

m3

m4

Vertex point

v =
f1 + f2 + f3 + f4 +2(m1 +m2 +m3 +m4)+4p

16

m midpoint of edge, not “edge point”

p old “vertex point”



Regular B-Spline Subdivision
• Recall that control mesh approaches surface

Regular B-Spline Subdivision

• Limit of subdivision is the surface



• Catmull-Clark Subdivision
• Generalizes regular B-Spine subdivision

Irregular B-Spline Subdivision

An irregular patch

Non-quad face

Extraordinary vertex

• Catmull-Clark Subdivision
• Generalizes regular B-Spine subdivision
• Rules reduce to regular for ordinary vertices/faces

Irregular B-Spline Subdivision

f = average of surrounding vertices

e =
f1 + f2 + v1 + v2

4

v =
f̄
n

+
2m̄
n

+
p(n�3)

n

¯f = average of adjacent face points

m̄ = average of adjacent midpoints

n = valence of vertex



Catmull-Clark Subdivision
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Catmull-Clark Subdivision
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Catmull-Clark Subdivision
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Catmull-Clark Subdivision
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Catmull-Clark Subdivision
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Catmull-Clark Subdivision
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Catmull-Clark Subdivision
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Catmull-Clark Subdivision
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Practical Evaluation

• Uniform subdivision
• Exponential growth of control mesh
• Need several subdivisions before error is small
• Ok if you are “drawing and forgetting”, otherwise impractical

• Evaluation at arbitrary points

• Tangent and other derivative evaluation needed

• Paper by Jos Stam SIGGRAPH 98 outlines efficient method
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Isolated Extraordinary Points

• Where surface is regular, treat as b-splines

• We can assume extraordinary points are isolated
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Figure 1: A bi-cubic B-spline is defined by 16 control vertices. The
numbers on the right show the ordering of the corresponding B-
spline basis functions in the vector .

Figure 2: Initial mesh and two levels of subdivision. The shaded
faces correspond to regular bi-cubic B-spline patches. The dots are
extraordinary vertices.

uation. Section 5 is a discussion of implementation issues. In Sec-
tion 6 we exhibit results created using our technique and compare
it to straightforward subdivision. Finally in Section 7 we conclude,
mentioning promising directions for future research.

1.1 Notations
In order to make the derivations below as clear and compact as pos-
sible we adopt the following notational conventions. All vectors are
assumed to be columns and are denoted by boldface lower case ro-
man characters, e.g., . The components of the vector are denoted
by the corresponding italicized character: the -th component of a
vector is thus denoted . The component of a vector should not
be confused with an indexed vector such as . Matrices are de-
noted by uppercase boldface characters, e.g., . The transpose of
a vector (resp. matrix ) is denoted by (resp. ). The
transpose of a vector is simply the same vector written row-wise.
Therefore the dot product between two vectors and is written
“ ”. The vector or matrix having only zero elements is denoted
by . The size of this vector (matrix) should be obvious from the
context.

2 Catmull-Clark Subdivision Surfaces
The Catmull-Clark subdivision scheme was designed to general-
ize uniform B-spline knot insertion to meshes of arbitrary topology
[2]. An arbitrary mesh such as the one shown on the upper left

1
8

2
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2N+42N+5

2N+6

2N+2

2N+7

2N+8

2N+1

Figure 3: Surface patch near an extraordinary vertex with its con-
trol vertices. The ordering of the control vertices is shown on the
bottom. Vertex 1 is the extraordinary vertex of valence .

hand side of Figure 2 is used to define a smooth surface. The sur-
face is defined as the limit of a sequence of subdivision steps. At
each step the vertices of the mesh are updated and new vertices
are introduced. Figure 2 illustrates this process. On each vertex
of the initial mesh, the valence is the number of edges that meet
at the vertex. A vertex having a valence not equal to four is called
an extraordinary vertex. The mesh on the upper left hand side of
Figure 2 has two extraordinary vertices of valence three and one of
valence five. Away from extraordinary vertices, the Catmull-Clark
subdivision is equivalent to midpoint uniform B-spline knot inser-
tion. Therefore, the vertices surrounding a face that contains no
extraordinary vertices are the control vertices of a uniform bi-cubic
B-spline patch (shown schematically Figure 1). The faces which
correspond to a regular patch are shaded in Figure 2. The figure
shows how the portion of the surface comprised of regular patches
grows with each subdivision step. In principle, the surface can thus
be evaluated whenever the holes surrounding the extraordinary ver-
tices are sufficiently small. Unfortunately, this iterative approach
is too expensive near extraordinary vertices and does not provide
exact higher derivatives.
Because the control vertex structure near an extraordinary vertex

is not a simple rectangular grid, all faces that contain extraordinary
vertices cannot be evaluated as uniform B-splines. We assume that
the initial mesh has been subdivided at least twice, isolating the ex-
traordinary vertices so that each face is a quadrilateral and contains
at most one extraordinary vertex. In the rest of the paper, we need
to demonstrate only how to evaluate a patch corresponding to a face
with just one extraordinary vertex, such as the region near vertex 1
in Figure 3. Let us denote the valence of that extraordinary vertex
by . Our task is then to find a surface patch defined over
the unit square that can be evaluated directly
in terms of the vertices that influence the shape of



Isolated Extraordinary Points
• Neighborhood around an extraordinary point
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Figure 1: A bi-cubic B-spline is defined by 16 control vertices. The
numbers on the right show the ordering of the corresponding B-
spline basis functions in the vector .

Figure 2: Initial mesh and two levels of subdivision. The shaded
faces correspond to regular bi-cubic B-spline patches. The dots are
extraordinary vertices.

uation. Section 5 is a discussion of implementation issues. In Sec-
tion 6 we exhibit results created using our technique and compare
it to straightforward subdivision. Finally in Section 7 we conclude,
mentioning promising directions for future research.

1.1 Notations
In order to make the derivations below as clear and compact as pos-
sible we adopt the following notational conventions. All vectors are
assumed to be columns and are denoted by boldface lower case ro-
man characters, e.g., . The components of the vector are denoted
by the corresponding italicized character: the -th component of a
vector is thus denoted . The component of a vector should not
be confused with an indexed vector such as . Matrices are de-
noted by uppercase boldface characters, e.g., . The transpose of
a vector (resp. matrix ) is denoted by (resp. ). The
transpose of a vector is simply the same vector written row-wise.
Therefore the dot product between two vectors and is written
“ ”. The vector or matrix having only zero elements is denoted
by . The size of this vector (matrix) should be obvious from the
context.

2 Catmull-Clark Subdivision Surfaces
The Catmull-Clark subdivision scheme was designed to general-
ize uniform B-spline knot insertion to meshes of arbitrary topology
[2]. An arbitrary mesh such as the one shown on the upper left
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Figure 3: Surface patch near an extraordinary vertex with its con-
trol vertices. The ordering of the control vertices is shown on the
bottom. Vertex 1 is the extraordinary vertex of valence .

hand side of Figure 2 is used to define a smooth surface. The sur-
face is defined as the limit of a sequence of subdivision steps. At
each step the vertices of the mesh are updated and new vertices
are introduced. Figure 2 illustrates this process. On each vertex
of the initial mesh, the valence is the number of edges that meet
at the vertex. A vertex having a valence not equal to four is called
an extraordinary vertex. The mesh on the upper left hand side of
Figure 2 has two extraordinary vertices of valence three and one of
valence five. Away from extraordinary vertices, the Catmull-Clark
subdivision is equivalent to midpoint uniform B-spline knot inser-
tion. Therefore, the vertices surrounding a face that contains no
extraordinary vertices are the control vertices of a uniform bi-cubic
B-spline patch (shown schematically Figure 1). The faces which
correspond to a regular patch are shaded in Figure 2. The figure
shows how the portion of the surface comprised of regular patches
grows with each subdivision step. In principle, the surface can thus
be evaluated whenever the holes surrounding the extraordinary ver-
tices are sufficiently small. Unfortunately, this iterative approach
is too expensive near extraordinary vertices and does not provide
exact higher derivatives.
Because the control vertex structure near an extraordinary vertex

is not a simple rectangular grid, all faces that contain extraordinary
vertices cannot be evaluated as uniform B-splines. We assume that
the initial mesh has been subdivided at least twice, isolating the ex-
traordinary vertices so that each face is a quadrilateral and contains
at most one extraordinary vertex. In the rest of the paper, we need
to demonstrate only how to evaluate a patch corresponding to a face
with just one extraordinary vertex, such as the region near vertex 1
in Figure 3. Let us denote the valence of that extraordinary vertex
by . Our task is then to find a surface patch defined over
the unit square that can be evaluated directly
in terms of the vertices that influence the shape of
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Figure 1: A bi-cubic B-spline is defined by 16 control vertices. The
numbers on the right show the ordering of the corresponding B-
spline basis functions in the vector .

Figure 2: Initial mesh and two levels of subdivision. The shaded
faces correspond to regular bi-cubic B-spline patches. The dots are
extraordinary vertices.

uation. Section 5 is a discussion of implementation issues. In Sec-
tion 6 we exhibit results created using our technique and compare
it to straightforward subdivision. Finally in Section 7 we conclude,
mentioning promising directions for future research.

1.1 Notations
In order to make the derivations below as clear and compact as pos-
sible we adopt the following notational conventions. All vectors are
assumed to be columns and are denoted by boldface lower case ro-
man characters, e.g., . The components of the vector are denoted
by the corresponding italicized character: the -th component of a
vector is thus denoted . The component of a vector should not
be confused with an indexed vector such as . Matrices are de-
noted by uppercase boldface characters, e.g., . The transpose of
a vector (resp. matrix ) is denoted by (resp. ). The
transpose of a vector is simply the same vector written row-wise.
Therefore the dot product between two vectors and is written
“ ”. The vector or matrix having only zero elements is denoted
by . The size of this vector (matrix) should be obvious from the
context.

2 Catmull-Clark Subdivision Surfaces
The Catmull-Clark subdivision scheme was designed to general-
ize uniform B-spline knot insertion to meshes of arbitrary topology
[2]. An arbitrary mesh such as the one shown on the upper left
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Figure 3: Surface patch near an extraordinary vertex with its con-
trol vertices. The ordering of the control vertices is shown on the
bottom. Vertex 1 is the extraordinary vertex of valence .

hand side of Figure 2 is used to define a smooth surface. The sur-
face is defined as the limit of a sequence of subdivision steps. At
each step the vertices of the mesh are updated and new vertices
are introduced. Figure 2 illustrates this process. On each vertex
of the initial mesh, the valence is the number of edges that meet
at the vertex. A vertex having a valence not equal to four is called
an extraordinary vertex. The mesh on the upper left hand side of
Figure 2 has two extraordinary vertices of valence three and one of
valence five. Away from extraordinary vertices, the Catmull-Clark
subdivision is equivalent to midpoint uniform B-spline knot inser-
tion. Therefore, the vertices surrounding a face that contains no
extraordinary vertices are the control vertices of a uniform bi-cubic
B-spline patch (shown schematically Figure 1). The faces which
correspond to a regular patch are shaded in Figure 2. The figure
shows how the portion of the surface comprised of regular patches
grows with each subdivision step. In principle, the surface can thus
be evaluated whenever the holes surrounding the extraordinary ver-
tices are sufficiently small. Unfortunately, this iterative approach
is too expensive near extraordinary vertices and does not provide
exact higher derivatives.
Because the control vertex structure near an extraordinary vertex

is not a simple rectangular grid, all faces that contain extraordinary
vertices cannot be evaluated as uniform B-splines. We assume that
the initial mesh has been subdivided at least twice, isolating the ex-
traordinary vertices so that each face is a quadrilateral and contains
at most one extraordinary vertex. In the rest of the paper, we need
to demonstrate only how to evaluate a patch corresponding to a face
with just one extraordinary vertex, such as the region near vertex 1
in Figure 3. Let us denote the valence of that extraordinary vertex
by . Our task is then to find a surface patch defined over
the unit square that can be evaluated directly
in terms of the vertices that influence the shape of

Subdivision Matrix
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Figure 4: The effect of the seven outer control vertices does not
depend on the valence of the extraordinary vertex. When the
control vertices in the center are set to zero the same limit surface
is obtained.

the patch corresponding to the face. We assume in the following
that the surface point corresponding to the extraordinary vertex is

and that the orientation of is chosen such that
points outside of the surface.
A simple argument shows that the influence on the limit surface

of the seven “outer control vertices” numbered through
in Figure 3 can be accounted for directly. Indeed, consider

the situation depicted in Figure 4 where we show a mesh containing
a vertex of valence and a regular mesh side by side. Let us assume
that all the control vertices are set to zero except for the seven con-
trol vertices highlighted in Figure 4. If we repeat the Catmull-Clark
subdivision rules for both meshes we actually obtain the same limit
surface, since the exceptional control vertex at the center of the
patch remains equal to zero after each subdivision step. Therefore,
the effect of the seven outer control vertices is simply each con-
trol vertex multiplied by its corresponding bi-cubic B-spline tensor
product basis function. In the derivation of our evaluation technique
we do not need to make use of this fact. However, it explains the
simplifications which occur at the end of the derivation.

3 Mathematical Setting
In this section we cast the informal description of the previous sec-
tion into a rigorous mathematical setting. We denote by

the initial control vertices defining the surface patch shown in Fig-
ure 3. The ordering of these vertices is defined on the bottom of
Figure 3. This peculiar ordering is chosen so that later computa-
tions become more tractable. Note that the vertices do not result in
the control vertices of a uniform bi-cubic B-spline patch, except
when .
Through subdivision we can generate a new set of

vertices shown as circles super-imposed on the initial vertices in
Figure 5. Subsets of these new vertices are the control vertices of
three uniform B-spline patches. Therefore, three-quarters of our
surface patch is parametrized, and could be evaluated as simple bi-
cubic B-splines (see top left of Figure 6). We denote this new set of
vertices by

1
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Figure 5: Addition of new vertices by applying the Catmull-Clark
subdivision rule to the vertices in Figure 3.

With these matrices, the subdivision step is a multiplication by an
(extended) subdivision matrix :

(1)

Due to the peculiar ordering that we have chosen for the vertices,
the extended subdivision matrix has the following block structure:

(2)

where is the subdivision matrix usually found
in the literature [4]. The remaining two matrices correspond to the
regular midpoint knot insertion rules for B-splines. Their exact def-
inition can be found in Appendix A. The additional points needed
to evaluate the three B-spline patches are defined using a bigger
matrix of size :

where

(3)

The matrices and are defined in Appendix A. The sub-
division step of Equation 1 can be repeated to create an infinite
sequence of control vertices:

As noted above, for each level , a subset of the vertices of
becomes the control vertices of three B-spline patches. These

0 0 0

000

00

00

0

0 0 0

000

0 0 0

0 0 0
0 0 0
0 0 0

000
0 0 0

00
0
0
0

Figure 4: The effect of the seven outer control vertices does not
depend on the valence of the extraordinary vertex. When the
control vertices in the center are set to zero the same limit surface
is obtained.

the patch corresponding to the face. We assume in the following
that the surface point corresponding to the extraordinary vertex is

and that the orientation of is chosen such that
points outside of the surface.
A simple argument shows that the influence on the limit surface

of the seven “outer control vertices” numbered through
in Figure 3 can be accounted for directly. Indeed, consider
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and that the orientation of is chosen such that
points outside of the surface.
A simple argument shows that the influence on the limit surface

of the seven “outer control vertices” numbered through
in Figure 3 can be accounted for directly. Indeed, consider

the situation depicted in Figure 4 where we show a mesh containing
a vertex of valence and a regular mesh side by side. Let us assume
that all the control vertices are set to zero except for the seven con-
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subdivision rules for both meshes we actually obtain the same limit
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patch remains equal to zero after each subdivision step. Therefore,
the effect of the seven outer control vertices is simply each con-
trol vertex multiplied by its corresponding bi-cubic B-spline tensor
product basis function. In the derivation of our evaluation technique
we do not need to make use of this fact. However, it explains the
simplifications which occur at the end of the derivation.

3 Mathematical Setting
In this section we cast the informal description of the previous sec-
tion into a rigorous mathematical setting. We denote by

the initial control vertices defining the surface patch shown in Fig-
ure 3. The ordering of these vertices is defined on the bottom of
Figure 3. This peculiar ordering is chosen so that later computa-
tions become more tractable. Note that the vertices do not result in
the control vertices of a uniform bi-cubic B-spline patch, except
when .
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With these matrices, the subdivision step is a multiplication by an
(extended) subdivision matrix :
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Due to the peculiar ordering that we have chosen for the vertices,
the extended subdivision matrix has the following block structure:
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in the literature [4]. The remaining two matrices correspond to the
regular midpoint knot insertion rules for B-splines. Their exact def-
inition can be found in Appendix A. The additional points needed
to evaluate the three B-spline patches are defined using a bigger
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sequence of control vertices:
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Figure 7: Partition of the unit square into an infinite family of tiles.

control vertices can be defined by selecting control vertices from
and storing them in matrices:

where is a “picking” matrix and . Let
be the vector containing the cubic B-spline basis functions (see
Appendix B). If the control vertices are ordered as shown on the left
of Figure 1, then the surface patch corresponding to each matrix of
control vertices is defined as

(4)

where , and . Using the ordering
convention for the B-spline control vertices of Figure 1, the defini-
tion of the picking matrices is shown in Figure 6. Each row of is
filled with zeros except for a one in the column corresponding to the
index shown in Figure 6 (see Appendix B for more details). The in-
finite sequence of uniform B-spline patches defined by Equation 4
form our surface , when “stitched together”. More formally,
let us partition the unit square into an infinite set of tiles ,

, as shown in Figure 7. Each tile with index is
four times smaller than the tiles with index . More precisely:

(5)

A parametrization for is constructed by defining its restric-
tion to each tile to be equal to the B-spline patch defined by the
control vertices :

(6)

The transformation maps the tile onto the unit square :

(7)
(8)
(9)

Equation 6 gives an actual parametrization for the surface. How-
ever, it is very costly to evaluate, since it involves multipli-
cations of the matrix . The evaluation can be simplified
considerably by computing the eigenstructure of . This is the key
idea behind our new evaluation technique and is the topic of the
next section.

4 Eigenstructure, Eigenbases and Evalu-
ation

The eigenstructure of the subdivision matrix is defined as the
set of its eigenvalues and eigenvectors. In our case the matrix
is non-defective for any valence. Consequently, there always ex-
ists linearly independent eigenvectors [4]. Therefore we denote
this eigenstructure by , where is the diagonal matrix con-
taining the eigenvalues of , and is an invertible matrix whose
columns are the corresponding eigenvectors. The computation of
the eigenstructure is then equivalent to the solution of the following
matrix equation:

(10)

where the -th diagonal element of is an eigenvalue with a cor-
responding eigenvector equal to the -th column of the matrix
( ). There are many numerical algorithms which
can compute solutions for such equations. Unfortunately for our
purposes, these numerical routines do not always return the cor-
rect eigenstructure. For example, in some cases the solver returns
complex eigenvalues. For this reason, we must explicitly com-
pute the eigenstructure. Since the subdivision matrix has a definite
block structure, our computation can be done in several steps. In
Appendix A we analytically compute the eigenstructure
(resp. ) of the diagonal block (resp. ) of the subdi-
vision matrix defined in Equation 2. The eigenvalues of the subdivi-
sion matrix are the union of the eigenvalues of its diagonal blocks:

Using the eigenvectors of and , it can be proven that the eigen-
vectors for the subdivision matrix must have the following form:

The matrix is unknown and is determined from Equation 10. If
we replace the matrices , and by their block representations,
we obtain the following matrix equation:

(11)

Since is known, is computed by solving the linear
systems of Equation 11. In principle, this equation could be solved
symbolically. In practice, however, because of the small sizes of
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the patch corresponding to the face. We assume in the following
that the surface point corresponding to the extraordinary vertex is

and that the orientation of is chosen such that
points outside of the surface.
A simple argument shows that the influence on the limit surface

of the seven “outer control vertices” numbered through
in Figure 3 can be accounted for directly. Indeed, consider

the situation depicted in Figure 4 where we show a mesh containing
a vertex of valence and a regular mesh side by side. Let us assume
that all the control vertices are set to zero except for the seven con-
trol vertices highlighted in Figure 4. If we repeat the Catmull-Clark
subdivision rules for both meshes we actually obtain the same limit
surface, since the exceptional control vertex at the center of the
patch remains equal to zero after each subdivision step. Therefore,
the effect of the seven outer control vertices is simply each con-
trol vertex multiplied by its corresponding bi-cubic B-spline tensor
product basis function. In the derivation of our evaluation technique
we do not need to make use of this fact. However, it explains the
simplifications which occur at the end of the derivation.

3 Mathematical Setting
In this section we cast the informal description of the previous sec-
tion into a rigorous mathematical setting. We denote by

the initial control vertices defining the surface patch shown in Fig-
ure 3. The ordering of these vertices is defined on the bottom of
Figure 3. This peculiar ordering is chosen so that later computa-
tions become more tractable. Note that the vertices do not result in
the control vertices of a uniform bi-cubic B-spline patch, except
when .
Through subdivision we can generate a new set of

vertices shown as circles super-imposed on the initial vertices in
Figure 5. Subsets of these new vertices are the control vertices of
three uniform B-spline patches. Therefore, three-quarters of our
surface patch is parametrized, and could be evaluated as simple bi-
cubic B-splines (see top left of Figure 6). We denote this new set of
vertices by
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With these matrices, the subdivision step is a multiplication by an
(extended) subdivision matrix :
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Due to the peculiar ordering that we have chosen for the vertices,
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where is the subdivision matrix usually found
in the literature [4]. The remaining two matrices correspond to the
regular midpoint knot insertion rules for B-splines. Their exact def-
inition can be found in Appendix A. The additional points needed
to evaluate the three B-spline patches are defined using a bigger
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The matrices and are defined in Appendix A. The sub-
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a vertex of valence and a regular mesh side by side. Let us assume
that all the control vertices are set to zero except for the seven con-
trol vertices highlighted in Figure 4. If we repeat the Catmull-Clark
subdivision rules for both meshes we actually obtain the same limit
surface, since the exceptional control vertex at the center of the
patch remains equal to zero after each subdivision step. Therefore,
the effect of the seven outer control vertices is simply each con-
trol vertex multiplied by its corresponding bi-cubic B-spline tensor
product basis function. In the derivation of our evaluation technique
we do not need to make use of this fact. However, it explains the
simplifications which occur at the end of the derivation.

3 Mathematical Setting
In this section we cast the informal description of the previous sec-
tion into a rigorous mathematical setting. We denote by

the initial control vertices defining the surface patch shown in Fig-
ure 3. The ordering of these vertices is defined on the bottom of
Figure 3. This peculiar ordering is chosen so that later computa-
tions become more tractable. Note that the vertices do not result in
the control vertices of a uniform bi-cubic B-spline patch, except
when .
Through subdivision we can generate a new set of

vertices shown as circles super-imposed on the initial vertices in
Figure 5. Subsets of these new vertices are the control vertices of
three uniform B-spline patches. Therefore, three-quarters of our
surface patch is parametrized, and could be evaluated as simple bi-
cubic B-splines (see top left of Figure 6). We denote this new set of
vertices by
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Figure 5: Addition of new vertices by applying the Catmull-Clark
subdivision rule to the vertices in Figure 3.

With these matrices, the subdivision step is a multiplication by an
(extended) subdivision matrix :

(1)

Due to the peculiar ordering that we have chosen for the vertices,
the extended subdivision matrix has the following block structure:

(2)

where is the subdivision matrix usually found
in the literature [4]. The remaining two matrices correspond to the
regular midpoint knot insertion rules for B-splines. Their exact def-
inition can be found in Appendix A. The additional points needed
to evaluate the three B-spline patches are defined using a bigger
matrix of size :

where

(3)

The matrices and are defined in Appendix A. The sub-
division step of Equation 1 can be repeated to create an infinite
sequence of control vertices:

As noted above, for each level , a subset of the vertices of
becomes the control vertices of three B-spline patches. These
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spline patches obtained from .
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Figure 7: Partition of the unit square into an infinite family of tiles.

control vertices can be defined by selecting control vertices from
and storing them in matrices:

where is a “picking” matrix and . Let
be the vector containing the cubic B-spline basis functions (see
Appendix B). If the control vertices are ordered as shown on the left
of Figure 1, then the surface patch corresponding to each matrix of
control vertices is defined as

(4)

where , and . Using the ordering
convention for the B-spline control vertices of Figure 1, the defini-
tion of the picking matrices is shown in Figure 6. Each row of is
filled with zeros except for a one in the column corresponding to the
index shown in Figure 6 (see Appendix B for more details). The in-
finite sequence of uniform B-spline patches defined by Equation 4
form our surface , when “stitched together”. More formally,
let us partition the unit square into an infinite set of tiles ,

, as shown in Figure 7. Each tile with index is
four times smaller than the tiles with index . More precisely:

(5)

A parametrization for is constructed by defining its restric-
tion to each tile to be equal to the B-spline patch defined by the
control vertices :

(6)

The transformation maps the tile onto the unit square :

(7)
(8)
(9)

Equation 6 gives an actual parametrization for the surface. How-
ever, it is very costly to evaluate, since it involves multipli-
cations of the matrix . The evaluation can be simplified
considerably by computing the eigenstructure of . This is the key
idea behind our new evaluation technique and is the topic of the
next section.

4 Eigenstructure, Eigenbases and Evalu-
ation

The eigenstructure of the subdivision matrix is defined as the
set of its eigenvalues and eigenvectors. In our case the matrix
is non-defective for any valence. Consequently, there always ex-
ists linearly independent eigenvectors [4]. Therefore we denote
this eigenstructure by , where is the diagonal matrix con-
taining the eigenvalues of , and is an invertible matrix whose
columns are the corresponding eigenvectors. The computation of
the eigenstructure is then equivalent to the solution of the following
matrix equation:

(10)

where the -th diagonal element of is an eigenvalue with a cor-
responding eigenvector equal to the -th column of the matrix
( ). There are many numerical algorithms which
can compute solutions for such equations. Unfortunately for our
purposes, these numerical routines do not always return the cor-
rect eigenstructure. For example, in some cases the solver returns
complex eigenvalues. For this reason, we must explicitly com-
pute the eigenstructure. Since the subdivision matrix has a definite
block structure, our computation can be done in several steps. In
Appendix A we analytically compute the eigenstructure
(resp. ) of the diagonal block (resp. ) of the subdi-
vision matrix defined in Equation 2. The eigenvalues of the subdivi-
sion matrix are the union of the eigenvalues of its diagonal blocks:

Using the eigenvectors of and , it can be proven that the eigen-
vectors for the subdivision matrix must have the following form:

The matrix is unknown and is determined from Equation 10. If
we replace the matrices , and by their block representations,
we obtain the following matrix equation:

(11)

Since is known, is computed by solving the linear
systems of Equation 11. In principle, this equation could be solved
symbolically. In practice, however, because of the small sizes of

the linear systems ( ) we can compute the solution up to ma-
chine accuracy (see the next section for details). The inverse of our
eigenvector matrix is equal to

(12)

where both and can be inverted exactly (see Appendix A).
This fact allows us to rewrite Equation 10:

This decomposition is the crucial result that we use in constructing a
fast evaluation scheme of the surface patch. Indeed, the subdivided
control vertices at level are now equal to

where is the projection of the control vertices
into the eigenspace of the subdivision matrix. Using this new ex-
pression for the control vertices at the -th level of subdivision,
Equation 4 can be rewritten in the following form:

We observe that the right most terms in this equation are indepen-
dent of the control vertices and the power . Therefore, we can
precompute this expression and define the following three vectors:

(13)

The components of these three vectors correspond to a set of
bi-cubic splines. In Appendix B we show how to compute these
splines. Notice that the splines depend only on the va-
lence of the extraordinary vertex. Consequently, we can rewrite the
equation for each patch more compactly as:

(14)

To make the expression for the evaluation of the surface patch more
concrete, let denote the rows of . Then the surface patch can
be evaluated as:

(15)

Therefore, in order to evaluate the surface patch, we must first com-
pute the new vertices (only once for a given mesh). Next, for
each evaluation we determine and then scale the contribution
from each of the splines by the relevant eigenvalue to the power

. Since all but the first of the eigenvalues are smaller than one,
their contribution decreases as increases. Thus, for large , i.e.,
for surface-points near the extraordinary vertex, only a few terms
make a significant contribution. In fact for the sur-
face point is , which agrees with the definition of a limit point in
[4].
Alternatively, the bi-cubic spline functions can be

used to define a set of eigenbasis functions for the subdivision. For
a given eigenvector we define the function by its restrictions
on the domains as follows:

with . By the above definition these functions satisfy
the following scaling relation:

The importance of these functions was first noted by Warren in the
context of subdivision curves [9]. More recently, Zorin has defined
and used eigenbasis functions to prove smoothness conditions for
very general classes of subdivision schemes [10]. However, ex-
plicit analytical expressions for particular eigenbases have never
appeared before. On the other hand, we can compute these bases
analytically. Figures 8 and 9 show the complete sets of eigenbasis
functions for valences 3 and 5. In the figures we have normalized
each function such that its range is bounded within and . In
particular, the first eigenbasis corresponding to an eigenvalue of one
is always a constant function for any valence. A closer look at Fig-
ures 8 and 9 reveals that they share seven identical functions. In fact
as shown in Appendix B, the last seven eigenbasis functions for any
valence are always equal to

Furthermore, by transforming these functions back from the
eigenspace using we obtain the seven tensor B-spline basis
functions

i.e., the basis functions corresponding to the “outer layer” of control
vertices of Figure 3. This should not come as a surprise since as we
noted above, the influence of the outer layer does not depend on the
valence of the extraordinary vertex (see Figure 4).
In the regular bi-cubic B-spline case ( ), the remaining

eigenbasis can be chosen to be equal to the power basis

The scaling property of the power basis is obvious. For example,
the basis function corresponds to the eigenvalue :

This relationship between the Catmull-Clark subdivision and the
power basis in the regular case has not been noted before. Note
also that the eigenvectors in this case correspond to the “change of
basis matrix” from the bi-cubic B-spline basis to the power basis.
The eigenbasis functions at extraordinary vertices can thus be inter-
preted as a generalization of the power basis. However, the eigen-
bases are in general not polynomials. In the case of the Catmull-
Clark subdivision they are piece-wise bi-cubic polynomials. The
evaluation of the surface patch given by Equation 15 can now be
rewritten exactly as:

(16)

This is the key result of our paper, since this equation gives a
parametrization for the surface corresponding to any face of the
control mesh, no matter what the valence is. There is no need to
subdivide. Equation 16 also allows us to compute derivatives of the
surface up to any order. Only the corresponding derivatives of the
basis functions appearing in Equation 16 are required. For example,
the partial derivative of the -th eigenbasis with respect to is:

where the factor is equal to the derivative of the affine transfor-
mation . Generally a factor will be present when the order
of differentiation is .
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Only depends on valence of extraordinary vertex.

Comments

• Computing Eigen Vectors is tricky
• See Jos’s paper for details
• He includes the solutions up to valence 500

• All eigenvalues are (abs) less than one 
• except for lead value which is exactly one
• well defined limit behavior

• Exact evaluation allows “pushing to limit surface”
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Curvature Plots
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N=3 N=5

N=8 N=30

Figure 10: Surfaces having an extraordinary vertex in the center.
For each surface we depict the patches evaluated using our tech-
nique in blue. Next to them is a curvature plot. Derivative informa-
tion for curvature is also computed near the center vertex using our
technique.

Figure 11: More complex surfaces rendered using our evaluation
technique (in blue).

Behavior of Limit Surface
• Away from extraordinary points simple B-Splines

• Existence at extraordinary points
• Limit of              must be finite so 
• Not useful if surface collapses to a point
• Invariant w.r.t. translation

•  

• Smoothness at extraordinary points
• Curve 
• Surface
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Eigenvalues Control Behavior	


67

Real Complex Degenerate

Loop Subdivision

• “Loop” is a name 
• Charles Loop (currently working at Microsoft Research)
• Smooth Subdivision Surfaces Based on Triangles,      

M.S. Mathematics thesis , University of Utah, 1987

• Triangle-based subdivision scheme
• Each triangle split into four new triangles
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Loop Subdivision

• Regular vertices

• Extraordinary vertices
• Original Loop

• Warren
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