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Boltzmann’s and Vlasov’s Equations
Both equations describe the evolution of the velocity distribution function, f (x,v, t),

of particles in a rarefied system with respect to time. The Boltzmann equation includes

the effect of short range collisions and the Vlasov equation neglects them.

• Boltzmann’s Equation: ∂f

∂t
+ v · ∇f + a · ∇vf =

∂f
∂t


(collisions

• 1D Electrostatic Vlasov Equation: ∂f

∂t
+ vx

∂f

∂x
+
qE

m

∂f

∂vx
= 0

•

Taking moments of Boltzmann’s

equation and Vlasov’s equation re-

sults in the fluid equations with

the implicit assumption of a Guas-

sian velocity distribution function

v0 + vthv0v0 - vth

f(v
)

v

Gaussian (Equilibrium) Velocity Distribution Function
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Example of a Nonequilibrium Distribution
Function
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Electrostatics: Gauss’s Law
and Poisson’s Equation

For a 1D electrostatic system, the electric field E = Ex(x)x̂ may be
computing from Gauss’s Law [and appropriate boundary conditions]:

dE(x)

dx
=

1

ε0

∑
s
qs

∫
dvf (x, v)

• the sum is over all species (electrons, ions, ...)

• depending on boundary conditions Poisson’s Equation may be
used instead:

Φ ⇒ E = −∇Φ

• for a full electromagnetic solution, Maxwell’s equations must be
utilized (of which Gauss’s law is one of four)
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Works Studied: Executive Summary

Two papers describing methods of solving the Vlasov equation were stud-
ied:

• Sonnondrücker, Roche, Betrand, and Ghizzo, “The Semi-Lagrangian
Method for the Numerical Resolution of the Vlasov Equation”, Journal
of Computational Physics, 149, 1999.

– uses cubic B-spline interpolation of characteristics of f () to
solve Vlasov’s equation

• Filbet, “Convergence of a Finite Volume Scheme for the Vlasov-Poisson
System”, SIAM Journal of Numerical Analysis, Vol. 39, No. 4, 2001.

– uses linear interpolatory splines to directly integrate Vlasov’s
equation on a grid
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Characteristics of Vlasov’s Equation

The characteristics of Vlasov’s equation give the path of propagation of
information in x−v phase space. Letting U be a (divergence free) field vector
and X represent phase space:

U = (vx, Ex) X = (x, vx)
dX

dt
= U (X (t) , t)

It can be shown that f is constant along characteristics:

df (X (t) , t)

dt
=
∂f

∂t
+
dX

dt
· ∇Xf =

∂f

∂t
+ U (X (t) , t) · ∇Xf = 0

• using the characteristics of f , Sonnendrücker et al. devise a numerical
method for updating f in time by interpolating the gridded quantities
using B-splines and advecting phase space
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Integral form of Vlasov’s Equations

Assuming f (x,v, t = t0) is known, f (x,v, t = t1) may be found by
direct integration:

∫ x1

x=x0

∫ v1

v=v0

f(x′, v′, t+ ∆t)dx′dv′ =
∫ x1

x=x0

∫ v1

v0

f(x′, v, t′)dx′dv

−
∫ t+∆t

t
{

∫ v1

v0

v (f(x1, v, t
′)− f(x1, v, t

′)) dv +
∫ x1

x=x0

qE(x′)

m

 (f(x′, v1, t
′)− f(x′, v0, t

′)) dx′}dt′

This form is suitable for computation by the finite volume (or finite
element method) by using a spline description of f (x,v) in [ physical
(configuration) space + velocity space { = phase space } ] and a method of
integration in time (forward Euler, backward Euler, upwind schemes, etc.)

• this method is used in Filbet with simple linear (interpolatory) splines
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Methodology: Sonnondrücker et al.

• For each mesh point Xm the new value at time t + ∆t is obtained
by following the characteristics back to the previous location using the
midpoint rule:

f (Xm, t + ∆t) = f (X (t−∆t;xm, t + ∆t) , t−∆t)

1. Find the starting point of the characteristic ending at mesh point
Xm : X (t−∆t;Xm, t + ∆t) This is done to 2nd order accuracy by
the midpoint rule:

Xm −X(t−∆t)

2∆t
= U(X(t), t)

2. Compute f (X (t−∆t;Xmt + ∆t) , t−∆t) by interpolation using
cubic B-splines, as f is known at discrete points of time
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Cubic B-Splines: Sonnendrücker et al.

After the origin of characteristics – X – is computed, the velocity distri-
bution function f must be calculated there in order to evolve the solution
to time t+∆t. In order to satisfy the convex hull property as well achieve
computational accuracy and efficiency, the tensor product of cubic
B-splines was used.

Each timestep, a linear system is solved in order to find the coefficients
of the B-splines. The matrix is initially factored and stored. Each time
step the linear system is solved iteratively using the new values of f . Since
the values of f aren’t likely to chang much from one time step to the next,
this is not computationally prohibitive.

Once the continuous approximation to the distribution is found using
cubic B-splines, the velocity distribution function using this approximation
and knowledge of the origin of characteristics from f (x,v, t) to f (x,v, t+
∆t)
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Methodology: Filbet

Filbet’s finite volume method consists of integrating the Vlasov equation
on each cell of the mesh, approximating the fluxes on the boundary by
linear interpolation:

1

Ci,j

∫
Ci,j

f (x, v, t+∆t) =
1

Ci,j

∫
Ci,j

f (x, v, t)+
1

Ci,j

(
φi+1/2,j − φi−1/2,j + ψi,j+1/2 − ψi,j−1/2

)

Ci,j is the cell volume: Ci,j ≡ (xi+1/2 − xi−1/2) · (vj+1/2 − vj−1/2).

φ and ψ are the fluxes into the cell:

φi+1/2,j ≡ ∆t
∫ vj+1/2
vj−1/2

vf (xi+1/2, v, t)dv

ψi,j+1/2 ≡ ∆t
∫ xi+1/2
xi−1/2

(qE(x)/m)f (x, vj+1/2, t)dv
i−1 i+1i

Linear Interpolation Basis

Linear interpolation is used to compute the integrals as well as E.

Upwinding was also used.
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Example Computation: Sonnondrücker et al.

The Kelvin-Helmholtz
Instability: this instability re-
sults when an initial charge den-
sity perturbation excites a grow-
ing wave mode in the plasma.
The instability is analogous to
wind blowing over water at suf-
ficient speed to result in wave un-
dulation. First vortices appear
and only after a long time (t >
5000 here) does the system reach
an equilibrium state.
The initial phase of growth is
shown. Note the smoothness in
the solution.
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More results: Sonnondrücker et al.
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Summary: Sonnondrücker et al.

• Cubic B-splines are a good compromise between accuracy and cost.

Linear interpolation is too dissipative.

• Linear interpolation is sufficient for U

• Time step restriction: || (∂U/∂x) ∆t|| < 1; slightly better than the
Courant condition (∆t ≈ O(3) · (∆x/v))
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Summary: Filbet

• Filbet concludes that the method of Sonnendrücker et al. works well
for simple geometries in physical space but is ill-suited to complex ge-
ometries

• Filbet also proves rigorous convergence to the weak solution of Vlasov’s
equation

• Time step restriction: Courant condition (∆t < ∆x/v)
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Conclusions

• Two different methods for the solution of Vlasov’s equation were pre-
sented

• Both methods require interpolation

• Sonnendrücker et al. use cubic B-splines to interpolate f to follow
the path of characteristics

• Filbet linearly interpolates f to directly integrate Vlasov’s equation

• Interpolation of f for numerical solutions depends on the convex hull
property

• For future work, it would worth investigating direct integration like
Filbet’s method but using cubic B-splines like Sonnendrücker et al.

• What about higher dimensions?
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General Remark:

As long as people use numerical methods, there will be the need to
interpolate discrete data in order to obtain continuous functions.
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