U.C. Berkeley – CS70: Discrete Mathematics for Computer Science Problem Set 3 Lecturer: Luca Trevisan Due February 13, 2007 at 2:30pm

Problem Set 3

1. Can’t we all just get along? (5 pts) In an particular instance of the stable marriage problem with n men and n women, it turns out that there are exactly three distinct stable matchings, M_1, M_2, M_3. Also, each man M has a different partner in the three matchings. Therefore each man has a clear preference ordering of the three matchings (according to the ranking of his partners in his preference list). Now, suppose for man M_1, this order is M_1 > M_2 > M_3. True or false: every man has the same preference ordering M_1 > M_2 > M_3. Justify your answer.

2. Squares in Z_8 (5 pts)

Prove that if n ≡ 7 (mod 8), then n cannot be the sum of the squares of 3 integers.

3. What’s in a googolplex? (3 pts) A “googolplex”, the namesake of Google’s “Googleplex” headquarters, is the number written as 1 followed by 10^{100} zeroes. That is, it’s 10^{10100} . For a positive integer n, we define “n factorial” (written n!) as the product of all positive integers from 1 to n, i.e. n · (n − 1) · . . . · 2 · 1. As you might imagine, 10^{10100} !, googleplex factorial, is a Very Large Number. Let

m = 51859259867354235424444672378388838622134534634634534562 43434534634420981645243591345918100075131114594357234591 10235098237457523423457591117449042203525117456777989031.

Note that that’s a single 168-digit number (it just doesn’t fit onto one line). Calculate what 10^{10100} ! is congruent to, modulo m. That is, find the value of:

10^{10100} ! mod m

Show all your work. Hint: if your answer takes more than 5-10 lines of text, you are probably doing it wrong.

4. Modular pigeons (2 pts)

Let a and n be positive integers. Prove that if you write down the values of a^0 mod n, a^1 mod n, . . ., a^n mod n, at least one number will appear more than once in the list.

5. Euclid’s algorithm (4 pts)

Find the GCD of a and b using Euclid’s algorithm. Show all steps:

(a) a = 42, b = 70 (b) a = 1234, b = 4321

6. Greatest Common Roots (8 pts) Take two integers a ≥ 2 and b ≥ 2. We’ll say that integer c is a common root of a and b if there exist positive integers n and m such that a = c^m and b = c^n. Not all pairs of a and b have a common root, but if they do, we’ll define their Greatest Common Root (GCR) to be, naturally, the greatest of their common roots.

For instance, the GCR of 729 and 81 will be 9, since 9^3 = 729 and 9^2 = 81. While 3 is also a common root of 729 and 81, it’s not the greatest one. On the other hand, 16 and 36 don’t have a greatest common root at all, since there are no integers which are integer-power roots of both 16 and 36. Design an algorithm which takes two integers a and b and quickly determines their GCR if it exists, or, otherwise, detects that there’s no GCR. By “quickly” we mean, in particular, that you may not go through a long list of integers to do trial-and-error. Prove that your algorithm works.