
U.C. Berkeley – CS70: Discrete Mathematics for Computer Science Problem Set 5
Lecturer: Luca Trevisan Due Wednesday, March 14, 2007 at 2:30pm

Problem Set 6

1. How to steal the TA’s car1 (3 pts)
One of the CS70 TAs lives in a building with an electronic garage door that is opened by a remote
control. One day, you overhear his roommate talking about how, after losing his remote control and
having the landlord demand $60 to replace it, he discovered that the remote controls can be bought
online for $12, and all you need to do after buying one online is to open it up and set 10 tiny on-off
switches to match the “code” of the door. These, of course, can be obtained by looking at the switches
in another remote for the same door.

After a particularly nasty problem set, you decide to take revenge by getting one of these remotes and
breaking into said garage. Of course, unlike the roommate, you don’t have access to another remote
to copy the code from, so you’ll have to brute-force the code. It takes 5 seconds to flip a single switch
in either direction (they’re tiny, and CS grad students aren’t known for fine motor control), and 1
second to test whether the current switch combination works by just pressing the button. What is the
shortest amount of time that you’ll need to definitely open the garage door? Explain precisely how
you would go about doing this. Keep in mind that, per Murphy’s law, even if you try all but one of
the combinations, it’s possible that the right combination is the one you haven’t tried.

2. Card-counting (8 pts)
Consider a deck of cards with 52 cards in 13 values and four suits. How many sets of three cards drawn
from this deck have:

(a) all three the same suit.

(b) two of them have the same suit, different from the third.

(c) they are all “number cards” (2 through 10), and are all congruent modulo 3.

(d) How many sets of three cards are there anyway?

Remember that a “set” is unordered – that is, e.g., {3♠, K♥, J♣} and {J♣, 3♠, K♥} are not two
distinct sets.

3. De Bruijn edges

Consider the de Bruijn graph for some n (so has a vertex for every n − 1-bit string); assume n ≥ 4.

(a) (1 pt) How many edges does it have in total?

(b) (1 pt) How many edges have endpoints with identical Hamming weights? The “Hamming weight”
of an n-bit string s, denoted |s|1, is just the number of 1’s it contains (so |01101|1 = 3).

(c) (4 pts) How many tours2 of length 3 does it have? Hint: write down the bit-string “label” of
the start and end vertex of a 3-edge path in a de Bruijn graph symbolically (i.e. assume the
start vertex is labeled with some bitstring a1a2 . . . an−1 and the end vertex is b1b2 . . . bn−1), then
consider the relation between the two bit strings as an equation over the ai’s and bi’s.

4. Chains (3 pts)
Consider “chain” graphs, shaped like this (with n “links”):

1True story (mostly).
2Remember that a tour is any sequence of edges with the i’th ending where the i + 1’th starts, as long as the the starting

vertex is the same as the ending vertex, so even, e.g., repeating the same self-loop 3 times constitutes a tour. For this question,
we’ll think of a tour as having a specific start/end point (so, for appropriately-connected vertices A, B, and C, (A, B, C, A) is
a different tour from (B, C, A, B)).
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How many different Eulerian tours, starting and ending at the leftmost vertex, does a chain graph with
n links have?

5. An intro to shortest paths (4 pts)
One of the most practical graph-theoretic concepts is the “shortest path” between two vertices u and
v. The definition is natural — a path P between u and v is the shortest path if there are no paths that
start at u and end at v and have fewer edges than P . Notice that there might be multiple shortest
paths. For instance, in the following graph, (A, B, C) and (A, D, C) are both shortest paths from A to
C:

A

B

C

D

Suppose the graph G has a Hamiltonian path P starting at vertex u and ending at vertex v. Describe
precisely the structure of G if P is the shortest path from u to v. This means you must both prove
that graphs matching your description always have this property, and graphs not matching it never
do.

6. Hypercube routing

Recall that an n-dimensional hypercube contains 2n vertices, each labeled with a distinct n bit string,
and two vertices are adjacent iff their bit strings differ in exactly one position.

(a) (1 pts) The hypercube is a popular architecture for parallel computation.Let each vertex of the
hypercube represent a processor and each edge represent a communication link. Suppose we want
to send a packet for vertex x to vertex y. Consider the following “bit-fixing” algorithm:

In each step, the current processor compares its address to the destination address of the
packet. Let’s say that the two addresses match up to the first k positions. The processor
then forwards the packet and the destination address on to its neighboring processor
whose address matches the destination address in at least the first k + 1 positions. This
process continues until the packet arrives at its destination.

Consider the following example where n = 4: Suppose that the source vertex is (1001) and the
destination vertex is (0100). Give the sequence of processors that the packet is forwarded to using
the bit-fixing algorithm.

(b) (3 pts) In general, for an arbitrary source vertex and arbitrary destination vertex, how many
edges must the packet traverse under this algorithm? Give an exact answer in terms of the n-bit
strings labeling source and destination vertices. You may want to use the definition from 3b.

(c) (2 pts) Consider any two vertices x and y in the hypercube. Consider the graph G = (Vx,y, Ex,y)
where Ex,y is the set of all edges on shortest paths between x and y and Vx,y is the set of all
vertices on shortest paths between x and y.

Consider the following example where n = 3: Suppose that x is (010) and y is (100). What is the
length of the shortest path between x and y? Explicitly show the sets Vx,y and Ex,y.

(d) (4 pts) In general, for arbitrary x and y, what are the sizes of Vx,y and Ex,y? Express your answer
in terms of the n-bit strings labeling of x and y.
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