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Homework 12 Solutions

Problem 1

Problem 5

OWN 10.44 (a)

By the time shifting and linearity properties in OWN Table 10.1, the z-transform of

xo[n] = z[n] — x[n — 1]

is

Xa(2) = X(2)—-27'X(2) =

with ROC R with the possible deletion of z =0.
OWN 10.44 (b)

We can find the z-transform of

z[2] n even
xb[n]—{ 0[2] n odd

by using the time expansion property in OWN Table 10.1, as

Xy(z) = X(2?) with ROC RY?={z:22 € R}.

Alternatively, we can find the z-transform by evaluating the definition

Xp(z) = Z xp[n]z™"

OWN 10.44 (c)
Define



Observe that g[2n] = x[2n], and that g[n] =0 for n odd. By the scaling in the z-domain property and

the linearity property in OWN Table 10.1, the z-transform of g[n] is G(z) = 1 X(2) + $X(—z), with

ROC R. Now we find the z-transform of x.[n] = z[2n] by evaluating the definition of the z-transform,

X.(2) = Z xe[n]z™"
= Z x[2n]z™"
= > g2
= > gmlzm?
= > glml=mm?
— G(Zl/2)
= %X( 1/2)+%X(—z1/2)

and the ROCis R.
Problem 2 (Discrete-time LTI system analysis)
OWN 10.47

e (a)

From Clue 1, we know that H(—2) = 0. From Clue 2, we know that when

1 1
Xz)=—F Z
@=topm e F>;
then
a 1—3i144 1
Y :1 = 4 —
() * 1—3z71 1—3z71 12 > 4
Therefore,
= YE) _(-p+e) (- 527 2 > L
CX(2) 1—1x-1 ’ 4

1
Substituting z = —2 into this equation, and using the fact that H(—2) = 0, we find that

a = ——

The response to the signal z[n] =1 = 1" will be y[n] = H(1)z[n].



Problem 3 (z-transform properties: Filter banks)

Parts (a) and (b) are shown in the following figure.
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Problem 4 (Filter design.)
(a)

1

(14 ((w=4))8) (1 + (G(w +4))F)
1

(14 (5 —45)*F) (1 + (s + 4)%%)

H(jw)H(—jw) = |H(jw)]” =

We want to find the poles of H(s)H(—s). To do so, we first define p = s —4j and ¢ = s+ 45, and solve
for the poles in terms of p and q.

1

H(s)H(-s) = (1 + p2K) (1 + ¢2K)

Since the roots of 14 p?% =0 and 14 ¢?>X = 0 are the same, it is sufficient to solve for the roots of one
of these polynomials.

1+p% = 0
€j27'rn +p2K = 0
p2K _ _ej27rn _ ej(27rn+7r)
p = &(FrE) forn=0,1,...,2K -1

We plug the 2K unique roots at p and g back into p = s — 45 and ¢ = s + 45. Therefore the roots of
H(s)H(—s) are at

s = ej(%Jr%) +4j
for n=0,1,...,2K — 1.

For K =2, H(s)H(—s) has poles at s = e/™/4 £ 45, s =e/3™/* £ 45, 5=e5/* £ 45 = e 737/ 4 45
and s = /74 £ 45 = eI/ £ 45

Re

X X
X, X

(b)

For K =2, we would like to find a real-valued, stable and causal filter that satisfies |H (jw)|?. In other
words H(s) must contain poles such that, when combined with their complex conjugates form exactly
|H (jw)|*. A rational H(s) is causal iff its ROC is the right-half plane, to the right of the pole largest in



magnitude. H(s) is stable iff its ROC includes the jw-axis. Thus all the poles of H(s) must be left of
the jw-axis (e.g. Re(s) < 0). So we make the poles of H(s): s =¢34 +4j and s = e 37/4 £ 45.

H(s) = .
(s — el —4j)(s — 7T +4§)(s — e 3T —4j)(s — e 3T +45)
Hts) = ((s— ejSTﬂ)2 +16)((s — e_j%r)z +16)

(s — T") (s—e*j%)2+16(s—ej%)2+16(s—e*j%”)2+256

(s2 =26/ T s+ el ) (2 —2e T Ts+e 7 7T)+16(s> -2/ T s+e7)+16(s> —2e 7T s+e77) +256
= (s*—2e” % 3 +js% — eraTﬂsg+452—2efj3Tﬂs—j52—2ej%s+1)+3252+32\/§s—|—256

= s+ 2v2s% +365% + 34V/2s + 257

Now we use the Laplace transform properties (see OWN Table 9.1) to find the difference equation that
describes this filter.

Y(s) = H(s)X(s)
(s +2v25% +365% +34v2s + 257)Y (s) = X(s)
4
%y( t) + 2\fd 3y( )+ 365231( t) + 34\/5%3/@) +257y(t) = x(t)

(c)

The magnitude response of the filter H(s) will have a peak at w =4 and at w = —4, because that is
where we are closest to the poles as we traverse the jw-axis.
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Problem 5 (Trapdoor and Fibonacci Numbers)

Use the solutions of Optional problem in Homework 2, and what follows for finding the value for each n.
Parts (a) and (b) are shown in the following figure.
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