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The	  idea	  of	  self-‐driving	  cars	  has	  existed	  for	  a	  long	  ?me.	  
Recent	  progress	  was	  enabled	  by	  computa?on,	  sensors,	  
radar,	  mapping,	  machine	  learning,	  and	  catalyzed	  by	  the	  
DARPA	  Grand	  Challenges.	  

	  

ca.	  1957	  



This article describes the robot Stanley, which won the 2005 DARPA Grand Challenge.
Stanley was developed for high-speed desert driving without manual intervention. The
robot’s software system relied predominately on state-of-the-art artificial intelligence
technologies, such as machine learning and probabilistic reasoning. This paper describes
the major components of this architecture, and discusses the results of the Grand Chal-
lenge race. © 2006 Wiley Periodicals, Inc.

1. INTRODUCTION

The Grand Challenge was launched by the Defense
Advanced Research Projects Agency !DARPA" in
2003 to spur innovation in unmanned ground vehicle
navigation. The goal of the Challenge was to develop
an autonomous robot capable of traversing unre-
hearsed off-road terrain. The first competition, which
carried a prize of $1M, took place on March 13, 2004.
It required robots to navigate a 142-mile long course
through the Mojave desert in no more than 10 h. 107
teams registered and 15 raced, yet none of the par-
ticipating robots navigated more than 5% of the entire
course. The challenge was repeated on October 8,
2005, with an increased prize of $2M. This time, 195
teams registered and 23 raced. Of those, five teams
finished. Stanford’s robot “Stanley” finished the
course ahead of all other vehicles in 6 h, 53 min, and
58 s, and was declared the winner of the DARPA
Grand Challenge; see Figure 1.

This paper describes the robot Stanley, and its
software system in particular. Stanley was developed
by a team of researchers to advance the state-of-the-
art in autonomous driving. Stanley’s success is the re-

sult of an intense development effort led by Stanford
University, and involving experts from Volkswagen
of America, Mohr Davidow Ventures, Intel Research,
and a number of other entities. Stanley is based on a
2004 Volkswagen Touareg R5 TDI, outfitted with a six
processor computing platform provided by Intel, and
a suite of sensors and actuators for autonomous driv-
ing. Figure 2 shows images of Stanley during the race.

The main technological challenge in the develop-
ment of Stanley was to build a highly reliable system,
capable of driving at relatively high speeds through
diverse and unstructured off-road environments, and
to do all this with high precision. These requirements
led to a number of advances in the field of autono-
mous navigation, as surveyed in this paper. Methods
were developed, and existing methods extended, in
the areas of long-range terrain perception, real-time
collision avoidance, and stable vehicle control on slip-
pery and rugged terrain. Many of these develop-
ments were driven by the speed requirement, which
rendered many classical techniques in the off-road
driving field unsuitable. In pursuing these develop-
ments, the research team brought to bear algorithms

Figure 1. !a" At approximately 1:40 pm on Oct 8, 2005, Stanley was the first robot to complete the DARPA Grand
Challenge. !b" The robot is being honored by DARPA Director Dr. Tony Tether.
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from diverse areas including distributed systems,
machine learning, and probabilistic robotics.

1.1. Race Rules

The rules !DARPA, 2004" of the DARPA Grand Chal-
lenge were simple. Contestants were required to
build autonomous ground vehicles capable of tra-
versing a desert course up to 175-miles long in less
than 10 h. The first robot to complete the course in
under 10 h would win the challenge and the $2M
prize. Absolutely no manual intervention was al-
lowed. The robots were started by DARPA personnel
and from that point on had to drive themselves.
Teams only saw their robots at the starting line and,
with luck, at the finish line.

Both the 2004 and 2005 races were held in the
Mojave desert in the southwest United States. The
course terrain varied from high-quality graded dirt
roads to winding rocky mountain passes; see Figure
2. A small fraction of each course traveled along
paved roads. The 2004 course started in Barstow,

CA, approximately 100 miles northeast of Los Ange-
les, and finished in Primm, NV, approximately
30 miles southwest of Las Vegas. The 2005 course
both started and finished in Primm, NV.

The specific race course was kept secret from all
teams until 2 h before the race. At this time, each
team was given a description of the course on CD-
ROM in a DARPA-defined route definition data for-
mat !RDDF". The RDDF is a list of longitudes, lati-
tudes, and corridor widths that define the course
boundary, and a list of associated speed limits; an
example segment is shown in Figure 3. Robots that
travel substantially beyond the course boundary risk
disqualification. In the 2005 race, the RDDF con-
tained 2,935 waypoints.

The width of the race corridor generally tracked
the width of the road, varying between 3 and 30 m
in the 2005 race. Speed limits were used to protect
important infrastructure and ecology along the
course, and to maintain the safety of DARPA chase
drivers who followed behind each robot. The speed
limits varied between 5 and 50 mph. The RDDF de-
fined the approximate route that robots would take,

Figure 2. Images from the race.

Figure 3. A section of the RDDF file from the 2005
DARPA Grand Challenge. The corridor varies in width
and maximum speed. Waypoints are more frequent in
turns.
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Topic	  1:	  	  Steering	  Control	  



Goal:	  	  Maintain	  	  	  	  	  	  	  	  	  	  at	  	  desired	  value	  	  	  	  	  	  	  	  	  y(t)



dy(t)

dt
= �v sin(✓ � �)



dy(t)

dt

= v sin(x(t))

r
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�
Control Plant

Define x , � � ✓. Then, the ‘plant’ is:

(nonlinear!)

x = K(r � y)

First, try the constant gain control

Closed-loop:

dy

dt
= v sin(K(r � y))



dy

dt
= v sin(K(r � y)) ⇡ �Kv(y � r)

Near y = r,

y
r

Therefore, for constant r:

y(t)� r ⇡ (y(0)� r)e�Kvt

if y(0)� r small

�Kv(y � r)



Linearized plant model:

Root Locus Interpretation

dy

dt

= v sin(x) ⇡ vx

Hp(s) =
v

s
Closed-loop poles are the roots of:

1 +KHp(s) = 0 ) s = �Kv

Steady-state error = 0 (Hp(s) has pole at 0)



The controller above does not obey the physical

steering limit: |x| < 90�

Instead, try the nonlinear controller:

x = tan�1(K(r � y))
Closed-loop:

dy

dt
= v sin(tan�1(K(r � y)))

Substitute: sin(tan�1(u)) = up
1+u2

dy

dt
= v

K(r � y)p
1 +K2(r � y)2



dy

dt
= v

K(r � y)p
1 +K2(r � y)2

y
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y(t) ! r for all y(0)
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Simulink Diagram:
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Fig. 1. AHS platoon.

Fig. 2. Coupled feedback loops.

velocity). However, in some situations a constant spacing policy
may be required. For example, the fuel savings obtained by flying in
formation are strongly dependent on a lateral spacing [13]. Hence,
lateral control for formation flight may necessitate a constant spacing
policy. In situations where a constant spacing policy is required,
communication and/or nonlinear control techniques will be required
to overcome the string instabilities.

In the following sections, we will compare two control strategies to
the predecessor following strategy depicted in Fig. 2. In Section III, we
will look at error propagation through the string of vehicles and com-
pare the predecessor following strategy with a predecessor and leader
following strategy. In predecessor and leader following strategy, the po-
sition of the lead vehicle is communicated to all the following vehicles.
The following vehicles use this communicated information along with
spacing information relative to the preceding vehicle. This strategy has
the advantage that a control law can be designed which is not string
unstable. However, it requires a wireless network over which the lead
vehicle can communicate its data. In Section IV, we consider the closed
loop performance of an entire platoon. We demonstrate that the prede-
cessor and leader following can be made string stable in the sense that
the closed loop performance is relatively independent of the number
of vehicles in the platoon. We then consider another strategy, which
we term bidirectional, in which each vehicle uses relative spacing in-
formation with respect to both its immediate predecessor and follower.
This strategy has the advantage that the controller requires information
only from on-board sensors, i.e., no communication is required. How-
ever, this strategy also has the problem that closed-loop performance
changes as the length of the platoon grows.

II. PROBLEM FORMULATION

The problem is motivated by the control of an AHS platoon (Fig. 1).
The platoon is a stringof vehicles. Let denote the position of
the first car and denote thepositionof the th follower
in the string. We make several assumptions in the following analysis.

• Assumption 1: All the vehicles have the same model, denoted
.

• Assumption 2: is linear, single-input–single-output,
strictly proper, and has two integrators.
• Assumption 3: All vehicles use the same control law.
• Assumption 4: The desired spacing is a constant.

We note that Assumptions 1 and 2 are violated to some degree in all real
platoons.Forexample,eachcarhasdifferentdynamiccharacteristicsand
a model for an individual vehicle should include nonlinear wind drag,
rolling resistance, and actuator dynamics [14]. However, Assumptions
1 and 2 are reasonable abstractions to analyze a whole platoon of vehi-
cles. For example, feedback linearization leads to a simple point mass

model with first order actuator dynamics: .
Assumption 3 is a simplification for ease of implementation. Finally, the
constant spacing policy is chosen for this analysis. But as noted above,
thereareotherspacingpolicies thatwillnot leadtostringinstabilities (see
[9]). These alternative policies can also be interpreted in the frequency
domain by repeating the analyses that follow.

Given any time-domain signal, , we denote its Laplace Trans-
form by . Applying the assumptions, we can model each vehicle
in the Laplace domain as (assuming the vehicles start from rest):

for (1)

where is the initial position of the th vehicle and is an
input disturbance. The assumptions that is strictly proper and
has two poles will be used later. The spacing error is given by

where is the (constant) desired vehicle spacing.
We assume the platoon starts with zero spacing errors and the leader
starts at . Hence, for .

The goal is to design a linear control law to force the spacing errors
to zero and ensure that small disturbances acting on one vehicle cannot
have a large effect on another vehicle. We focus our analyzes on three
decentralized designs where each vehicle only has access to a subset of
the platoon measurements. In Section III, we deal with the special case
where , while in Section IV, we remove this restriction and
consider the effect of disturbances on the errors.

III. ERROR PROPAGATION

In this section, we give a simple analysis of two decentralized con-
trol laws under the assumption . We will make use of the
following norm: .

A. Predecessor Following

A linear control law based only on relative spacing error with respect
to the predecessor is given by

(2)

Assuming , we can obtain the spacing error dynamics from
(1), (2), and the platoon initial conditions

(3)

for (4)

Goal: Maintain the gap xi � xi�1 at �i; thus

the reference for vehicle i is ri = xi�1 � �i
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Fig. 1. Experimental M56s vehicles.

on constant spacing or one based on constant time gap. A
comparative study between them, where CACC stability was
discussed, was presented in [19]. Several papers have dealt
with string stability analysis and simulations [20]–[22], based
on simplified theoretical models of ACC vehicle-following
behavior, and have shown encouraging results. However, real
production ACC systems have significant response delays that
have not been represented in the prior theoretical analyses but
which destabilize vehicle-following responses. Consequently,
those theoretical analyses have produced unrealistically opti-
mistic estimates of the traffic stability impacts of ACC.

In previous PATH research, a CACC involving two vehicles
was tested with very favorable results [6], [23], [24]. Building
on that previous work, this paper describes a new control system
design and implementation that is integrated in four production
vehicles. A constant time-gap car-following strategy was imple-
mented similar to the commercial ACC, but with the availability
of significantly shorter time-gap settings. This is achievable
because V2V communications permit tighter control of vehicle
spacing and guarantee string stability, so that intervehicle time-
gap settings significantly shorter than the production ACC time-
gap settings are comfortable and acceptable to drivers [24].
The whole system was then tested in real traffic scenarios in
order to compare its performance with the production ACC
system installed in the vehicles. Cut-in and cut-out maneuvers
were also tested to evaluate the controller under regular traffic
circumstances, emulating everyday traffic situations.

The rest of this paper is organized as follows: Section II
presents a brief explanation about the production vehicles used
in the experimental phase, the control architecture implemented
on each vehicle, and the vehicle model. The control system that
has been implemented based on a gap-closing controller and
a gap regulation controller is explained in Section III. Several
experiments to validate the proposed systems are included in
Section IV. Finally, some concluding remarks are given in
Section V.

II. EXPERIMENTAL VEHICLES

Four production Infiniti M56s (see Fig. 1) were used as the
experimental vehicles. These vehicles are rear-wheel drive with
a 420-hp 5.6-L V8 gasoline engine. They were factory equipped
with lidar-based ACC, lane departure warning, and blind spot
detection systems. Additionally, a 5.9-GHz dedicated short-
range communication (DSRC) system with a differential Global
Positioning System (GPS) incorporated in a wireless safety unit

Fig. 2. Control architecture block diagram.

(WSU) was supplied by DENSO. Control was implemented
through a dSpace MicroAutoBox, which received data from
both the WSU and the production vehicle’s controller area
network (CAN). In particular, lidar data from the first and
immediately preceding vehicles and data from on-board vehicle
sensors—speed, acceleration, and yaw rate—were used by the
control computer.

A. Control Architecture

As previously stated, a factory installed ACC controller was
available in the vehicles. This controller sends target speed
commands to the vehicle’s actuators. The same control variable
is available for the CACC system, but it needs to act through
the commercial system that controls the throttle and brake
pedals, i.e., the low-level controller. This constraint somewhat
limits the options when it comes to designing the controller
since the low-level controller could not be modified, but it still
provides adequate dynamic range for controlling the vehicle
under nonemergency transient conditions. Fig. 2 shows the
block diagram for the vehicle control architecture. It consists
of a classical robotics control architecture divided into three
stages.

1) Perception phase where all information from the sensors
installed in the vehicle is received. Two sources can be
distinguished. On one hand, information coming from
the WSU system, where all data communicated by other
vehicles in the platoon—speed, acceleration, distance to
preceding vehicle, current time gap, control activation,
and so on—are received and included on the CAN bus
data structure. These data also include detection and as-
signment of the vehicle position sequence in the platoon,
which is carried out by the WSU using its GPS with wider
area augmentation system differential corrections. On the
other hand, information is obtained from the on-board
sensors, such as factory available lidar measurements
(relative distance to the preceding vehicle), odometer
(current speed) and acceleration, and flag signals (to get
information about the interaction of the driver with the
driver interface such as activation or deactivation of the
system or gap setting selection). The driver interface
buttons, located on the right side of the steering wheel,
are also used for the CACC controller.

, Hv(s) (velocity)

by PATH (Partners for
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2) Planning stage includes the high-level controller. Both
controllers, i.e., the commercial ACC system and the
newly developed CACC system, are available during the
tests so the driver can switch between them in real time.
For switching, the control code reads the CAN bus infor-
mation coming from the transmission mode selection but-
ton, i.e., eco-driving mode, sport mode, standard mode, or
snow mode. When the sport mode is chosen, the high-
level controller will take the CACC controller output.
When any of the other modes is chosen, the production
ACC controller output will be sent to the low-level con-
troller. The CACC controller code has been developed in
MATLAB/Simulink and is loaded in the vehicle using a
dSpace MicroAutoBox, which is connected to the vehicle
via the CAN bus, where the target speed commands are
sent. The CACC controller can be deactivated in the
same way as the commercial ACC, either using the driver
interface buttons or pressing the brake pedal.

3) Actuation phase is in charge of executing target ref-
erence commands coming from the planning stage. As
previously stated, this low-level controller is in charge of
converting the target speed commands into throttle and
brake actions, using the factory ACC controller.

B. Vehicle Model

The vehicle dynamic model, to be used for evaluating vehicle
performance from the string stability point of view, is identified
based on its step responses to different speed changes. For these
tests, a simple open-loop controller is in charge of generating
speed target commands to the vehicle. Once the vehicle is stably
driving at its current target speed, a new speed command for an
accelerating or braking maneuver is sent to the vehicle. The
Infiniti M56s vehicles are equipped with a powerful engine that
produces fast and strong responses to changes in the target
speed command. Considering this, a second-order response
model can be extracted from the experimental test data, where
two different dynamic responses are clearly evident in the
behavior of the vehicle during the accelerating and braking
phases. Overshoot occurs on the braking response since a high
engine braking force, particularly in the sport driving mode
where the CACC controller was designed, is added to the
friction braking action. Two second-order models with time
delay were identified from the test data, with the following
structure:

F (s) =
k

s2 + 2θωns + ω2
n

e−Tds (1)

with k, θ, ωn, and Td being the static gain, damping factor,
natural frequency, and time delay, respectively. Parameters
for both models, i.e., braking and acceleration responses, are
defined in Table I. They are obtained using the MATLAB
System Identification Tool, which permits selection among
different candidate transfer functions. This transfer function
for representing vehicle behavior was chosen as a tradeoff
between simplicity (second-order model) and goodness of fit
(over 95%). Responses for both models to a speed change are
depicted in Fig. 3. One can appreciate how well the model

TABLE I
ACCELERATING AND BRAKING MODEL PARAMETERS

Fig. 3. Vehicle’s longitudinal dynamics response for acceleration and braking
maneuvers.

fits the response of the real vehicle. This model incorporates
both the dynamics of the vehicle and the low-level controller in
charge of managing throttle and brake actions.

III. CONTROL DESIGN

The goal of the CACC controller is maintaining the driver-
desired time gap to the preceding vehicle in any traffic circum-
stance, with both smoothness and accuracy. The ACC driver
interface is used to manage the CACC controller. It includes
buttons for activating and deactivating the ACC controller, three
gap settings, and the option of setting, increasing, or decreasing
the cruise control speed, in case no vehicle is detected in front
of the ego-vehicle. For the ACC factory system, the available
gap settings are 1.1, 1.6, and 2.2 s. For the CACC system,
the shortest gap is set at 0.6 s. This value has been chosen
based on estimates of the separation needed to enable crash
avoidance under emergency conditions, as well as previous tests
of acceptance by drivers from the general public [24]. The
other two available CACC gap settings are 0.9 and 1.1 s. There
were two limitations when designing the CACC controller: It
is not possible to access or modify the low-level controller, and
acceleration and deceleration are limited to maximum values
(0.1 and 0.28 g, respectively) by the low-level controller.

The controller has been divided into two stages. The first
stage occurs when the CACC system is activated, and there is
no vehicle in front of it, or the ego-vehicle is far away from the
preceding one. In these cases, the vehicle is usually following
its set speed so an approaching maneuver has to be carried out
before switching to a car-following policy. This controller—the
gap-closing controller—has to be as smooth as possible to
permit a good transition to the gap regulation controller. It is
also used in case of cut-out maneuvers when a vehicle in the

⇣

overshoot	  due	  to	  engine	  breaking	  	  
Credit:	  (Milanes	  et	  al.,	  2014)	  



Time	  Gap	  Control	  

�i = tgvi(t) + �0i

Larger �i with increasing speed:

where tg is a fixed time gap (e.g., tg = 1 sec

means about one vehicle length per 10 mph).

K(s) Hv(s) 1/s

tg
� �

xi�1
vi

xi
�
�0i

ei

odometer

lidar

Error: ei = xi�1 � xi � vitg � �

0
i



K(s) Hv(s) 1/s

tg
� �

xi�1
vi

xi
�
�0i

ei

K(s) Hv(s) 1/s
�

xi�1 xi
� �0i

1 + tgs

H(s)
is equivalent to:

Note tg = 0 recovers the fixed distance control.



tg = 0

tg = 1

acceleration braking

Sketch root locus for cst.gain control and Td = 0
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All-pass approximation for delay:

e�Tds ⇡
1� Td

2 s

1 + Td
2 s

Augment transfer function with this all pass

and design controller using Matlab rltool



Topic	  3:	  	  Edge	  Detec?on	  
•  Detec?on	  of	  object	  boundaries	  is	  cri?cal	  in	  
computer	  vision	  (e.g.,	  detec?ng	  lane	  markings).	  

•  Visual	  cortex	  detects	  light-‐dark	  discon?nui?es.	  	  
The	  brain	  interpolates	  between	  contours.	  

	  
Credit:	  (Kanizsa,	  1979)	  
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Fig. 4.7 The filtering result
of a road image

will approach the posterior density p(sn
k |zk). That is, when N is large enough, the

weighed average of all the particles will approach the precise state.

4.4.5.2 The Observation and Measure Models

In lane tracking, we need to update the weights as in (4.31) using successive image
observations. This procedure divides into two steps, generating observations and
measuring the similarity between the extracted pixels and those from particles.

In the observation step, we directly extract lane pixel positions as image obser-
vations. Similar to [43], we extract lane markings from the red channel of our color
images. Afterwards, a 3 × 9 filter kernel is used to extract lane marks

⎡

⎣
1 3 5 7 9 7 5 3 1
1 3 5 7 9 7 5 3 1
1 3 5 7 9 7 5 3 1

⎤

⎦ . (4.32)

From Fig. 4.7, we can see that the lane marks are obviously better seen.
Let us denote the pixel from lanes object pixels. Furthermore, we search the near-

est neighbors of the predicted pixels within object pixels, thus yielding the distance
between the predicted pixels and the resulting object pixels, shown in Fig. 4.8. In
practice, for each predicted pixel set from the corresponding particle, we search its
object pixels in yellow and gray search windows, respectively. Finally, we obtain
the distance from each predicted pixel to its object pixel.

After yielding the distance measures between the predicted pixels of each particle
and the corresponding object pixels, we calculate the weights of each particle. Let
pi(s

n
k ) denote the ith predicted pixel from particle sn

k and let p̂i(s
n
k ) denote the

corresponding object pixel. First, we sum the distances of particle sn
k

πn =
∑

i

d
(
pi

(
sn
k , p̂i

(
sn
k

)))
. (4.33)

Then, we calculate the weight ωn
k+1 of each particle using its sum of distances

ωn
k+1 = 1/π2

n . (4.34)

	  
Credit:	  (H.	  Cheng,	  2011)	  



Edge	  detec?on	  algorithms	  seek	  sharp	  gradients	  
in	  the	  image.	  

rf(x, y) =


@f

@x

@f

@y

�

The	  gradient	  points	  in	  the	  direc?on	  of	  most	  
rapid	  change	  in	  intensity:	  

Image gradient
The gradient of an image: 

The gradient points in the direction of most rapid change in intensity

The gradient direction is given by:

• how does this relate to the direction of the edge?
The edge strength is given by the gradient magnitude

	  
Credit:	  Efros,	  Computa?onal	  Photography	  



Problem:	  Algorithms	  based	  on	  deriva?ves	  are	  
sensi?ve	  to	  noise	  

Effects of noise
Consider a single row or column of the image

• Plotting intensity as a function of position gives a signal

Where is the edge?
	  
Credit:	  Efros,	  Computa?onal	  Photography	  



Solu?on:	  	  Low-‐pass	  filter	  before	  differen?a?on	  

	  
Credit:	  Efros,	  Computa?onal	  Photography	  Where is the edge?  

Solution:  smooth first

Look for peaks in 

f(x)

h(x)

h(x) ⇤ f(x)

d

dx

{h ⇤ f}



Save	  one	  opera?on	  using	  the	  property:	  

	  
Credit:	  Efros,	  Computa?onal	  Photography	  

d

dx

{h(x) ⇤ f(x)} =
dh(x)

dx

⇤ f(x)

Derivative theorem of convolution

This saves us one operation:

f(x)

dh(x)

dx

dh(x)

dx

⇤ f(x)



The	  peaks	  of	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  are	  the	  zero	  

	  
Credit:	  Efros,	  Computa?onal	  Photography	  

d

dx

{h ⇤ f} =
dh

dx

⇤ f

crossings	  of	  
d

2

dx

2
{h ⇤ f} =

d

2
h

dx

2
⇤ f

Laplacian of Gaussian

Consider  

Laplacian of Gaussian
operator

Where is the edge?  Zero-crossings of bottom graph

f(x)

d

2
h

dx

2

d

2
h

dx

2
⇤ f



Gaussian	  Filter	  
Removes	  noise	  while	  minimizing	  spa?al	  smoothing	  
Fourier Transform pairs

	  
Credit:	  Efros,	  Computa?onal	  Photography	  
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2D	  Gaussian	  Filter	  

h(x, y) =
1

2⇡�2
e

� x

2+y

2

2�2

Direc?onal	  deriva?ves	  along	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  :	  [cos ✓ sin ✓]

D✓f(x, y) = rf · [cos ✓ sin ✓]

=

@f(x, y)

@x

cos ✓ +

@f(x, y)

@y

sin ✓

D

2
✓f(x, y) =

@

2
f(x, y)

@x

2
cos

2
✓ +

@

2
f(x, y)

@x@y

cos ✓ sin ✓ +

@

2
f(x, y)

@y

2
sin

2
✓

First	  deriva?ve:	  

Second	  deriva?ve:	  

✓



Therefore,	  we	  can	  detect	  edges	  in	  the	  	  	  	  	  direc?on	  
from	  the	  zero	  crossings	  of:	  

D

2
✓{h(x, y) ⇤ f(x, y)} = D

2
✓h(x, y) ⇤ f(x, y)

Direc?onal	  deriva?ves	  are	  suitable	  to	  detect	  lanes	  
or	  stop	  markings:	  

✓

Choose	  direc?on	  	  	  	  	  	  to	  be	  orthogonal	  to	  them.	  	  ✓

What about 
isotropic  
edges? 



When	  there	  is	  no	  direc?onality	  (e.g.,	  circular	  
objects,	  such	  as	  Bobs	  dots),	  use	  the	  Laplacian:	  

r2
f(x, y) =

@

2
f(x, y)

@x

2
+

@

2
f(x, y)

@y

2

which	  is	  invariant	  under	  rota?ons	  of	  the	  image.	  
Look	  for	  zero	  crossings	  of:	  

r2{h(x, y) ⇤ f(x, y)} = r2
h(x, y) ⇤ f(x, y)

2D edge detection filters

is the Laplacian operator:

Laplacian of Gaussian

derivative of GaussianGaussian

2D edge detection filters

is the Laplacian operator:

Laplacian of Gaussian

derivative of GaussianGaussian

���%�*��(�� )�%&�� (��+&%�# *2�=�8�85�� (�.#�(�
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∇2f(x, y) =
∂2f(x, y)

∂x2
+

∂2f(x, y)

∂y2

0� ��� )� %/�( �%*�.%��(�(&*�+&%)�&��*��� $���8�
&&"��&(�3�(&��(&)) %�)�&�7�

∇2{h(x, y) ∗ f(x, y)} = ∇2h(x, y) ∗ f(x, y)
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Finite	  Difference	  Approxima1ons	  of	  Deriva1ves	  

Es?mate	  deriva?ves	  from	  samples	  of	  	  	  	  	  	  	  	  	  	  :	  	  f(x)

df(x)

dx

����
x=n�

⇡ 1

�
{f(n�+�)� f(n�)}

(forward	  difference)	  

1

�
{f(n�)� f(n���)}

(backward	  difference)	  

1

2�
{f(n�+�)� f(n���)}

(central	  difference)	  



Taylor	  series	  to	  assess	  the	  approxima?on	  accuracy:	  	  

f(n�+�) = f(n�) +�f 0(n�) +
�2

2
f 00(n�) +O(�3)

f(n���) = f(n�)��f 0(n�) +
�2

2
f 00(n�) +O(�3)

Forward	  difference:	  
1

�
{f(n�+�)� f(n�)} = f 0(n�) +O(�)

Backward	  difference:	  
1

�
{f(n�)� f(n���)} = f 0(n�) +O(�)

Central	  difference:	  
1

2�
{f(n�+�)� f(n���)} = f 0(n�) +O(�2)

smaller error 



Finite	  Difference	  Approxima?ons	  in	  2D	  
@

@x

f(x, y)

����
(n1�,n2�)

⇡ 1

�
{f(n1�+�, n2�)� f(n1�, n2�)}

@

@y

f(x, y)

����
(n1�,n2�)

⇡ 1

�
{f(n1�, n2�+�)� f(n1�, n2�)}

Second	  Deriva?ve	  Approxima?on	  	  
1

�2
{f(n�+�)� 2f(n�) + f(n���)} = f 00(n�) +O(�2)

r2
f(x, y) ⇡ 1

�2
{f(n1�+�, n2�) + f(n1���, n2�)

f(n1�, n2�+�) + f(n1�, n2���)

� 4f(n1�, n2�)}



Gaussian	  Filter	  and	  its	  Deriva?ves	  in	  
MATLAB	  



Gaussian	  Filter,	  15x15	  pixels,	  σ=2	  

>>	  g=fspecial('gaussian',15,2);	  
	  

h(x, y) =
1

2⇡�2
e

� x

2+y

2

2�2



Combine	  Gaussian	  Filter	  with	  Horizontal	  Deriva1ve	  
>>	  dx=conv2(g,[-‐1,1],'same');	  

@

@x

h(x, y)



Ver1cal	  Deriva1ve	  Filter	  (with	  Gaussian)	  
>>	  dy=conv2(g,[-‐1;1],'same');	  
	  

@

@y

h(x, y)



Second	  Deriva1ve	  of	  Gaussian	  in	  Horizontal	  Dir.	  
>>	  ddx=conv2(dx,[-‐1,1],'same’)	  

@

2

@x

2
h(x, y)



Ver1cal	  Second	  Deriva1ve	  Filter	  (with	  Gaussian)	  
>>	  dy=conv2(g,[-‐1;1],'same');	  
	  

@

2

@y

2
h(x, y)



Laplacian	  Filtering	  
>>	  lg=fspecial('log',15,2);	  
	  

r2
h(x, y)



Edge	  Detec?on	  Examples	  with	  MATLAB	  



Load	  An	  Image	  
>>	  road=imread('road.jpg');	  
>>	  imagesc(road);	  %Scale	  values	  and	  display	  image	  
	  
	  



Gaussian	  Filtering	  
>>	  groad=conv2(road,g,'same');	  	  
	  

f(x, y) vs. h(x, y) ⇤ f(x, y)



Edge	  Detec1on	  Along	  Horizontal	  Direc1on	  
>>	  conv2(road,[-‐1,1],'same')	  
>>	  conv2(groad,[-‐1,1],'same')	  
	  

@

@x

f(x, y) vs. @

@x

{h(x, y) ⇤ f(x, y)}

(noisy)	  



Same	  Result	  
>>	  conv2(groad,[-‐1,1],'same')	  
>>	  conv2(road,dx,'same')	  
	  

@

@x

{h ⇤ f} = @h

@x

⇤ f



Second	  Deriva1ve	  in	  Horizontal	  Direc1on	  	  
>>	  conv2(road,ddx,'same’)	  
	  

@

2

@x

2
h(x, y) ⇤ f(x, y)



Stop	  Line	  Detec1on	  
>>	  stop_im	  =	  imread('stop.jpg')	  



Detec1ng	  Stop	  Bar	  using	  Ver1cal	  Deriva1ve	  
>>	  conv2(stop_im,dy,'same')	  
	  

@h
@y ⇤ f



Comparing	  Horizontal	  and	  Ver1cal	  Deriva1ve	  
>>	  conv2(stop_im,dx,'same')	  
>>	  conv2(stop_im,dy,'same')	  
	  

@h

@x

⇤ f vs. @h

@y

⇤ f



Detec1ng	  Stop	  Bar	  using	  Ver1cal	  Second	  Deriva1ve	  
>>	  conv2(stop_im,dy,'same')	  
	  

@

2

@y

2
h(x, y) ⇤ f(x, y)



Comparing	  Horizontal	  and	  Ver1cal	  Second	  Deriva1ves	  
>>	  conv2(stop_im,ddx,'same')	  
>>	  conv2(stop_im,ddy,'same')	  
	  

@

2

@x

2h(x, y) ⇤ f(x, y) vs. @

2

@y

2h(x, y) ⇤ f(x, y)



Detec1ng	  BoPs	  Dots	  
>>	  bobs=imread('bobs.jpg');	  
	  



Horizontal	  and	  Ver1cal	  Deriva1ve	  Filtering	  
>>	  conv2(bobs,dx,'same')	  
>>	  conv2(bobs,dy,'same')	  
	  

@

@x

h(x, y) ⇤ f(x, y) vs. @

@y

h(x, y) ⇤ f(x, y)



Horizontal	  and	  Ver1cal	  Second	  Deriva1ve	  Filtering	  
>>	  conv2(bobs,ddx,'same')	  
>>	  conv2(bobs,ddy,'same')	  
	  

@

2

@x

2h(x, y) ⇤ f(x, y) vs. @

2

@y

2h(x, y) ⇤ f(x, y)



Original	  versus	  Laplacian	  
>>	  conv2(bobs,lg,'same’)	  

r2h ⇤ f


