Linear difference and differential
equations

In this section we undertake a deeper study of linear difference and differential equations than that
in section ??, using the Z transform and the Laplace transform.

A linear time-invariant difference equation has the form
y(n) +ay(n—1)+--- 4+ amny(n—m) = bpx(n) + - - - + bx(n—k), n> 0. (@)

This equation describes a discrete-time linear time-invariant system in which x(n) is the input and
y(n) isthe output at timen. The & and b; are constant coefficients. We are given:

the input signal x(n),n > 0, with x(n) = 0,n < 0,
and theinitial conditionsy(—1) =y(—1),---,y(—m) = y(—m); and
our task is to determine the output signal y(n),n > 0.

There is aprocedure to calculate the output. Rewrite (1) as

y(n) = —ay(n—1) —--- —amy(n—m) + boX(n) + - -- + bx(n— k), )
and recursively use (2) to obtain y(0),y(1),y(2),---. Takingn=0in (2) yields
y(0) = —ay(—1)—--—amy(—m) +box(0) + - + bx(—K)
= —ay(—1)— - —any(—m) + bpx(0).

All the terms on the right are known from the initial conditions and the input x(0), so we can
calculate y(0). Next, takingn=1in (2),

y(1) = —agy(0) + - - + amy(1 — m) + box(1) + - - - + bex(1— k).

All the terms on the right are known either from the given data or from precal culated values—y(0)
in this case. We can proceed in this way to calculate the remaining values of the output sequence
y(2),y(3),---, one at atime.

We now use the Z transform to calculate the entire output sequence. To aobtain the Z transform of
the sequences in (1), multiply both sides by z " and sum,

iy(n)z”Jral iy(n—l)z”+---+am 0iy(n—m)z” =bp ix(n)z”+---+bk ix(n—k)z”.
n= n= n= n= n= (3)



Define the unilateral Z transforms

Each sum in (3) can be expressed in terms of Y or X:

iy(n—l)Z”
iy(n—Z)zn = V(-2 +y(-1)zt+z Zzyn 2)z ("2

(22 +y(-1)z 1+ 7 2(2),

-2 +z1 i yin—1)z "V =y(-1)P+ 7 W(2),

I
<

Y yn-mz" = J-mP e+ -1)z S yn—mz
= y-mZ+-+y(—-1)z ™V 1z ™(2).
Recalling that x(n) = 0,n < O,

00

Zox(n—l)z‘n = x(-1)2+7X(2) =7 X(2
%x(n—Z)z‘” = X(=22+x(-1)Z 1+ 2%X(2) =7 X(2)

00

Zox(n—k)z_” = X(=K2+ - +x(-1)z7 V1 7K (2) = 27X (2).

Substituting these relations in (3) yields

Y@ + azY@+H-D)P)+ - +anz ™ (@) +y(—mZP+---y(—1)z ™Y
= boX(2) + b1z X (2) +---beXZ7K,

from which, by rearranging terms, we obtain
[1+az - +anz MY (2) = [bo+ b1zt + -+ bz ¥X(2) + C(2),
where C(z) is an expression involving only the initial conditions y{—1),---,y(—m). Therefore,

<2
1+az 4+ +apz™

92 = bo+biz 1+ bz X
S l4az i+ 4apz ™

We rewrite thisrelation as

X(2) +

Y(2) = A@X(2) + @

. 4
l1+az i+ +apz ™ @)

where

J(7) — botbaz 144z *
H(2) = ey (5)




0, and we only have the first term on the

Observe that if the initial conditions are all zero,C(z) =
)=0,n> O—then X(z) = 0, and we only have the

right in (4); and if the input is zero—i.e., x(n
second term.

To determine y(n),n > 0, we take the inverse Z transform in (4). Therefore,

vn>0, y(n)=yzs(n)+VY4i(n), (6)

where y,s(n), the inverse Z transform of HX, is the zero-state response, and v,i(n), the inverse Z
transform of C(2)/[1+ a1z 1+ --- +amz ™, isthe zero-input response. The zero-state response,
also called the forced response, is the output when al initial conditions are zero. The zero-input
response, also called the natural response, is the output when the input is zero.

Thus the (total) response is the sum of the zero-state and zero-input response. We first encountered
this property of linearity in ??.

By definition, the transfer function is the Z transform of the zero-state impulse response. Taking
C =0and X = 1in (4) shows that the transfer function isH(z). From (5) we see that H can be
written down by inspection of the difference equation (). If the system is stable—all poles of H
are inside the unit circle—the frequency response is

bo+ b1 e7® 4 - . + beT k@
1+ aje @4 .- 4 gpe Mo’

Vo, H(w)=H(E®) =
We saw thisrelation in (??).
Example0.1: Consider the difference equation

+ }y(n— 2) =x(n), n>0.

()~ 2y(n—1)+ ¢

Taking Z transforms yields

(@)~ 22 V@ -]+ £l V@ + -2+ -z 1 = X(2).

Therefore
. . Y(—1) + 2y(—2) + y(—1)z L
Y(Z) — - :]L- - ZX(Z)"FGW )+6>§ 1)—’;‘6>R2 )
1-3z+5Z2 1-3z+5z2
2 )+ 22+ i)z
- 2 5 1X(Z)+ 2 5 1 )
Z —Gz—f—g V4 —gz‘f‘g

from which we can obtain Y for a specified X and initial conditions y{—1),y{(—2). The
transfer function is
2 2

2—27+1% T (- HE-3)

which haspolesat z=1/3 and z= 1/2 (and two zeros at z= 0). The system is stable.
The zero-state impulse response h is the inverse Z transform of H(z), which we obtain

H(2) =




using partial fraction expansion,

so that
1\" 1\"
vYn>0, h(n)=-2 (§> u(n)+3 <§> u(n).
We can recognize that the impulse response consists of two terms, each contributed by
one pole of the transfer function.
Suppose the initial conditions arey(—1) = 1,y(—2) = 1 and theinput X is the unit step,
30 X(2) = z/(z— 1). Then the zero-input response, Y, has Z transform

%) = [%W—1)+%ﬂl—2)1221+%ﬂ_1)2
(z=3)(z—3)

y4i(n) = -3 <%> nu(n) +4 (%) nu(n).

The zero-state response, Vs, has Z transform

Ys(2 = H(@X(@) =

The (total) response
y(n) = Yzs(N) + 2 (n) = 3u(n) +[-2(1/3)" + (1/2)"u(n),

can also be expressed as the sum of the steady-state and the transient response with
Yss(N) = 3u(n) and y, (n) = —2(1/3)"u(n) + (1/2)"u(n). Note that the decomposition
of the response into the sum of the zero-state and zero-input responses is different from
its decomposition into the steady-state and transient responses.

The analogous development for continuous-time makes use of the Laplace transform. A linear
time-invariant differential equation has the form
dmy dmfly

d d d
T OBy (O ++++ an ) (0 +80y(t) = B () + -+ b (6) +Box(1), £ 20 (7)

The differential equation describes a continuous-time linear time-invariant system in which x(t) is
the input and y(t) is the output at timet. The g and b; are constant coefficients. We are given:

k



the input signal x(t),t > 0,
and the initial conditions y(0) = y{0), ¥(0) = y

= y(0), -+, T (0) = ¥
our task is to determine the output signal y(t),t > 0.

Unlike for (1) we don’'t need theinitial conditions for the derivatives of x since those are determined

from the data x(t),t > 0.

Because timeis continuous, there is no recursive procedure for calculating the output from the given
dataaswedid in (2). Instead we calculate the output signal using the Laplace transform.

Define the unilateral Laplace transforms
X(s) = / x(te Sdt, V() = / y(t)e dt.
0 0

We want to obtain the unilateral Laplace transforms of the derivatives of y and x in terms of the
unilateral Laplace transform of y, x. These transforms are dightly different from each other and
from those in table ?? because the interpretation of these derivatives in (7) are different.

The derivative yU) (t) = 2 (t) and y are related by

+/y T)dt = y(0) +/y T)dt, t > 0.

Using integration by parts, and denoting by YV (s) the Laplace transform of y\Y, yields
Y(s) = / y(t)e dt = / (0 3dt+/m (/ty(l)(r)dr> e Sdt
= —W ——/y (Ddte ™ |2+ /y e Sdt
YW (s)+¥10)],

U)ll—‘

Therefore,

YD(s) = sY(s) — y{(0). (8)
If we repeat this procedure, we get the Laplace transforms of the higher-order derivatives,
Y@(s) = svW(s)—yM(0)
= V() - (0) - ¥(0)

V(g = (9 =" 2(0) " (0~ —§™ H(0)

Here Y@ is the Laplace transform of the second derivative, )}2 ztg’, and Y™ s the Laplace
transform of the mth derivative, y™ = &Y.

On the other hand, the interpretation of the input signal x isthat x(t) = x(t)u(t) for all t € Reals, so
X3 (t) = %(t) for al t € Reals. Hence from table 22,

X)) = sX(9)

XM(g) = %),



where X (1 is the Laplace transform of X1 = %, and X is the L aplace transform of x¥) = &%,

By substituting from the relations just derived, we obtain the unilateral Laplace transforms of all the
termsin (7),

[S™Y(5) —S™Y(0) — -+ = Y™ H(0)] + an-1[S" 1Y (5) — ST AH(0) — - — Y 2(0)]
-+ a[sY( )—Y(O)]+80Y( )—bk§<>2(3)+--'+b13><( )+boX( )-

Rearranging terms yields
[S"+am_ 1S+ -+ ags+ag)Y(S) = [k + - - -+ bys+ b X (s) + C(9),
in which C is an expression involving only theintial conditions y{0), ---,y™ Y (0). Therefore,

(s byst + by 181+ - bys+ bo (9 + C(s)
S+ am_ 1S 14 cags+ag SN+ am 1S 14 s+ ag’

(9)

which we also write as

C(s)

Y(s) =H(s)X(s) + , 10
(s) =H(s)X(s) S o S I asiag (10)

in which
A9 =S an

If the initial conditions are all zero,C(s) = 0, and we only have the first term on the right in (10); if
the input is zero—i.e., X(t) = 0 for al t—then X(s) = 0, and we only get the second term in (10).

Taking the inverse Laplace transform, we can express the output signal y(t) as

VE>0, y(t) =yus(t)+Ysilt),

where y,(t), the inverse Laplace transform of HX, is the zero-state or forced response and y; (t),

the inverse Laplace transform of C(s)/[S" + - - - + &g, is the zero-input or natural response. The
(total) response is the sum of the zero-state and zero-input response, which is a general property of
linear systems.

By definition, the transfer function is the Laplace transform of the zero-state impulse response.
Taking C=0and X = 1—the Laplace transform of the unit impulse—in (10) shows that the transfer
function is H (s) which, as we see from (11), can be written down by inspection of the differential
equation (7). If the system is stable—all poles of H(s) have real parts strictly less than zero—the
frequency response is

bi(iw) <+ - -+ + briw+ bo

Ve, H(w)=H(iw) = (iWM+- +aiwtay

We saw thisrelation in (??).
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Example 0.2: We find the response y(t),t > O, for the differential equation

dy dx

d?
=Y 3% +2y:3x(t)+a,

dt2 dt
when theinput isaunit step x(t) = u(t) and theinitial conditions arey(0) = 1,y (0) =
2. Taking Laplace transforms of both sides yields

[SY(s) —y(0 sY(s) — Y(0)] +2Y(s) = 3X(s) +sX(9).
Therefore, 70
S St3 0) + )+ 3y(0
Y(S)_32+35+2X() £ +3s+2

Substituting X(s) = 1/s, y(0) = 1,y = 2, yields
s+3 n s+5
S(?+3s+2) $+3s+2
B [%_ 2 1/2]+[ 4 3
s s+l s+2' s+l s42
Taking inverse Laplace transforms gives

y(t)

Y(s) =

-

Yas(t) + Y4 (t)

- [gu(t) —2etu(t) + %e_”ua)] +[4e”u(t) — 3~ u(t)]

3 &+ 5

= 2u(t) +[2e >€ Ju(t)
= VYss(t) +Yer (V).

As in the case of difference equations, the decomposition of the response into zero-

state and zero-input responses is different from the decomposition into transient and

steady-state responses. (Indeed, the steady-state response does not exist if the system
is unstable, whereas the former decomposition always exists.)

0.1 State-space models

Section ?? introduced single-input, single-output (SISO) multidimensional of discrete-time and
continuous-time LTI systems. We use transform techniques to understand the behavior of these
models.

The discrete-time SISO state-space model is
Vn>0, s(n+1) = As(n)+bx(n) (12)
y(n) = c's(n)+dx(n) (13)

where s(n) € Reals" is the state, x(n) € Reals is the input, and y(n) € Reals is the output at time
n. Inthis [Ab,c,d] representation, Aisan N x N (square) matrix, b,c are N-dimensional column



vectors, and d isascaar. If theinitial stateis s(0), the state response and the output response of this
system to an input sequence x(0),x(1), - - - are, respectively,

s(n) = A"S(0)+ nil A" 1"Mpx(m) (14)
m=0
y(n) = cTA"S(0) + {nil c" A" 1=Mpx(m) + dx(n)} (15)
m=0

for all n> 0. The state-space model may be used to calculate these responses recursively. We study
how to abtain their Z transforms. The key is to compute the Z transform of the entire N x N matrix
sequence A",n > 0.

Observe that

SE oz "AN=[I -z 1AL (16)

Here zis a complex number and | isthe N x N identity matrix. The series on the left is an infinite
sum of N x N matrices which converges to the N x N matrix on the right, for z€ RoC. RoC is
determined later.

Assuming the series converges, it is easy to check the equality (16): Just multiply both sides by
[I —z 1A] and verify that

00

-Z'A Y z"A"= Z)z*”A*”— z (AL — A0 —
nZO n= nZO

Next, denote by F the matrix inverse,
Fo=[-zAN"1=Z2-A1, (17)
and the coefficients of A" and F (z) by
A'=[aj(n) [1<i,j<N], F(2=[fij(@)|1<i,j<N]L

Then fij(z2) = Sh-oZ "aj(n) isthe Z transform of the sequence a;(n),n >0, 1 <i,j <N. Sowe
can obtain A",n > 0, by taking the inverse Z transform of the coefficients of F(z). Consider an
example.

Example0.3: Let

[z 1]
0
2 -A = [ Z__32 2:14]_l:m [ Z;4 ZEZ]’

in which det[zl — A] denotes the determinant of [zl — A],

det[d — Al = (z—2)(z—4) —3=7Z—62+5=(z—1)(z—5).



0.1. STATE-SPACE MODELS 9

Hence,
2(z—4) z
N z z—4 1 1z 5 (z1)z05)
F(2) =22 — Al 1=7[ ]z[(z X 57 |-
(z=1)(z-5[ 3 z-2 ey (zf(lz)(zls)

The partia fraction expansion of the coefficients of F is

— Z_
z 3/4)z 1/4)z
z—1 +(z/—5) (z/—l) + z—5

B4z | Y4z (=142 (142
F(Z) — _z—l z-5 1 7—5
(=3/4) (3/4)z

From table ?? we find the inverse Z transform of F(z): for al n > 0,
A 3u(n)+25"u(n)  —2u(n) + $5"u(n)
—2u(n)+35"u(n)  Zu(n)+35"u(n) |’
which is more revealingly expressed as

vl R i o B

because it shows that the variation in n of A" is determined by the two poles, at z= 1
and z= 5, in the coefficients of F(z). Moreover, these two poles are the zeros of

det[zZl — Al = (z—1)(z—5).

This determinant is called the character stic polynomial of the matrix A and its zeros
are called the eigenvalues of A. The domain of convergence isRoC = {ze Complex | |z >

5.

We return to the general casein (17). Denote the matrix inverse as

1

2 A= A

G(2),

inwhich G(z) isthe N x N matrix of co-factors of [z — A]. Hence each coefficient §;(z) isarational
polynomial whose denominator is the characteristic polynomial of A, det[zl — A]. So all coefficients
of F(z) have the same poles, namely, the eigenvalues of A. In order for the system (12), (13) to be
stable the poles of F—that is, the eigenvalues of A—must have magnitudes strictly smaller than 1.

Suppose the characteristic polynomia of A has N distinct zerosp,-- -, p:
det[z2l — Al = (z—p1)---(z— pn)-

Then the partial fraction expansion of F(z) has the form

F@:ij&+~+i_m

Rn,
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inwhich R isthe matrix of residues of the coefficients of F. at the pole p. R, is a constant matrix,
possibly with complex coefficients if p iscomplex. Recalling that rzg isthe inverse Z transform

of pl'u(n), we can take the inverse Z transform of F(z) to conclude that

‘A”: PRy +--- PR, nzo.\

Thus A" isalinear combination of p,---, py-

(18)

We can decompose the response (15) into the zero-input and zero-state responses, expressing the

|atter as a convolution sum,

y(n) = cTA"s(0) + i h(n—m)x(m), n >0,

m=0

where the (zero-state) impulse response is

Y = Fl)?—i—?zi.

Because S oz "A" = zjzI — A%, we obtain

H(z) =c'[d — A 'b+d,

and

Ysi(2) = " [2 — A|~15(0).

We continue with the previous example.

Example 0.4: Suppose A is as in example 0.3, b" = [1 1],c" =[2 0],d = 3, and

(s(0))"T = [0 4]. Then the transfer function is

(z-2)

(z-1)(z=5) (z-1)(z-5) 1

ﬁ@:pm[

and the Z transform of the zero-input response is

Ty woey L4

2(z—4) z
o 1) (z— 1) (z— 0 8z
Yi(2) = [2 0][ (15 @ 0ES) ] [ ] -

4
(z—(i)(z)—S) (z—l)l(z—5) 1 13— 2(z—4)+2 43
3 (z—1)(z—5)

(z—1)(z—5)



0.1. STATE-SPACE MODELS 11

The continuous-time [A, b, ¢, d] SISO state-space model is
v(t) = Av(t)+bx(t), (19)
y(t) = clv(t)+dx(t), (20)

where, for t € Reals,, v(t) € Reals" is the state, x(t) € Reals is the input, and y(t) € Reals is the
output. Aisan N x N matrix, and b, c are N-dimensional column vectors, and d isascalar. (We use
vinstead of sto denote the state, because sis reserved for the Laplace transform variable.)

Given theinitia state v(0) and the input signal x(t),t > O, we will show that the state response and
the output response are determined by the formulas

v(t) = éAv(0)+ /0 t et=DApx(1)dr, (21)

yt) = c'éAv(0)+] /0 t(:Te(t‘T)Abx(r)dT]erx(t). (22)

In these formulas, € or exp(tA) isthe name of the N x N matrix

tA)2  (tA)3
(2!)+(3!)

A o (tAK
¢ _I(ZOT_HFtAJr (23)

where (tA)X is the matrix tA multiplied by itself k times, and (tAP = I, the N x N identity matrix.
Definition (23) of the matrix exponential isthe natural generalization of the exponential of areal or
complex number. (The seriesin (23) is absolutely summable.)

Unlike in the discrete-time case, there is no recursive procedure to compute the responses @1), (22).
Thisis because time is continuous, and the difficulty has to do with the integrals in these formulas.
For numerical calculation, one resorts to afinite sum approximation of the integrals, as weindicated
in section ??. The Laplace transform provides an alternative approach that is exact.

The key to proving (21) isthe fact that €4,t > 0 isthe solution to the differential equation
%etA =AA t>0, (24)

with initial condition € = |. Note that (22) follows immediately from (21) and (20).

To verify (24) we substitute for € from (23) and differentiate the sum term by term,
[ k—1
dgr_5 d (tA)
dt & dt

(tA) KA k-1 - A
k! k; k! (tA) k; (k—1)!
We can now verify that (21) is indeed the solution of (19) by taking derivatives of both sides and
using (24):

v(t) = AAV(0) +eMbx(t) + /0 tAe(t*T)Abx(T)dt

= A[EV(0) + /0 t Ae=DAbx(T)dT] + bx(t)
Av(t) +bx(t).
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Weturn to the main difficulty in calculating the terms on theright in the responses 1), (22), namely
the calculation of the N x N matrix é4,t > 0. We determine its Laplace transform, denoting it by

G(s) = /000 e ddt.

This means that g (s) is the Laplace transform of gj(t),t > 0, if we denote by &j(t),gij(s) the
coefficients of the N x N matrices € and G(s). The region of convergence of G, RoC, is determined
later.

Using the derivative formula (8) in (24) we see that
sG(s) — | = AG(s),

so that
G(s) = [y eheSdt =[dl — AL (25)
Example 0.5; Let
1 2
SIER|
0 1
a1l | s—1 =2 ] T 1 s—1 2
s —A _[ 2 s—l] _det[sI—A][ -2 s—l]

The determinant is

det[sl —A] = (s—1)>+4=(s—1+2i)(s—1-2i),

el
s_1 : 2 :
[SI _A]—l _ [ (sfl+2|l(zs—1—2|) (sfl+2$)_(i—l—2|) ]
(s—1+2i)(s—1-2i) (s—1+2i)(s—1-2i)

—i/2 i/2 1/2
s1i7 T 513 si113 T s1a

1/2 1/2 i/2 _i/2
[ s12 T =12 =12 72 ] _

The region of convergence RoC = {s € Complex | Re{s} > 1}. We can now find the
inverse Laplace transform using table ?? and express it in two ways: for al t > 0,

dA e(1—2i)t[ 1/2 i/2 :|+e(l+2i)t|: 1/2 —i/Z]

—i/2 1/2 i/2 1/2
d cos2t sin2t
—sn2t coszt |-

The first expression shows é” as alinear combination of the exponentials é1-2)t and

el1+2)t 'in which the exponents, 1 — 2i and 1+ 2i, are the two eigenvalues of A—that
is, the zeros of its characteristic polynomial, det[sl — A]. The second expression shows
that € is sinusoidal with frequency 2 radians/sec equal to the imaginary part of the
eigenvalues whose amplitude grows exponentially corresponding to the real part of the
eigenvalues.
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We return to the general casein (25). Denote the matrix inverse as

1

G(s) =[sl —A = mK(S)a

in which K(s) is the N x N matrix of co-factors of [sl — A]. Each coefficient g;(s) of G(s) is a
rational polynomial of A whose denominator is the characterstic polynomial of A, det[sl —A]. So
al coefficients of G(s) have the same poles—the eigenvalues of A. For the system (19), (20) to
be stable, the poles of G(s) must have strictly negative real parts. The system of example Q.5) is
unstable, because the real part of the eigenvalues is +1.

Suppose the characteristic polynomial has N distinct zeros p, -+ -, PN,
det[sl —A]=(s—p1)---(S—pn)-

Then the partial fraction expansion of G(s) has the form

1
Ri+-+
S—M S— PN

inwhich R; isthe matrix of residues at the pole p of the coefficients of G(s). R isaconstant matrix
possibly with complex coefficients, if p iscomplex. Because the inverse Laplace transform of —=— s—p.
isePtu(t), the inverse Laplace transform of [sl — AJ L is

G(S) = [SI _A]il = RN?

gAu(t) = [ePRy + - - + MRy u(t). (26)

Thus the matrix € as a function of t is alinear combination of €, ..., ePNt where the p; are the
eigenvalues of A—that isthe zeros of det[sl — A].

We decompose the response (22) into the sum of the zero-input and zero-state responses, expressing
the latter as a convolution integral,

y(t) = c"éAv(0 +/ h(t — )x(T)dt, t > 0,
in which the (zero-state) impulse response is: for al t € Reals,
h(t) = c"é®bu(t) 4 da(t).

(Here 3 is of course the Dirac deltafunction.) LetX.,Y,H.Y; be the Laplace transforms

>‘<(s):/0°°( eSdt, V(s /y Je~Sdt, Fi(s / h(t)eSdt, ¥y (s) = /wcTetAv(O)e_s‘dt.

inwhich

and

We continue with example 0.5.
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Example 0.6: Suppose Aisasin example0.5,b" =[1 1]",c" =[2 0]",d = 3, and
v(0)T = [0 4]". Then the transfer function is

s—1 -2

H(S) _ [2 O] [ (%]32,4 (sfsjl;)i74 ] |: 1 :| 13— 2s—6 43

(s-1)2-4 (s-1)2-4 1 (s—1)>—4

and the Laplace transform of the zero-input response is

s1 2
~ — 12— 0 -16
Y9=[20o| EY 4 T [ ]:7'
i (s 124 (5751_)274 4 (s-1)2-4

Exercises

Each problem is annotated with the letter E, T, C which stands for exercise, requires some thought,
requires some conceptualization. Problems labeled E are usually mechanical, those labeled T re-
quire aplan of attack, those labeled C usually have more than one defensible answer.

1. E Determine the zero-input and zero-state responses, and the transfer function for the follow-
ing. In both cases take y(—1) = y(—2) = 0 and x(n) = u(n).
@ y(n+y(n—2) =x(n),n>0.
(b) y(n)+2y(n—1)+y(n—2) = x(n),n > 0.
2. E Determine the zero-input and the zero-state responses for the following.
(8) 5y+10y=2xy(0) = 2,X(t) = u(t).
(©) y+4y =8xy(0) =1,y(0) = 2,x(t) = u(t).
(d) y+2y+5y=%y(0) =2,(0) = 0,x(t) = e'u(t).

3. T Consider thecircuit of figurel. Theinput isthe voltage x, the output isthe capacitor voltage
v. Theinductor current iscalled i.

5,X(t) = e tu(t).

i)

Figure 1: Circuit of problem 3

(@) Derivethe [A,b,c,d] representation for this system using s(t) = [i(t),v(t)] asthe state.
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(b) Obtain an [F,g,h, k] representation for adiscrete-time model of the same circuit by sam-
pling at times kT,k= 0,1, --- and using the approximation §(kT) = 1/T (s((k+ 1)T) —
S(kT)). (Thisis caled aforward-Euler approximation.)

4. E For the matrix A in example 0.3, determine €4t > 0.
5. E For the matrix A in example 0.5, determine A",n > 0.

6. T A continuous-time SISO system has [A, b, ¢,d] representation with

a b
=[5 2]

inwhich a,b are real constants.

(a) Find the eigenvalues of A.
(b) For what values of a,b is the SISO system stable?
(c) Calculate At > 0.
(d) Supposeb=c=[1 O]", and d = 0. Find the transfer function.
7. T Let Abean N x N matrix. Let p be an eigenvalue of A. An N-dimensional (column) vector
e, possibly complex-valued, is said to be an eigenvector of A corresponding to p if e £ 0 and

Ae = pe. Note that an eigenvector always exists since det[pl — A] = 0. Find eigenvectors for
each of the two eigenvalues of the matrices in examples0.3 and 0.5.

8. E Let A be a square matrix with eigenvalue p and corresponding eigenvector e. Determine
the response of the following.

(@ s(k+1) =As(k),k>0; s(0)=e.
(b) s(t) =As(t),t >0; s(0) =e
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