
EECS 120 Signals & Systems University of California, Berkeley: Spring 2004
Gastpar April 28, 2004

Homework 11
Due: Thursday, May 6, 2004, at 4pm

Homework Scores. There was a total of 11 homework sets. As explained at the beginning of this class,
this means that the maximum homework score anybody can attain is 1000 Points (see course information
leaflet). To determine your score, add up all the regular homework scores except your worst score, and
then add in all your extra credit.

Reading OWN Chapter 10: 10.7, 10.8.1, 10.9, 9.7.5 (Butterworth filters).

Practice Problems (Suggestions.) OWN 10.12, 10.16, 10.17, 10.18, 10.20

Problem 1 (An all-pass system.) 10 Points

OWN Problem 10.50, only Part (a).

Problem 2 (Pole/Zero plots.) 10 Points

Match the pole/zero plots (a)-(e) with the corresponding magnitude responses (1)-(5). In each case,
provide a brief justification. (For example: ”must have two symmetric peaks, therefore can only be plot
(x)”.)
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Figure 1: Matching of Pole/Zero Plots and Frequency response.

Problem 3 (Fibonacci Numbers.) 20 Points

The original problem that Fibonacci investigated (in the year 1202) was about how fast rabbits could
breed in ideal circumstances.1 My math fomula book describes the Fibonacci numbers as follows:

1You can learn more about the history of Fibonacci at
http://www.mcs.surrey.ac.uk/Personal/R.Knott/Fibonacci/fibnat.html#Rabbits
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“Denote the n th Fibonacci number by Fn . These numbers are described by the following formulas:

F1 = 1, F2 = 1, and Fn+2 = Fn+1 + Fn, n ≥ 1. ” (1)

(a) Find an explicit formula for Fn (in terms of n ). Hint: Note that the description of the Fibonacci
numbers is a difference equation, and use the unilateral z -transform.

(b) Use your formula from Part (a) to determine F21 .

Problem 4 (Discrete-time LTI system analysis.) 20 Points

(a) (20 Pts) A causal system is described by the following system diagram, where a is a real number:
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Figure 2: A causal discrete-time system.

Find the pole-zero plot and the range of a such that the system is stable.

(b) (Extra Credit 10 Pts)

• Show that (xN−1 + xN−2 + . . . + x2 + x + 1)(x− 1) = xN − 1 .

• Draw the pole-zero diagram for the system with transfer function

H(z) =
1

z−4 + z−3 + z−2 + z−1 + 1
. (2)

Problem 5 (z-transform properties: Filter banks.) 20 Points

Consider the two-channel filterbank illustrated in Figure 3. The box labeled 2 ↓ denotes ”downsampling
by two”, that is,

b1[n] = a1[2n]. (3)

In Homework 10, Problem 3, we have seen that this implies that B1(z) = 1
2 (A1(z1/2) + A1(−z1/2)) .

The box labeled 2 ↑ denotes ”upsampling by two”, that is,

c1[n] =
{

b1[n/2], if n is even,
0, if n is odd. (4)

In Homework 10, Problem 3, we have seen that this implies that C1(z) = B1(z2) .

(a) Determine Y (z) in terms of X(z) and H0(z),H1(z), G0(z), G1(z) .

(b) Find conditions on H0(z),H1(z), G0(z), G1(z) such that Y (z) = X(z) . Hint: There are two condi-
tions that must be satisfied.
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Figure 3: A two-channel filter bank.

Problem 6 (Filter design.) 20 Points

Remark: You may want to wait for Monday’s lecture before attempting this problem.

Suppose we want to implement a (continuous-time) filter with a magnitude response that satisfies

|H(jω)|2 =
1

(1 + (j(ω − 3))2K) (1 + (j(ω + 3))2K)
. (5)

We want the filter to have a real-valued impulse response. As we have seen earlier, the Fourier transform
of a real-valued signal satisfies H∗(jω) = H(−jω) . Hence, our filter must satisfy

|H(jω)|2 = H(jω)H(−jω). (6)

(a) Draw the pole/zero diagram of H(s)H(−s) , where H(s) denotes the transfer function of our filter.

(b) For K = 2 , determine the differential equation (with real-valued coefficients) of a stable and causal
filter whose frequency response satisfies Equation (5).

(c) Describe in words and with a rough sketch of the magnitude response the operation that this filter
performs.

Problem 7 (Denoising/Smoothing.) Extra Credit 10 Points

This homework problem introduces you to another example of the power of Fourier representations:

A frequent task in image processing is to remove noise from an image. Noise may be due to many different
sources, such as dust on the optical lens or quantization in digital photography. In some cases, this noise
is nearly independent from pixel to pixel, which means that it is ”fast-varying”, that is, of high frequency.
Based on this insight, people have tried to get rid of the noise simply by low-pass filtering the image.

As you have verified, the short matlab code given in Homework 10, Problem 5, implements simply a
tunable low-pass filter, with the cut-off frequency located at the parameter k that can be set arbitrarily.
Let us therefore rename the file from Homework 10 into the file called lowpass.m:

function Ic = lowpass(I, k);
if sum(size(I)==[256 256]) == 2,
if k > 128, k = 128; end;
if k < 1, k = 1; end;
Ifourier = fftshift(fft2(I));
Ifouriercompressed = zeros(size(I));
Ifouriercompressed(128-k+2:128+k, 128-k+2:128+k) = Ifourier(128-k+2:128+k, 128-k+2:128+k);
Ic = ifft2(ifftshift(Ifouriercompressed));
Ic = real(Ic);
else
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Ic = 0; ’Code works only for image size 256 by 256 pixels!’
end;

Use the same image as in Homework 10, Problem 5. To add noise to the image, proceed (in matlab) as
follows:
I = imread(’brain.jpg’);
colormap(’gray’);
image(I);
In = uint8( double(I) + 10*(2*(rand(size(I))-.5)) );
figure(2);
image(In)

You should clearly see this noise in the image. To remove the noise, use the tunable low-pass filter. Try
for example:
image(lowpass(In, 90))

Of course, 90 may not be the best cut-off frequency.

• Turn in a printout of the image with the noise added in and an image of the denoised image, where
you pick the cut-off frequency of the tunable low-pass filter in a good way. What is your pick?

• (Essay question) Briefly describe the advantages and disadvantages of making the cut-off frequency
larger and smaller, respectively (solely based on your observations from playing with the matlab
code; no analytical justification is required).

Remark: The matlab command rand returns a matrix filled with random numbers between zero and one.
For this homework exeercise, the noise added to the pixels is a random number between −10 and 10 .
This, however, depends on the nature of the noise source.
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