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7.1 Outline

• Phase and Magnitude Response

• All-Pass, Group Delay and Min-Phase

• Finite Time

7.2 Phase and Magnitude Response

Consider a rational transfer function:

H(z) =

∑M

k=0 bkz
−k

∑N

k=0 akz−k
(7.1)

We can think of H as a ratio of polynomial, as above, or we can think of it in terms of
its poles and zeros:

H(z) = (
b0

a0
)

∏M

k=0 (1 − ckz
−1)

∏N

k=0 (1 − dkz−1)
(7.2)

Which representation is easier to analyze with respect to magnitude/phase?
To find out, let’s look at magnitude, defined as:

∣

∣H(ejω)
∣

∣ (7.3)

Thus magnitude squared is:

∣

∣H(ejω)
∣

∣

2
= H(ejω)H∗(ejω) =

b0b
∗

0

a0a
∗

0

∏M

k=0 (1 − cke
−jω) (1 − c∗ke

jω)
∏N

k=0 (1 − dke−jω) (1 − d∗

ke
jω)

(7.4)

Now let’s look at phase. We can look at the phase response for each pole individually
and just add them up, since the phase of a product of two complex numbers is the sum of
their individual phase (since ejθ1ejθ2 = ej(θ

1
+θ2)):

∠H(ejω) = ∠0 +
M
∑

k=0

∠(zero at ck) −
M
∑

k=0

∠(zero at dk) (7.5)
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∠H(ejω) = ∠0 +
M
∑

k=0

∠(1 − cke
−jω) −

M
∑

k=0

∠(1 − dke
−jω) (7.6)

The last term subtracts the phase contribution of (would-be) zeros at dk, since the phase
contribution of a pole is the negative of the phase that a zero would contribute at that
location. We can understand the phase of each zero as the angle between the zero and the
particular frequency, i.e., the point ejω on the unit circle.

For example, in Figure 7.1, the phase contribution of the pole is the negative of the angle
shown.

Figure 7.1. Angle contribution of a pole

When we have a zero very close the unit circle, like in Figure 7.2, the phase of the zero
will rotate (change) very quickly close to the location of the zero (also see Figure 5.11 and
5.13 in the Oppenheimer book).

The magnitude response can be understood graphically as the magnitude of the vectors
from the zeros to ejω (the frequency on the unit circle) divided by the magnitude of vectors
from the poles to ejω. Because multiplying and dividing are not easy operations to do
graphically, we often plot magnitude on a log scale so that we can add and subtract the
contributions from the zeros and poles. The logarithm of the magnitude response squared is
just double the logarithm of the magnitude:

log
∣

∣H(ejω)
∣

∣

2
= 2 log

∣

∣H(ejω)
∣

∣ (7.7)

Thus, the log of magnitude squared is equal to:

2
b0b

∗

0

a0a
∗

0

(

M
∑

k=0

log
(

(1 − cke
−jω)(1 − c∗ke

jω)
)

−

N
∑

k=0

log
(

(1 − dke
−jω)(1 − d∗

ke
jω)
)

)

(7.8)
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Figure 7.2. Phase of zero near unit circle

Note that the phase and magnitude response are not completely independent but related.
That is, given some magnitude response we have an idea of the phase response.

A good way to learn more about how poles and zeros affect magnitude and phase response
is to try putting poles and zeros at various locations and using Matlab to plot the magnitude
and phase response. Try moving the poles and zeros around and replotting to see what
happens.

7.3 All-Pass, Group Delay, and Min-Phase

7.3.1 All-Pass Systems

The frequency magnitude responses of low-pass, high-pass, and all-pass systems are visual-
ized in Figure 7.3. Whereas low-pass systems are zero away from zero frequency and high-pass
systems are zero near zero frequency, all pass systems are constant for all frequency.

Figure 7.3. Typical magnitude responses
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We want |H| = 1, i.e. |H|2 = 1. That is, we want the magnitude of the poles and zeros
to cancel each other out in the formula for |H(ejw)| without making the pole and the zero
in the same place. To do this, we can have a pole at the conjugate reciprocal of the zero:

Hap(z) =
z−1 − a∗

1 − az−1
= z−1 1 − a∗z

1 − az−1
(7.9)

This will give us a zero at 1
a∗

= 1
r
ejθ and a pole at a = rejθ, Thus the pole and zero will

have the same angle and the reciprocal magnitude. Figures 7.4 and 7.5 show two examples
of simple all-pass systems.

Figure 7.4. All-pass system with pole and zero at angle θ

Figure 7.5. All-pass system with real pole and zero
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We can see that the magnitude response of an all-pass system defined in this way is
constant along the unit circle:

|H(ejω)| = |e−jω|

∣

∣

∣

∣

1 − a∗ejω

1 − ae−jω

∣

∣

∣

∣

= 1 (7.10)

The magnitude of the first term is 1 (on the unit circle), and the magnitude of the second
term is 1 because the denominator is the complex conjugate of the numerator, and thus they
have the same magnitude.

Note that because all-pass systems have at least one pole or zero outside the unit circle,
it is impossible for the same system to be all-pass, causal stable (i.e. no poles outside the
unit circle), and causally stably invertible (i.e. no zeros outside the unit circle), unless the
system is the identity (H(ejw) = 1).

7.3.2 All-Pass Phase Response

Group Delay

The group delay of a system is defined as:

grd(H) = −
d

dω
∠(H) (7.11)

In a rational transfer function we can just add up the group delays of the poles and zeros:

grd(Hrational) = grd(zeroes) + grd(poles) (7.12)

The group delay of an all-pass block with one zero and pole is:

grd

(

e−jω − re−jθ

1 − rejθe−jω

)

=
1 − r2

|1 − rejθ − e−jω|2
(7.13)

This result is found after some algebra and calculus (taking the derivative of the arctan
function, etc.)

From this result it can be seen that if the all-pass system’s pole is inside the unit circle,
i.e. it is causal stable, then r < 1 and group delay is positive since 1 − r2 > 0. So causal
stable all-pass systems have positive group delay for all ω

Min-Phase Systems

Since group delay adds when cascading two systems, by adding all-pass systems of this type
(causal stable) we are only going to increase the group delay of a system. So now assume we
have a system H which is a product of some Hmin with one or more causal stable all-pass
systems:

H = HminHAP (7.14)
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where Hmin cannot be described as a product of another causal stable H with a causal
stable all-pass system (all such systems have been already pulled out). Then Hmin has
minimum group delay of all causal stable systems having the magnitude response of H , and
we call Hmin a minimum phase system. Note that this is a misleading name, since group
delay is the negative derivative of phase, and so really minimum phase systems have higher
phase. The term comes from the fact that min-phase systems have minimum phase lag,
which is deinfed as the negative of the phase.

An alternate and more common is that a minimum phase system has all its zeros and
poles inside the unit circle. This is equivalent because we cannot pull a causal stable all-pass
factor out (doing so would create a pole outside the unit circle).

7.4 Finite Time

Since the discrete-time signals we have been discussing are infinite in duration and have
continuous-time DTFTs, we cannot calculate and store these signals and their DTFTs on
computers. So we now look at a different class of signals, discrete time signals that are
limited in time, and we see if we can derive useful properties.

One desirable property of finite-time signals might be that LTI systems should be an
”interesting class”. What is a linear system in finite time? Since finite-time signals of length
n are just vectors in complex n-space, a linear system corresponds to multiplication by a
square n-by-n matrix.

What, then, is a time-invariant system in finite time? First we must consider what it
means to delay a signal in finite time. Think of the case of just moving over the values in
the finite-time signal to the left by one, as in Figure 7.6.

Figure 7.6. Finite-time delay

What do we take for the last value in the signal? The ”natural” option might be to fill
in a zero. But then shifting a signal by one and shifting it back would lose one value on one
end of the signal. Since shifting a signal by n and shifting back just yields the zero signal,
the class of LTI signals by this definition of delay would not be very interesting.

The other option is to to use a wrap-around delay, wherein a shift of one to the left would
make the last value of the shifted signal the original first value. This way shifting a signal
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and shifting it back yields the original signal. If we consider finite-time signals samples of
an infinite-time signal, this would correspond to a periodic infinite-time signal.

So we define delay as a cyclic shift. An LTI system is then a matrix with entries of the
impulse response, shifted, i.e.:

a0 an an−1 ...

a1 a0 an ...

a2 a1 a0 ...

a3 a2 a1 ...

... ... ... ...

(7.15)

The matrix for an LTI system is circulant. The matrix is characterized by only n
numbers, namely, the impulse response.
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