
On lossy compression of coin-flips

Problem 1.1
In this problem, we explore the limits of compressing a sequence of coin-flips while allowing

some distortion (known as lossy compression).

Let X = (X1, . . . , Xn) be an i.i.d. sequence of fair coin flips (i.e., Xi ∈ {0, 1}, with
P[Xi = 0] = P[Xi = 1] = 1

2). Our goal is to compress each sequence according to the
following procedure.

(i) Given some compression rate R > 0, we first choose a set of 2nR codewords Zj ∈ {0, 1}n.

(ii) Given a source sequence X = (X1, . . . , Xn), we represent it by the nearest codeword
Z∗ in our codebook: that is,

Z∗ = arg min
{Zj |j=1...2nR}

‖X ⊕ Zj‖1 = arg min
{Zj |j=1...2nR}

n∑
i=1

Xi ⊕ Zji .

(iii) We measure the overall distortion D = 1
nE[
∑n

i=1Xi⊕Z∗i ], corresponding to the average
fraction of bits that are incorrectly reconstructed by our procedure.

Naturally, the distortion D that we can expect to achieve decreases as the compression
rate R increases. The goal of this problem is to analyze the tradeoff between R and D.
In this exercise, we prove the following amazing fact: no matter how carefully you choose
your codebook with 2nR elements, the probability of achieving distortion D vanishes ex-
ponentially fast unless R > 1 − h(D), where h(·) is the binary entropy function, namely
h(D) = −D log2D − (1 − D) log2(1 − D). This is one direction of Shannon’s lossy source
coding theorem for binary random variables.

(a) Prove the Chernoff bound: for any ε > 0, and for any random variable Z with a moment
generating function MZ(λ), we have

log P[Z ≥ ε] ≤ inf
λ>0
{log MZ(λ)− λε} .

(Hint: Apply Markov’s inequality to a suitable random variable.)

(b) Now consider a sequence (X1, . . . , Xn) of fair coin flips. By the law of large numbers,
the number of heads S =

∑n
i=1Xi is typically very close to n

2 . To make this precise,
show that for any D < 1

2 , we have

log P[S ≤ Dn] ≤ n inf
λ>0

{
log(

1
2

+
1
2

exp(λ))− λD
}
.

(c) Optimizing over λ in part (b), show that

P[S ≤ Dn] ≤ 2−n(1−h(D))

where h(D) = −D log2D − (1 − D) log2(1 − D) is the binary entropy function. Con-
sequently, the probability of seeing less than Dn heads decays exponentially fast as a
function of n. This is an example of a large deviations statement.
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(d) Now consider the random variable dj(X) = 1
n

∑n
i=1(Xi ⊕ Zji ), where Zj is fixed code-

word in our codebook. Prove that P[dj(X) ≤ D] ≤ 2−n(1−h(D)).

(e) Finally, consider the random variable d∗(X) = 1
n

∑n
i=1(Xi⊕Z∗i ), where Z∗ is the optimal

codeword found in step (ii). Prove that

P[d∗(X) ≤ D] ≤ 2n[R−(1−h(D))].

(Hint: Represent the event d∗(X) ≤ D as a union of events involving dj . Apply union
bound and part (d).)

The union bound states that, for any collection of events {Ai}, we have:

P

[⋃
i

Ai

]
≤
∑
i

P[Ai]

Consequently, unless R > 1− h(D), the probability of achieving distortion D vanishes
exponentially fast for any choice of codebook.
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