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This is a brief summary of the topics we covered that will be in scope for Midterm 1.
However, the scope of the exam will encompass all of the homeworks, discussions, lab, and
lecture material; if something is not in this document, it is not necessarily out of scope.
Students are expected to understand topics in more depth than they are discussed here.

1 Probability Fundamentals

1. Kolmogorov’s axioms: probabilities are nonnegative, probability of at least one pos-
sible outcome is 1, for disjoint events A,B, P(A ∪B) = P(A) + P(B)

2. Conditional probability: P(A,B) = P(A|B)P(B)

(a) Law of total probability: for a partition B1, .., , Bn of the sample space, P(A) =∑n
i=1 P(A|Bi)P(Bi)

(b) Bayes’ rule: P(A|B) = P(B|A)P(A)
P(B)

, derived from P(A,B) = P(A|B)P(B) = P(B|A)P(A)

3. Independence implies uncorrelated; reverse not necessarily true

(a) Independence: A is independent of B if ∀a, b, P(X = a ∩ Y = b) = P(X = a)P(Y = b)

(b) Covariance: Cov(X,Y ) = E[XY ]; Correlation: Corr(X,Y ) = Cov(X,Y )
σ(X)σ(Y )

4. Be comfortable with joint probabilities/distributions

5. Iterated expectation/tower rule: E[X] = E[E[X|Y ]]

6. Convolution: we can solve for the pdf of the sum of independent random variables
Z = X+Y as fZ(z) =

∫∞
t=−∞ fX(z− t)fY (t)dt (or analogous summation for discrete)

2 Convergence

1. Weak Law of Large Numbers (WLLN): P(|Xn − µ| ≥ ε) ≤ σ2

nε2 → 0 as n → ∞ (the
empirical mean Xn converges to the true mean)

2. Borel-Cantelli Lemma: if the sum of the probabilities of infinitely many events is ∞,
the probability that infinitely many of them occur is 1; if the sum is finite, then the
probability that infinitely many occur is 0

3 Problem Solving Techniques

1. Be able to use counting to calculate probabilities (combinations, stars and bars, etc.)

2. Be familiar with indicator variables and using them to calculate expectations/variance

3. Graphical density: reading a pdf from a graph and performing calculations with it

4. Probabilistic method: one way to show that something can be done is to show that
simply randomly picking things is successful with nonzero probability
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4 Bounds/Concentration Inequalities

1. Union bound: P(
⋃n
i=1Xi) ≤

∑n
i=1 P(Xi)

2. Markov’s inequality: P(X ≥ a) ≤ E[X]
a for nonnegative random variable X

3. Chebyshev’s inequality: P(|X − E[X]| ≥ c) ≤ Var(X)
c2 (apply Markov’s to |X − E[X]|)

5 Common Distributions

1. Bernoulli: is 1 w.p. p and 0 otherwise (binomial: sum of i.i.d. Bernoullis)

2. Geometric/exponential: exhibit memoryless property

(a) Min of exponentials is exponential with rate
∑n
j=1 λj ; P(Xk = miniXi) =

λi∑n
j=1 λj

3. Poisson(λ) is discrete and the limit of a binomial as n→∞ and p→ 0 and np→ λ;
understand and know how to derive Poisson splitting/merging

4. Gaussian: the sum of two Gaussians X1 +X2 is a Gaussian (N (µ1 + µ2, σ
2
1 + σ2

2))

6 Estimation

1. The expected squared error of an estimator ŷ = f(X) is E[(f(X)− y)2]

2. The bias of an estimator is E[f(X)− y]; when this is zero, the estimator is unbiased

3. Linear Least Squares Estimator (LLSE): an unbiased linear estimator

(a) L[Y |X] = E[Y ] + Cov(X,Y )
Var(X)

(X − E[X])

4. Maximum Likelihood Estimation (MLE): find parameters θ that maximize P(X|θ)
(a) MLE is a special case of MAP, where the prior over θ is uniform

(b) Most statistics/machine learning is MLE with a uniform prior on the dataset

5. Maximum a Posteriori Estimation (MAP): find parameters θ of model that P(θ|X)

(a) We denote P(θ) as the prior distribution of θ; after observing X we get the posterior

(b) When performing statistics/machine learning on a dataset, MAP can correspond to
some datapoints being more important than others

7 Discrete-Time Markov Chains

1. Markov chains satisfy the Markov property: P(Xn|Xn−1, Xn−2, ...) = P(Xn|Xn−1)

2. Solving Markov chains: first step equations (π = πP ) (and similarly for hitting time)

3. Big theorem for finite DTMC, stationary distribution:

(a) If the whole chain is irreducible, then there is a unique stationary distribution

(b) If chain is aperiodic, then MC converges to the stationary dist. for any initial dist.

8 Applications

Note: auction theory can be found on past exams but is not in scope this semester. Matrix
sketching will be on Midterm 2, but may be found on previous Midterm 1 exams.

1. Fountain codes: sending messages robustly across a channel by XORing multiple
packets together according to a certain degree distribution

(a) Ideal soliton distribution: in expectation, always able to decode a packet at every step

2


	Probability Fundamentals
	Convergence
	Problem Solving Techniques
	Bounds/Concentration Inequalities
	Common Distributions
	Estimation
	Discrete-Time Markov Chains
	Applications

